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1961 BECTHHK JIEHHHIPAXCKOIO YHHBEPCHTETA Neo | 


MATEMATHKA 


” - 
’ T. TL, Camocrox 


PELUEHHE OJHOM ORHOMEPHOU 3ANAUNM JIMOby3nH 
C UHTEFPO- AM OEPEHUMAJbHbIMH rPAHHYHbIMM 
YCJIOBUAMU 


B cratpe [1] paccmotpena nocraHoBka uU MpuBesenoO pemenue 3aqauu 
Lupd@y3un mpumMece B MOJYMPOBOAHWKOBOH MpemBapuTeAbHO HarpeTor 
OeCKOHEYHOH MiacTHHe KOHeYHOH TOMUIHHEI Np H3MeHAIOMIeHCA CO Bpe- 
MCHEM KOHICHTPalWH MO MOBePpXHOCTH MacTHHb. Ananoru4unad 3amaua 
AJA O€CKOHEYHOFO NOMyNpOcTpaHcTBa pellanacb B pa6otax [2, 3]. 

B puxy cneunduku wypHanta B padore [1| He mpuBezeHO OKa3a-" 
TEJbCTB MOAYYCHHBIX MATEMaTHYeCKHX pe3sybTaTOB. B Hactoamek paboTe 
3TOT 1pobe BOCTOMHAeTCA. 

PaccMOTpeHHYIO 3afady MaTeMaTHYeCKH MOXKHO CHOPMYAMPOBAaTb TaK: 
HauTH pelienue ypaBHeHuA 


DC yy. = Cy (—l<x<l, 30) (1) 
YHOBACTBOPAIOUNLee HAYaAJIbBHOMY YCJIOBHIO 
Oe Ma er] (2) 


H rpavnWHbIM YCJIOBHYAM 


o } 
BE SDC a LV) KOH 1 2 pADeM | Ce(—L,*) eae 
| 


(¢>0), (3) 
OZ DC (1-1) RE + ADE f Gy (, t)elde = 


roe D, K, L, A — nomAO#KUTeAbHbIe NOCTOAHHHE, U Palais a 
O6o3HauuM 


oo 


w(x, p)= J) C(x,t)exp(— pé)adt, (4) 


Tora Mia onpenenenua dyHKunH w(x, p) mOmy4HM KpaeBylo saqauy. 
Haiitu pemenve ypaBHeHHua 
Uyy = pu — Cy, (5) 


VY HOBACTBOPALOULEe Y paHHUHbIM YCJOBUAM 
M (p)u,(—!, p)—N(p)u(—L, p)=9, 


(6) 
M(p)u,(l, p) + N(p)utl, p) =9, 
rae 
M (p)=D(p+Ll+A); N(pP)=K(e +L). (7) 
Pemasn s3amgauay (5) — (6), Hafizem, 4TO 
_ __ CN (P) yer Co , 
u(x, jee Pe (Pp) ch V p/Dx + p ? (8) 


6 I. IT, Camocror Pee, 


rye a Lee 5S 
9 (p) = M(p)V p/DshV p/D1 + N(p) ch Y p/D1. (9) 
Bosppamasch K d@yHKuwn C(x, ¢), nomy4uHM 


B+ico 
Lerans N (p) 
CN) E) at) Arete) 


ere 


ch V p/Dx exp (pt)dp+C, (8>0). (10) 


TlokaxweM HECKOJbKO JI@MM, XapaKTepH3yIOWWMX CBOLCTBa MOJbIHTer- 
paibHow dbyHkunu B uHTerpase (10), KOTOpHle JaqyT BO3MOKHOCTb TIped- 
CTaBHTb HHTerpa (10) B Buze pasa. 

Jlemma 1. Touxa p=O He sb6AdemcAH mo4wkol BemBbAecHUA HU OAA 
ynKyuu op), Hu OAA nNodwNMe2epaArHok PyxKyuu 6 uXMezpase (10). 

JlokazsatenbcTBo JeMMEI OYeBUAHO, HOO 3ameHa V p/D ua — V p/D ue 
MeHseT HU *byHkuHiO 9(p), HH MOABHTerpaibHy!o PyHKUMIO B HHTerpa- 
ae (10). 

YunTbiBan 3Ty JIeMMYy, B laJbHehiuemM Oyler BCerga PUKCHPOBaTh 
KaKY10-JIHOO OfHY, Oe3pa3zqH4HO KaKyiO, U3 BeTBel MynKyuH V p/D. 

Jiemma 2. Bce npocmue KopHu gyxKyuu 9(p) pacnonoscenbtl Ha 
Nebo beumecmseHHOK nonyocu nAocKocmu (p) u Ob6pa3zviom c4emHoe 
MHOHCeECMBO. 

Tlom02%xuM 


p=—WD,Y p/D = it, > 0 (11) 
M HCCIEAYEM KOPHH ypaBHeHHA 
¢(—’D) = — D(—-V?D+L + A)isinil + K(— RD+L)cosl=0. (12) 


O6osHaunm \/ = y u 3anumem ypaBHeHue (12) caenyrouumM O6pasom: 


ctey—= aI & see (127) 

Puc. 1, Ha KOTOpOM jaHO rpaduyeckoe pemleHve ypaBHenna (12,), maeT 
De te O pacnOAO#KeHuH KOPHEH poms1 (m=O0,1,...) ypaBHeHua 
a Takum 06pa30M, HaliMeHO C¥UeTHOe MHO2KECTBO KOpHe ypaBHenuas (12) 
hens = vom xt/Ly Bap Og, Da rey a 2 Oe (13) 


N€#KAWlUX Ha Je€BOH BeEMLeCTBEHHOH NoOmyocu mrocKocTH (p). 
V3 (12) noazyuum, uto 


ctg kml = Mink! Nm, (14) 
re 


Mn = D(— aD 4 Ut A) N,, = hia Dea (15) 


IlokaxeM Tenepb, 4YTO Apyrux KopHeli dbyuKuua —(p) He umeert. TMoso- 
2%XUB B YpaBHeHHuH 


gp) 0, (16) 
V p/D=i +a, p = D(a2—d) + 2Diai, a 40 (17) 
M OTACIMB BELECTBEHHYIO H MHMMYIO YaCTH, NOAyuNM cucTeMy: 
De,ash al-coskl — Dg,Asin-chal + 
+ Ky, chal-cos Al — 2KL ak sh al sin 1 = 0, 
Do,ach alsin iM + De,he0s Mesh al = ey 
+ Kt, shak-sinM/ + 2K Dek chal cos \/=0, 


PemenHe OHO OMHOMepHON 3afauH Auppysun (6 


rye O603HadeHO 
yj =e la? 3 Lf As py Ga = Dh eA 
b=" De? — DRL. (19) 
Pa3qeMM meppoe ypaBHeHve cucrempi (18) Ha ch al, a BTopoe Ha 


sh * oe M€KJIOUMM H3 NOJyYeHHOH cucTembl sind’ wu cosdA/, nonmaraa, 4TO 
sinkl-cos\l #0, Torma nomyuuM 


KD(9,¥, + 2DX¢.) (thal + cthal)a = — 
= — (D9)? + 4K?D%a? + D290? + Kp2). (20) 


2, I 


Tak Kak (thal+cthal)a >0 u 9,0,+2D)?9, = D'a?+2D%0224 (DM—L)? + 
+ 2DLo + DAa’ + DAM +LA>0, To npn a060m «#0 azeBaa u mpa- 
Baa 4acTH ypaBHeHHa (20) uMeloT pasHbIe 3HaKH. OTO NOKa3biBaeT, 4TO 
ypaBHeuue (20), a, cremoBaTebHo, Hu cucTema (18) He uMeeT pemleHHit 
upw a0, ecan sindl-cosdl 40. 

Ecau sindl-cosd\l=0O, T. e. N=, TO IIpH YeTHBIX # CucTema (18) 
IpHMeT BHI 


Dg,oth al + ae al (21) 
eo, + 2Kacthal=0 J’ ) 
a pH HeCYCTHHIX 71 
g, + 2Kathal=0, | (22) 


Dg,acthal + Ky, =0. } 


TlokaxkeM, Hallpumep, 4ToO cucTema (21) He umeer pemennit. JLoOapum 
K ypaBHeHuaM cucTembl (21), KOropble 3alMuleM B HeCKOAbKO Apyrok 
cbopMe, emule OHO ypaBHeHNe, KOTOpoe MoOayyaeTcA ucKaoyeHveM thal 
u ctha/ u3 cucremy (21); Torga momyuumM cucTeMy 


D 2D)2— A Da ) 
cth af = — | a f= K Da? — Di? +L? 
| 8D) NeADREH 4 A t (23) 
Cy Oe a 


Dat + (2D? + 2DL — AD) a? + (Dk? —L) (Dé —L — A) = 0. 


8 Tl. IT. Camoctor 


Ecaun —D?@+L+A>0, to Bropoe ypaBHeHve cucTembi (23), a C HHM 
BMeCTe H BCH CHCTeMa He MMCeCT BeINCCTBCHHBIX PeWIeHHH, HOO AeBaA HU 
upaBad uacTH 9TOTO ypaBHeHHA HMeIOT Pa3Hble 3HaKH. 

Tipp — Di?+L+4+A<0 TpeTbe ypaBHeHve CHCTeMBI (23) He umeer 
BeNECTBEHHHIX pemenHi, u60 Tora D@—L>A>0, DMP—AS>L>0 
a, cmenopaTeibHo, 2D? + 2DL—AD= D? + 2DL + D(Di?— A) > 0 
wv (DX2—L) (DA?—L — A) >0, Tak 4ro w B 3TOM Cay4uae cucTema (23) 
He MMeeT pelleHHi. 

CopepuleHHO aHalOrHyHO UCCeAYeTCA CHCTeMa (22). 

TakuM O0pa3s0M, LOKa3aHO, YTO 
mpu «#0 ypapHenue (16) ne ume- 
eT KOpHeH, a Torfa u3 (17) cae- 
ye? CipaBeAiMBOCTh AeMMBI 2. 

Jia BbIUMCeHHA MHTerpasia 
(10) HeoOxonqHMO faTb ONeHKY 
noBesenua dyuKuun N(p)xX 
xchV p/Dx/pe(p) wa oKpy2xHOCTAX 
WOcTaTOuHO OObMOoroO paguyca Ry, 
C WeHTpoM B Haale KOOpANHAT, 
KoTOpble OymemM oO6o3HaY¥aTD Cy 
(puc. 2). Uro6n KopHu ¢(p) He 
nonafaim Ha OKpyxHOcTH C,,, BbI- 
6epeM, HCXOAA U3 aCHMMNTOTHKH 
KopHeh dyHkunn 9 (p) 


Homs1 =O [(m-+n) 8], Pm=—hmD= 


«2D 2 ‘ 
Puce. 2, i ade O|(m + n)*I, (24) 
rae @— HEKOTOPOe TIOCTOHHHOE Wesoe YHCAO, 
D(2 Len? 
igen eer ee (25) 


MW MOKAKEM CJIeYIOULyIO JIeMMy. 
Jiemma 3. //pu docmamouxo borvrmom m Ha OXpyocHocMAX Cy 
umeem mecmo oueHKa 


N a <5 
par ch VpiD «| < A.Rz", (26) 


20e A, >0— HeKomopasa nocmoannan., 
Hyctp P,,=R,e" w Oe term Torsa 


? (Pm) = REY (Pm) exp(VRmiDI cos #)-exp [i VR,,[Disin z) (27) 


rae 
8 — 
i— —2V Ry /D1 (cos $+ sin *) 
l—e ie 


v(Pn)=4 VD(et 4 EEA) e 2 


+ y kee +e \[t + oO "Rm Seedy ee) 


role 


. ghee 
SameTuM Tellepb, 4TO npH m—> co Ry—>co u (Pm) > ppl 18 ecau 0 < 
<8< x, Tlostomy aaa noctaTouHo Gonpmux Ry SyneM uMeTD 


1b (Pn) | >4 VD. (29), 


Pemienve oHOH OHOMEepHO 3anauu AMbd@ysnn 9 


Ecau,,0 ==, TO NOb3y Ach (25), nomyunM exp (--2 V Ry/D li) = cos [2(m+ 
wiles {jn — oe le (m-+n)+1]™=—1 u, cnegopatenbuo, V(P,,) = 
Pld + Re Ji, Tak uTo |%(P»)| > VD mpi Ryo, WM uMeer 
MecTO OneHKa (29) na ZOcTaTOUHO SomBMoro Ry. Takum o6pa30m, TpH 
O<8<-* uMeem onenky (29). 

Yefirpipan (29) u ovepuyqHoe HepaBeHCTBO 


[ch VY Pn/Dx |< exp (VRn/D | x | cos 2) CEO ee 


es | < = fresh CoOBepIUeCHHO aHasOrH4HoO pac- 
CMaTpMBaeTca Cryyah mt <9 <2, W3 nocaennero He€paBeHcTBa WeErKO Ce- 
AyeT omeuKa (26). 

PaccmoTpum untTerpas 


1 ¢ N(p) may 5 
Tat \ pe tp) Ch V B/Dx exp (pt) dp | (30) 


43 (27) nomyuuM | 


mo KonTypy ACL A. Tipumenas aemmopr 1, 2, 3, nomyunM, 4TO uHTerpar 
(10) 6GymeT paBeH pay BHINeTOB HOMMHTerpaibHOoH yHKuMM B TOUKAX 
Pm 4 ToIKe p=O0. 

SaMeTHM, 4TO KOpHH cbynHKuun 9 (p) (TOUKH Pm) HM TOUKH p=O -aB- 
AAWTCA MPOCTHIMH MWiOcaMM NOABIHTerpambHoh PyHKuUM uHTerpasta (30). 
BHUNCIAA BLIUCTH OOBIYHBIM CMOCOOOM HM MpHHuMad” BO BHUMaHHe (op- 
MY JIbI 
omNm 8 aMinkm__ (31) 


; cosh, / = "7", 
V AZ 2 Ne 


252 BM 
V Mm, iS A Ne 
roe 6, = sng (NV, sin pl), nonyuuM 


SinA,,t = 


=a se) 
res (ae ch VpiDxe”) = —2F)Ny COs kmxe | 
N(p) TF ay ss 
res . 0) ch V p/Dxe es de 
rae ats, 4s 
5 AV es ee 
ges Pas 2 - 524,21" (32) 
dn [! (AR im + Nn) + MnNim + 2KD?AN, | 
Torga peurenue 3agaun (1) —(3) 3samumerca B Bue 
o —»2 pt 
Gi = 20, Die cos men (33) 


m=0 . 
Jlokaxem Tenepp, uro dynKmua (33) naer peurenve 3agaun (1) — (3). 
O6o3HaduM JIA MPOCTOTHI 


2 
Wa terac0s teks Tn (=e), (34) 
TOr a 
C(x, t)=2Cy > FaNmX< pm *) Ly (@): (33,) 
m=0 


3ameTuM, 4ro ecu B (33,) nOgcTraBuTb 3HayeHne N,, u pa30uTb pA 
(33,) Ha WBa paqa, TO, OOO3HaYaA OAH M3 PALOB 


Cee) 2320, Ky Pn OT mild), (35) 


m=0 


10 I. I, Camoctor , 


ey 
AePKO 3aMeTHTb, YTO BTOPOH pan OymeT paBen LC; (x, ¢), Tak 4TO 


C(x, th= C(x, )4L~ C(x, 2). (332) 
M3 acumnroTHyecKkux dopmya (24) cenyer, 470 
hm = O(m); Nm = O(m*); My = O(m’*) (36) 


H Tora u3 (32) nowyuHM 
F., =O (m-'). (37) 


Iipnpeyzenuple acuMEroTHuecKhe (OpMybi NOKa3sbIBaloT, 4TO pAAbI (33) 
(35) u pam aaa cbynKuun Cy paBHomMepHo cxogatca B OGnacTH —l<x<I, 
t>0. Muoxutestp 7,,(t) qaer BOSMOHKHOCTH TUPPepeHUMPOBATh ITH PADI 
mo x wv ¢ cKombKO yrogHo pas B O6macru t >t, > 0 un —l<x <1. Heno- 
CpeACTBEHHO MpoBepsAetca, YTO PyHKUHU Cy,= Xm/im YROBACTBOPAIOT ypaB- 
HeHHIo (1). Orcioga caenyet, uTO (yHKuHHu C(x, ft) wu C(x, t) ecTb pe- 
mweHHA ypaBHenns (1). 

Ilpopepan HayatbHoe ycaoBue (2), 3aMeTHM, 4TO H3 WOKa3aTeAbCTBA 
JIGEMMBI 3 cleayeT paBHOMepHasd CXOAMMOCTD HHTerpana (10) B O6nacTH 
—l<x<l, t>0. Tlosromy mMoxHo 3amucatp: 

B+ix 


Cok ch ¥ p/Dx re ~ 2 Sie 
wes fh mL dip = — 26oKD By FX m (4) eC eee 
| (38) 
ep J 5 = 
OoKL ch Y p/Dx he — 
= a YPIOX dp + Cy = 2C KL ea FX f(xy SE Co 0): 


Iloap3syacb emMMamu 1—3 Hu paccCMaTpHBaaA COOTBeTCTBYIOUMe HHTer- 
paibl m0 KOoHTypy ACBA serko TOKa3aTb, YTO MHTerpasbl, CTOMMINe CeBa 
B (38), PpaBHbI Hys10, u TOrAa fOyUMM 


L7' C(x), 0) =49C. KD Dee ee 
m=0 


(39) 
Cu, 0) = 2C)KL yy FinXm(X) = C). 


m=0 
Hlocae sroro u3 (33,) a (39) nomyunM 
G (e0) == C(x, Ole ba Cai ee 
Octaerca npoBepHTb rpaHw4uuble ycropua (3). [ipopepum nepBoe 3 9THXx 
ycnosun. Ju@dpepesuupysa (33,) 10 x, momyunm 
Cy (x, t= 2Cy Y NnFimnX py (2) Tm (2). 
m=0 


Ho Xm(— 2) =),,sin ml = Bm Nahin (Mindin + Nm), -(cm. (81)). Torna 
u3 (36) cnenyet, utT0 Xm(— 1) =O(1). 
Takum o6pasom, us (36) u (37) caenyert, uTo paz 


Cx( 9) 20, eee ee 
m=0 


CXOMMTCH PaBHOMepHO pH t > O. 


Pemlenne ofHOH OAHOMepHO 3amaun Auppysuu 1d: 


Hloncrapaaa Tenepp (33,) B nepBoe u3 ycuoBnit (3), moay4uM 


ee 


iC = 2C, Sox. CA sae 


m= 


= FuNm Le 


ive 


er, ahs fs ee ea as 
— 2C,DAe ye est oa: (40) 


m=0 


MOxXxHO HenocpeAcTBeHHO MpoBeputh, uTO yHKuUH Xm (x) ynoBsue- 
TBOPAIOT PTPaHH4HbIM YCAOBMAM 


Mind» —t) — Nin mm (— 1) == 0, 
4] 
MmX', (L) + NmXm (Ll) =0. eh 


VuvTblBat leppoe rpaHHuHoe ycoBue (41) aerko mpoBeputb, 4To 
nepppit paw B (40) paBen uyato. Tlonp3yacp (15) nonyunM 


L.C= —%6,DAK e yp, Beta easy 


m=0 
J\ubpepenunpys (39) u nomoxuB x = —ZJ, nonyunm a FmXm (ly) =0 


OTKyYa CAeyeT BBEINOHeHHe NepBoro 43 ycnopult (3). AnasOrnuHo 
npoBpepxerca Bropoe ycoBne (3). 

TakuM OOpasoM oKa3aHo, 4ro dbyuHKuna C(x, ¢) aBaneTca pellleHHeM 
3anauu (1) — (3). 

3aMeTHM, 4TO, KaK ObII0 RoKa3aHo, dyHKuuA C(x, ¢) ecTb pewie- 
Hue ypaBHeHnsa (1) H yoBAeTBOpaeT ycoBHamM (2). MoxKHO ZOKa3aTb, 
4UTO OHA YAOBIETBOPAeT PpaHHIHEIM YCOBHAM 


Le ee Rees Ns Oa OnKer (42) 


B 3akmioueHve paccmotpum cayuah L =O. B 9Tom cayuae OO03HadUM 
pemenne 3amauu (1) —(3) uepes Cy (x, ft). Torga us (10) nozyaum 


b+ ix 
Cok ch shy pide, IDS ait, 
er tency = SN a Boe Se a (43) 
IQS eae Pee. aa 
¢; (p)= D(p + A)V p/DshV p/DL + Kp ch V p/DI. (44) 


Jiemmpr 1—3, JoKasaHHble panee, cupaBeAMBbI HM AA MHTerpavia (43) 
OnHako, B 8TOM Cay4uae eens . (p) umeeT ene mpocrod KopeHb B 
hy p/ = 
Touke p =O, upwuem res ae ena eas nla, =a(K + Al) 


VyuTbIBAad 3TO, MOC HeCOKHbIX Asch ERT mOvly YUM 


SOR a te ree i Diet 
C(x, 8) = AG + 20K >> aE V Me + K22, C08 he , (45) 


m=0 
Pre 
M, =~ De, + A; F,=[1M,, + (KE + D) KN,+ KA"; 8n=sng (sin Ap). 


Anamormyuno, Kak HM BBIMC, MOKHO MOKazaTb, uTO C, (x, t) yqOBAeTBO- 
paer ypaBHenuio (1) m HayaibHOMy YCOBMIO (2). 
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ToycraBisa B rpaHM4yHpe ycoBusa (3), MOyyHM 


CyAKI fo NA eas | 
LC = — eR + CPA DF (46) 


PaccmOTpuM HHTerpal Co 
P+ic 


age _shyp/D1_ as | 
NS oe \ eDet). 


% Bic 


TIlpuMenaad K 9TOMy HHTerpany aemmbI 1—3 (KOTOpBIe, KaK 9TO O4e- 


BULHO, CIPaBe MBE) UM YYNTHIBAA MPOCTOM MOI0C NOALHTerpasbBHOA Py hk- 
HK B TOUKe p=O, NOyYHM 


Gee 25 1 Vea ine 
( ) K+ Al 1 sound m "sm m fit eat m 7 i . 
Nonctapaaa B pam (47) sink,/ u3 (31) (HyxHO y4ecTh, 4TO 0 a 


uM nosjarad nocae gsToro t=O (3TO BO3MO2XKHO B CHAy PpaBHOMePpHOH Cxo- 
JMMOCTH psa uM MHTerpasia), MOKaxKeM Tak %xKe, KaK u paHee, uTo /(0)=O0, 
OTKyAa NOY4HM 


2K Ee = OK ADS (48) 
m=0 


Tenepb BugHo, uTo u3 (46) uw (48) cnenyer L,C,=0. Ananoruyio. 
noKa3pipaetca, uTO L,C,=—O0. Takum o6pa30mM, 2OKa3aHO, 4TO yHKUNH 
C,(x, t) us (45) ectb pemrenne 3anaun (1)—(3) npn 1 =O. 


Summary 


While using the operating method problems (1)— (38) are solved. The 
mathematical problem considered arises when one analyses impurity 
diffusion in finite layer thickness. A similar problem for infinite layer 
thickness is discussed in articles [2, 3]. The solution received can be 
used for both computation purposes and for some general conclusions, 
some of which are drawn in article [1]. 
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1961 BECTHHK AEHHATPACKOrO YHHBEPCHTETA Neo | 


VU. A. HOparumos 
OAHA TEOPEMA H3 METPMYECKOM TEOPHM LENHbIX JPOBEM 


§ 1. PopmysuposKa pe3yaptata 


Ecm pa3io0%xeHwe HeKOTOpOrO BenlecTBeHHOrO uucaa ¢t B YeNHyto. 
Jpo6b umeer Buy 
1 
t= a, (t) + > (1) 


SD Seas ee 


MbI OyJeM THCaTh 

t= [ap ihn ay (9, Dut); 2azs 

B uactuoctu, ecau ¢t € (0, 1), T 

t= (0; a ‘(t), Gs(t)) 26.) \2; (2), Oat) wee. 
Beaxy1o KOHeUHYIO IenHy!o 1pobb 


=a, + ——+,— (2) 
a ee 
ao+. 
an 
Mbl OYJCM 3aNHCbIBaTh B Bue t= [A); a, ..., Ay] HAN, ecAM a,=—0, 
Bipyse ¢==|a,, a5, ..<;, a,|. : 
Ecau f= |a9; @,, a,, ...|, TO “epes mae MbI YCOBHMCH OOO3Ha4aTb 
NOLXOAAMLYIO WpoOb nopaaKa Rk uucaa fF, 
Pr (t) _ 
a; (b):-a (£ nap (t)t. (3) 
aed) | = | o (2); nese. pr (2)| 


A. HW. XvHUHHY NpHHaaexuT ceqyiomee nmpesmowenve: Cywecm- 
eyem makKaAa getien nocmosKHan Y, 4mo OAA nowmu bcex t E(0,1) 


V Qn(t)>+ 1, n> (4) 


(cm, Hanpumep, {|1}). 
Koneguo, (4) MO%xKHO 3alucaTb M Tak: MOUTH AMA BCeX F 


te din Ee a. RO >0, N-+o, (5) 
n 


rye a = log yj — KOHCTaHTA. 
3anucb (4) B Buse (5) ecrecTBeHHO IPHBOAUT K BONMPOCy: KaKOBO aCHMII- 


roruueckoe noBexeHHe PYHKILHH 


= log qn (t) —n@ 34 6) 
F(z) = mes § [ee < (6) 
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3ToT Bonpoc Obl! 3anqaH aBropy I]. Spmeumom. B nacroameH 3aMeTKe MBI 
nokaxkem, uTo d@yHKuHn fy, (Z) aCHMMTOTHYCCKH HOPMAJIbHa. 


Teopema. Cywecmeyem maka KoxCmaHma 3 >0, 4mo npu nh > oo 


Np ees 108 Gat) ene +> @ 7 
Ce mes & | a z| (z), (7) 
20e . 
0(2Z)=— a= fe ° du. 
Tw 


— oo 


Tloka3aTeaAbcTBO. OcHoBHad Wed NOKaZaTebCTBa COCTOHT B Cie- 
JLYIOULEM: UCHOAL3YA HCKOTOPHIE HOBHIE MpesebHbIE reopeMpI TeEOPHU Be- 
poatHoctei (cm. [2—4]), moKaxeM, 4TO 


limp € ae ez z| = 


n te (0, 1) oVn 
{ n 
! b> lo A 2 
! Pog ae) 
=limy §€ |———=—— = ® (2), (8) 
n  £(0,1) oyn S32 ( 


re Mepa » onpemeanetca js BCeX Je6eroBCKHX MHOMKeCTB A UHTerpaa 
(0, 1) dopmyaon 


le rye ode 
MS oom hienEs ® 
A 


H3 (8) c nomMonIbIO MeTOLOB, YHOTPpeOHeMBIX IPH MOKasaTeAbCTBE 
HeHTPabHOH UpeebHOH TeOpeMb! AIA mene Mapkopa C MPpOW3BOIbHbIM 
HauaIbHbIM pacnpemeseHuem (cM. [5], crp. 210), noayunn (7). 


§ 2. CBpelenne kK 3aaye TeOpHH BeposATHOCTeH 


BpefemM B pacCMOTpeHHe BepoOATHOCTHOe MpocrpaHcTBo {T, F, p}, rae 
T=(0. 1), F—s-anreOpa ne6eroBckuX MHO2KECTB HM » — Mepa, onpemesmae- 
Masa (cpopmyioh (9). Tenepp Bce u3mMepHmMpe dyHKunu ¢ cTaHyT cayuai- 
HbBIMM BeJMYMHAMH; B YACTHOCTH, NOCeLOBaTebHOCTH {@;(Z)}, rme Bce a; (Zt) 
u3 (1), craneT NOC1eHOBATeABHOCTHIO CJly4aHbIX BeHUHH. 

B [4] noka3ano, .uTo 9Ta MOCeOBATeABHOCTH CTraMOHapHa H OGOMa- 
aeT Cle LYIOWMM CBOHCTBOM: Aaa Bcex AGM, BEMnin 


I» (ANB) —p(A)p (B)| < Ae” » (A) p(B), (10) 


: r b 
rae Ay, \— KOHCTaHTHI. Smecb uepes Mz oOo3HayaeTCH MHHUMaJIbHas 9- 
alreOpa MHOxKeCcTB u3 F, nopoxeHHad MHOXKEeCTBAMH (COOBITHAMH) BUA 
6 {a (t) = hy, a, (t)= 1, ..., % (H=ts}, ach Ch<... ah b. 
(cs, 

Hepapencrso (10) o3nayaer, uro culyuatinble BeAMUMHDI a; ABJIAIOTCH 
B HEKOTOPOM CMBbIcIe C1a60 3aBHCHMbIMH. 

Jlisx nomo6Horo poma nocazeqoBaTembHocTeli Cy 4aHHbIX BeJIM4HH T10- 

AYYCHbI PasIM4YHble TeCOPeEMbI O TPHMeHHMOCTH K HMM IWeHTpasIbHOH pe- 
febHow Teopempl ([2], [3], [6]). Onny u3 Takux TeopeM, HYxKHYIO HaM 
AIA Ma bHeMWerO, MbI CHOPpMyyMpyeM B BUAe CAeMyIOWeH ACMMBI. 


Ogua TeopeMa H3 MeTpHyecKOH TeopHH WeNHbIX ApOGeii 1S 


JIemma 1. [1ycme nocaecosamersnocms CAyYAlHOLx beAULUH 04, Og, 025 
bn,... O02Adaem cAedyoMUMU CBeoiicmeaMu: 


t PEAT ieee Oy GALA Diin) Brenc ita, BE Bl 
—P{ (bj, ..., by) EG A}-Pl(Onsm Berns, |... 05) EB} | <e(n) eres ®| 
OAR ing &, S=1, 2, ... uw ecex Oopenesckux mHoxcecme A, B: 
2 Oy | das eo eee elses a 
3. O< int wate co, ' 
n n 
n n 2 
20e s*(n) = E}| \‘b;—Y\Ed;] }. 
(ee 2] 
Toeda 
So- NED, A wu 
1 1 1 — a 
Wat le aeorrse em a =s5 | e du.” (11) 
Jiemma | ectb yactHbli cryyah Teopemp 1,2 u3 [2]. 
JlemmMa 2. //ycmb cAy4aiiHble GEAUYLUHDL A,, A,..., Ay, ... yOOBAeM- 
BOpsHIOM YCAOBUIO: ; 
1 [P (Gi, .-- 1 de) CANA [dain «+5 @s) € BI} — 
— P{(a@,, ..., @Z)GA}P {(Qren, ..., @s)EB}| <9 (2) P {(a, ..., ae) GA}, 


2de 9(n)\0, Ona ecex k, 8 u Bcex Oopenesckux munooecms A u-B. 
ITycemb CcaviaiHan benuiuHa 


aoe (0. ae aco, an), 


4 


Qa CAytaHaA BeAu4uHA 
N= N(Artny Arinti, ---) 
pemyonth E\e7) < cocky yl ac .coy Tozda 
| EEn — EEEn| <2) 9(n) VE@- Ex? . 


Jiemma 2 joKa3ana B |7]. 
[lom02#xKUM 

b; = 6; (t) = log q;(t) — log 7,_ , (log Leaes 

J f I j-1 qj_1 6)” 

Xopomo H3sBe.tHO [1], To 

qj 


‘ qj-1 a, [a;; aj-1, G2 BY a, | 
H MOTOMY : 
bys log [@j; 7-4, 2, al- 
Tak Kak 
log Qn(t)= Yi 5j, ay Gl) 
=i 


TO H3 CKa3aHHOrO Bbilue clekyeT, YTO TeOpeMa Oymer jlOKasaHa, eCJIK 
yAacTCA WOKasaTb, TO MPH HEKOTOPOM o > 0 nocreOBaTeIbHOCTh Cay - 
yanHblxX BeJIMUHH A } 


* Uepes P{—}, E{-} Mbt 0603Ha¥aeM COOTBETCTBEHHO Bepo ATHOCTH co6nitui 
MaTeMATHYeCCKHe OKMMAHHA BEAMYMH, CTOMM[MX B (PHrypHbIX CKOOKAX. 
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by + bg 4+... +6, —Eb;—...— Eb, 
‘,= = 
On 75 
aCHMUTOTHYeCCKH HOPMaJIbHa. 

Ilia JOKa3aTeIbCTBa ACHMIITOTHYCCKOH HOPMAaJIbHOCTH CYMM_ HeJIb3x 
HeNOCpeACTBEHHO BOCHOJIb3OBaTBCA JeMMOM 1, TaK KaK Cy4aHHbIe BewH- 
UHHbI 0), Bo, ... HE YMOBAeCTBOPAIOT yC.10BHIo ,1“ 3TOH eMMHBI. 

TlostOMy MBI CHa¥awia HOKaxKeM, 4TO TIpH wOOOM ideale tac tO 
S > 1 ACHMNTOTHYeCCKH HOPMAJIbHbI CYMMBI 


oe of) + bf + ve On EY ee Ep) | 
os fn 
rme . 
(sy _ {log [Qj jy as, Beslan he Ss 
%. log | aay ae emails pees 


a 9,-—KOHCTAHTa, 3aBUCAIad OT S, UH 3aTeM YOeAMMCA B TOM, 4TO TIpH 
6ouemux s PyHKUMH pacipeseseHna cymmM S, u S,; Maqo oTaM4aloTcH 
pyr oT mpyra. 

M3 Hepapeucrtsa (10) Bpirekaet, 4TO cay aafinnre: BeJIHUHHBI {oO ) y OB- 
J€TBOpAIOT ycnoBuro | AeMMBI 2 (caemopatebHO, vu ycroBuro | aemmur J), 
npuem (urypupyiomlat B ITOM YCJOBHH PyHKINA 

Dimas, 
e(n)< es (13) 
Age {Sa tes. 
J\is UpOBepKH OCTaJIbHBIX YCJIOBHH JIEMMBI 1 Mbl 3aHMMeMCA OMCHKOH 


momeHToB BeauuuH b;, DS), Si, Sp. 


§ 3. OueHka MOMeCHTOB 


YCAOBUMCA jist OonbMero eAMHOOOpa3sHa MOpMyAMPOBOK CuUHNTaTD, 
4uTO Np S = oo 
(S) eee (co) ae 
bj = b; = bj. 
_ dilemma 3. Cywecmsyem maxan Koxcmanma ¢c,< , 4mo npu Bcex 
ee 2 5 AER Se ae: 
Ee yl<aqe 


WokasareabcrTBo. Ormetum, 4TO AA ONPeMeeHHHIX Ha HalleM 
BEPOATHOCTHOM TIpoctpauctse {T, F, 4) CAyyaHHHXx BemunH f (T. e. Aan 
BC€X H3MCPHMBIX Suneny F(d) 


Ef=[rov(at)= } j FO at. 
0 


™™ joe 2) poet 


‘Tak UTO 
1 


E ((O)'}= Vlog! [aj; ays, ..., aps)u (dt. 
0 
OuesBuHo, 


| os | < log (a; + 1). (14) 


* Snecb H HHKEe C; — KOHCTAHTH. 


Ogua TeopeMa H3.MeTpHYeCKOH TeOpHH HeNHEIX npobert {7 
a eee Ame: A) 
Tlostomy 


1 
E ((6))*) < | log‘ (aj + 1) pdt) = 
0 


1 
oo k Boal 
ee! OV ioc | dt logt(k-+ 1) 
iar lest +1) | <q SPE ma co, 


Jiemma 4. 


E log dn = 12+ Ry, PRa| << ¢, << @. (15) 
WokasatenabctBo. Ormerum cnadana, 4TO nocaeqOBaTeAbHOCTE 
{Eb;) cxogurca kK HeKOTOpol KOHCTaHTe a. Jlelicrureasno, 
| Ebj+1 a Eb;| < 


1 


\ (log [Qj+1, aj, 2-90 Taig: a,|—log [a;; Aj-1,..., a,|) p (dt) I+ 
0 Sets 


1 

a \ 
0 
TlocaefopaTebHoOcTh CAyyaiubIX BeMYHH Q@; cranuonapHa [4], no- 
STOMY Il@pBoe ClaraeMoe B HpaBoH yacTH HepaBeHcTBa (16) paBHO Hy.11o0. 
Uro6bl OM€HHTH BTOPoe CaraeMoe, 3aMeTHM, 4TO [Aj41; Qj,..-, A] 


ABIACTCA MOAXOMAWEH ApoObIo nopagKa jf -- 1 Aa uncana [@j+1; Qj, .-., a]. 
Tlostomy [1] 


[27413 Gus x Ap) —[Oj41; Ay -. 5 Qh Ve ie (17) 
Vis (17) u (16) mr cpa3y noayuaem, uTO 
| Edj41— Ed;|<8-27/, 
|EGjem = EDy) < 16225', m1, 2, .-. 


ea 
— 


p. (dt). (16) 


Bip Afr eer a2] 


log (1 ae [45413 Gj. : 4g) — [@j445 Aj,---, =| 


(18) 


V3 (18) BireKaeT, To npegzea lim Ebj=a Je@HCTBUTeABHO CyUecT- 
] 
ByeT WH 4TO 
|Eo;—a|< 16-277, (19) 


Bosppailascb K omeHKe Elog gy, OyzeM HMeTb 


E log @n =) Eb; = na+R,=na+ Rn, 
1 


| rae 


PR AGN oO  = 6, 
x 

JlemMMa JlOKa3aHa. 
Jlemma 5. /[pu n— oo 


E (log 9n — E log gn)’ > ©. (20) 
THoxa3sateapbcrso. IlonoxuM 
Exgn > 6 (Gn (¢) me k} 


2 Beernux Jlenuurpacxoro yHHBepcHuTeTa Ne 1, 1961 r. 
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HW AOKaxKeM, YTO pH 7 —> co paBHOMePHO 10 k 
pEp, > 0. 


[noo 
Byaem o603HayaTb uepe3 A;'*' "7 MHO2KECTBO 
ae 


Ai 6 (ay () trae ieaet: 
raat 


OvesBHaAHO, 


re CYMMHPOBaHHe MPOHCXOAHT 10 BCeM TaKHM (i,,-.., in), HAA KOTOPHIX 
43° 0; (1) = 11, deo. ()ise ie BRICKAGT, 420 Gn (t=. M3 meTpuyeckor 


TeOPHH IWenHbIxX ie uzBectHo [1], uTo ALL ABIACTCA HHTCPBAIOM, 

Pn Pn t+ DPn_ Pr 
— H ————, rye Boobme ywepes — 
In Ope Cpe, a P Gk 


OOo3sHayeHa NOAXOAAMAaA APOOb nopaqKa k wemHOk 1podu lijetepe eet 
CaeqoBaTebHo, 


KOHIOM KOTOPOrO CJLYKaT TOUKH 


jou 1 Posy Pa+Pn_-1 
9g jhayes Qn dnt In-1 
1 l ns 1 i tase de Spero 


log 2 i (In + Un—1) log 2 qn log2 k- 


1 
mes Aj.” = ae 


Pa3qMUHbIX TeMHBIX Mpob6eH mopaaKa 7, [a,, d,..., Ay] Co 3Hame- 
HaTeJl@M PaBHBIM Rk, oveBuHO, He Oombute sem k. Tloastomy 


1 1 
pein < oy uA ns n = Blogd’ 


(eee in) 
noe 
a.rak Kak BCersa “¢,(¢) = 2 : , TO mpwH Bcex k 
1 eS 


Hs (21) spirekaer, TO KaKOBO Ob HH ObIM0 (uKCUpOBaHHOe unco M 
Npu OoOAbWIUXx 1 


n(é { |log gp (t) — E log qn| < an — > 


VM, 3HQUHT, Ip TaKHX nt 
1 
E | log dn — Elog dn? > = M?. 


JiemMa jOKa3ana. 
Jlemma 6. [ipa etexj ==) 52 eicu es lees 


es 


| Bb) btn — Bb ROW. ce = ae (22) 


AoKasaTeAbcTBoO. Ecan Ss < zy» TO B cHay (13) 43 wemMMp 2 u 


MMB 3 cAeayetT, uTO 


| (s) (s)R ps) ae Be ’ 
Eb oy), = EDS BO) <a (23) 


OgHa TeopeMa 43 MeTpHUecKO TeOpHH WeNHBIX npober 1 


k 
Tlyctb Tenepb s> 7 - HlonoxuM s, = Ea Torya 


[Eby bys — Eb Eo'),| <| Eb"), (B99 — of) | 4 
+ | Bb}? (2, — 64.) | + | EOS al | E (06 — of) | 4 
vo + TED? |T EDS, — BO)24| + [EOS Of, — EOE |. (24 
Mimeem sasiee 


JEDita (0)? — 6))| < E'*(d)},) EB (0)? — 0)? < 


"ly 


1 1 
<ci [4j; ap_yr-++> 5] — [ays aj_ys..-, @_g, 
ee ({ mer le Me ane otha akan Sal p(dt)| < 
bic (25) 


AHaJIOrH4HbIM OOpasOM OICHHBAaIOTCA Mpoune Claraemble MpaBo 4a- 


CTH HepaBeHcTBa (24), KpoMe mOcmemHerO, OWeHKa KOTOPorO aeTCA He- 
paBeHcTBOM (23). Takum o6pa3o0m, 


k 
|£0 6, — Eb EDS), | < oo) | 


Jlemma 7. 
E|logg, —na|?=07n(1+o0(1)), o>0. 
Jloxa3zsaTeabcTsBo. [lo azemMme 3 
E | log gn — an|? — E] log gn — E log gn |’ =O (1). 


Ilompsyacb mpeyctapienvem (12), nomyuuM 


+2V Ayes e—™V*® <ce—™VE , 


n n n—ln-k 


E |log gn —E log gn |" = E ( (Bo) = roo +2S ¥ rie 
j=1 j=1 k=l1j=1 
rae 
r jp = E (0; —Eb,) (bj+n — Ebdj+n). 


_Tlokaxem, 4ro mpu J > co 


| ik — rj; 
| TIpHwyemM 
| Seite] <&. (26) 
k=1 
Ilocrynaa TaK #Ke Kak UW TPH MOKA3saTeIbCTBe CXOMMMOCTH HMOCAeCKO- 


BaTeabHoctu Eb;, no1y4uM ; 
| Ir je — Tiss, | <|Ebj+n]|E (bj — 0j+1) | + EOj41 || BOjen — Edj+ ie 


J : 
si | log (ann a 1) log ( [542413 Dip prrers ay) [44 e4n Qitk po: can = )s(de+ 
0 


[24413 Ajppreers ay] 


1 


-+ \ 102 (474441 14) x 
0 


x log(1 [4jy15 j++» Gl — [405 eS) wat Ba seaman O48 


\ [@j413 Qj,--+, 4) 


pn ales, 
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Vis (27) cpa3y spirekaet, 4TO {/jg} ACHCTBHTeIbHO CXOJMTCA KH TO 
=(j=t 
frie rel cee” ae (28) 


U3 onenku (22) nemMbI 6 ceqyeT, 4TO 


= ee 
rin |< ce : ’ 


eee ) 


u MOTOMY 


HI rales YEN < eo, 


l k= 


Ih? 


Il 


k 


|’ je —Te| < min (c,d Ma OC. ene eo ys (29) 
C nomompio oneHKu (29) Halizem, 4TO 

E (log dy — E log gai = nr) +2 9 (nk) rp + Om, (30) 

rae : a 

(0,1 < 2c, ye ia yy min (2c,27, 2ee7""*) < 
j=1 k=1j=1 
< 4c, +2 > (opker th” * 290,9-") ae een, (30) 
Tlo102#*«uM f 


7N=r 42 S) re COS Rh. 


k=1 
HetTpy2HO COCYHTaTb, 4TO 
n—1 Pia ; nh 
sin? ZT 
nro +2 YY (n—k)re= \ —-fQ) an 
sin 2 
k=1 —fn 


Xopowo uspectuo [8], To Aaa HempepHBHHIx f (A) 


a 
FO) dh = Ienf (0) (1 + 0(1)), 


Sinaia 
2 


site 


MO3TOMY, ee 3AKOHUNTb MOKa3aTebCTBO J@MMbI HAM JOCTATOYHO NO- 
KasaTb, uTo f (0) 4 0. 
Ecau 6p f(0)—=0, ro mockonbKy u3 (26) BHITeKaet, 4To | f” (A)| < 


<Cg<o nu f’(0)=0, MbI 6bI uMean, 4TO Be eee €g< 00 HU, cCaenoOBa- 


TCJIbHO, ITO 


are +2 in re< | a sin dh < ty) <0, 
k= 


sin? 
o 3 


a 9TO HepaBeHCTBO B CHay (30), OYeEBHAHO, NpoTuBopeynT zemme 4, Jlemma 
MOKa3ana. 


OyHa Teopema u3 Merprueckoit TeCPHU IWeNHEIX Wpodeit 2) 


Sameuanne. AXanorm4uHbiIM O6pa30M MO2HO HOKa3aTb, 4TO 
e(Y Ce Eo) ) = 95 (1 +0 (1)). (31) 


Jleyma 8. 22 docmamo4no Oonbuux s o, > 0. 
es Ka3saTeIbcTBO. Jlerko BuseTb, TO 


[Eby oF, — Eb) EO)? , —rjp| <| Bbf (68, —By4n) | + 
+ | Ebj+n (0)? — bj) | + | Ed, | EO) — Ed;4e| + 
+ | Eb;+»||Eb}” — Boj] <¢,,27° 
STO HepaBeHCTBO B COueTaHHH C HepaBeHCTBOM (22) jaeT 
bere l= tine? , 2a.) 
rye 
re = tim ( Eb; 0s), —EbPEss?.), 
[ro 
oTKyfa erKO noayyaeTca, 4TO 
ey 
|S — Gs] < C42 


§ 4. JlokazaTeabcTBO COOTHOLWIeHHA 
u? 


; ST a 
POU SCR ASA oan fe du 


TloayyeHhoe B HpesbAyueM MyHKTe paBeHcTBO (31) BMecTe c s1eM- 
MoH 8 WH HepaBeHCTBO JICEMMBI 3 O3HAUAaIOT, B YACTHOCTH, 4TO WA nocle- 


JOBATeIbHOCTH CyuaHHbIX BeHUHH bY a TIpH BCeX JOCTaTOUHO OOAbIUMX 
S BHINMOAHEHBI BCe YCOBHA AeMMBI | u, CCQOBATeEAbHO, MpH BCeX AOCTAa- 


TOUHO OOAbIUUX S 


n 
> (6; —E6)) 5 ee 
Paw 2 
z|/—_+>-——|e du. 
6 Gs yr < His y 2a 
Tlom0* uM : i 
x (6; —Eb,) & (0) — B60) 
uw ets j= am S 
eee? Beka tour eS 
HM MOKaxKeM, 4TO PaBHOMePHO NO 7 
Mmeem ; P pee 
id y So 
ElS, onan ee 


j=1 
nN 


Tlepexoga qatee kK oneHKe E » (0; — Eb; — as pes EO") 6y eM HMETL 
jet 
B MOHATHBIX OOO3HAYeHHAX 


22 H. A. H6paeumos 


E » (b; —Eb;— by + ei: Ro +2) Rie. 
j=1 
Kak HM BbIMIe HETPYHO NOKa3aTb, 4TO 


Kpome Toro, 


Rex 16h 
OSTOMY 
bo Sea shay 
E pS, 0 < ate ence (32) 
Takum o6pa30M, MBI mpescraBuan cymMy Sy B BHC 
S,=S; Eee 


rye cymMa S, aCHMITOTHYeCKH HOPMaJIbHa, a id CyMMBI S, HMeeT MECTO 
omeHKa (32), 43 KOTOPOH, B YaCTHOCTH, CaefyeT, 4TO AA m10O0ro = > 0 


A 


H (SUIS) >el)<a(tastese 7. (33) 
Orcioza yoke HeETPYAHO H3Be%b, YTO pH 2 co * 
#(8 (Sn <21) =. es, (34) 
a TOrfa B CHy JeMMbI 4 if a 
p(e (tet te S16, z\) a mi fe 2 du. (35) 


— oo 


§ 5. Mepexoa k mepe JieOera 


Ecan B 2OKa3aTebcTBe JI@MMbI 2,2 [4] mOom02%KUTb 
My (x) = mes.6 {a,(t)=%,; Zn41(t) < x}, 


1 
Xn (x)= nae 


rye yepe3 2n41:(¢) o603HaveHa BeIMUHHAa WenHOH Apobu 
[2n+i(Z), @n(t),..-], 


a OCTA/IbHbIe PaCCy#XTeCHHA OCTABHTb 6€3 H3MECHEHHH, TO HETPYAHO NOwJy- 
4UTb, 4TO 


| mes Alte. nts aes Ayes -.n+s 


=v ita...nts 
N+n---ints Jl4¢n-::In+s < Ave mes Ai we 
sad) 2S ae ee (36) 


O6o3sHauHM 4yepes ¢,(t) XapakTepucTHYeCKyIO: MyHKUMIO cry4uaHHOn 
BeAMUHHE S,, 


1 
on («) = Een = se ef Sn (f) y (dt) 


* Cp., Hampumep, [4], § 1. ‘ 


OgHa TeopeMa 43 MeTPHYeCKO TeEOpHH WeMHEX apobe& we 
De ee a ee 


H NYCTb 
1 


b, (t) = | en at. 


H3 XOpoulo H3BeCTHHIX TeOPpeM TEOPHH BeposTHOCTeH O CBA3K yHK- 
UHH pacnipewerenuaA C XapakTepHCTH4eCKHMH CbyHKnMAMH (cM., HalpHMep, 
[9]) «ftezyer, uro us (33) BhITeKaeT paBeHCTBO 

: a 

ork. 
lim Pn () it 5) 
n> 
H 4TO eCH Obl HAM YaOCb MOKa3aTb paBeHCTBO 
Be 
é gD 
lim$n(t)=e ~, (37) 
n> oo 
TO ObWIO Obl AOKa3aHO M PaBeHCTBO (7), T. e. Oba Ob MOKa3aHa TeOpema. 
iia Toro 4TOOH WoKasaTb (37) c noMOUIbIo (36) ONeHHM pa3sHocTE 


| en (t) — on (=) |. Ameem 


ea ; ot 84 . 
itn ()— Hl < [le —i}dt+(le ~1]p (dt) + 
6 é 
| ix . sa ae 
i oVn | 
=e fe ‘eis (dt —y»(dt)|. 
6 
r 2 bj (t) — Eb; 
e a oVn 
Tak Kak dyukuua or te ™* H3MCPHM4 OTHOCHTCAbBHO MHHH- 


MaIbHOH s-alreOpbl, MopoxmeHHok dynkuuamu a;(t), j>m-+1, To B 
cury (36) 


% bj (t) — Edy) 


oV. = 
fe sede , (ate (diy eer 


dp saa 


re 


So) 0; 


_ Ble b; — Eb; 
( 2 rane i, ic] 1 
| \e meet 


; m bj _ Eb; 
1 It : oVn ane 
\ e Sy hl 


on 

Oreiona, WOnarad, HalpumMep, m=—log’7, naligem, 4TO 
as log?n {iti , 2 
ln (*) — ¥n(t) | < Cy 7t-* + Coq es re: ) 


g 03 
WH, 3HAYHT, ITO 


ced 
ssh baanlarcat 6 


Nh 


Yn (t) — e 


TeopeMa JOKa3aHa. 
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Summary 
Every number ¢€ (0,1) may be represented in the form 


t= = [4 (0), 4 (0,--] 
aO+ BOF, 


(continued fraction with integer “digits. g,(¢) denotes the denominator 
of nth convergent of the continued fraction (a, (t), @,(2),...]. It is proved 
that there are two such constants, a and os >0, that 


: e = q\) — na = fer 
im mes | 
n= © #6 (0,1) oyn = Fe 
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B. B. [erpos. 
O BOJIBINHX YKJIOHEHHAX CYMM CJIYGAKHbIX BEJIMYHH 


PaccMOTpHM MOCMeAOBATeCAbHOCTh He3ABHCHMEIX Cy ualiHbIX BeIMUMH 
Kis eee pynkuuamn pacnpenetenua V, (x), V3(x),... 4 KOHeUHBIMU 
MMCMEPCHAMH oy, o5,... MaremaTwueckue OxKUTaHuA BeAMUHH Ne a yine 


MOKHO 6€3 OFpaHHueHHA OOUIHOCTH CUNTaTh paBHbIMH Hyvlo. BBegem 
oOo3HayeHHA 


n ft as 
A a 
is S 2 > = es 
on = Sj» Z,=— Ai 0 (x) = —— GB * at = SSS 
4 amen Sle (x) Fane) , #(2) 7m! 


7=1 
MyHKWHIO pacipezeienua cAyyanHOH BeHUHHE! Z, OOO3HAUHM Yepes 
F,(x). B pa6ote [1] noayyeHo o606mleHue OHO Teopemp T. Kpamepa 
[2], KOTOpOe MOXKHO CPOPpMyAHpOBATH CeLyIOWMM O6pasom. 

Teopema 1. //ycmb eoinovAnenwt ycnosun: 

1) cywecmeyiom nononumeronue uucna A, K u k makue, 4mo 
@ Kpyze |h|< A umerom mecmo Hepasbexcméa 


ow 


k<| J evadVj(y)|<K U=1,2,...: 


—c 


2) npu ecex n u HeKOomopom 6 >0 


Tozeda npu x >1\, x =0(Vn) u n> oumeem 


1 — F,, (x) wi "WI o()], 


= (x) yn 
Fn (— ¥) “FF n al x 
Oiemy a © [1+0()]. 


Oe h,(t) —cmenenxnot pAO, cxodAwulica npu Oocmamo4HoO ~ MaAWX 
naxexunx |t| pasHnomepHo omxocumerbHo n*). 

AnanormuHble pe3yaptaTH Oniau nosyuennt B. Puxtepom [3, 4] x18 
OKabHbIxX TeopemM. JloKa3aTeipcTBa Teopem B. Puxtepa OCHOBaHbI Ha 


*) B [1] mpeanonaranocb BHINOAHeHHbIM ele OHO ycnoBue, HanaraBlicecA Ha CYMMY 
_xBocToB* jucnepcui. Kak me coo6mna UM. Il. KyOuawc, nocaennee ycaosue ecTbh Cien- 
Tave ycaosua | tTeopempt 1 Hu nosTOMy MOxeT ObiTb onyujeHo. Boxee mpocToe No 
papHenwio c npetsoxennbim VM. II. Ky6uaiocom WOKa3aTeAbCTBO 3TOrO YTBeEpKAeCHHH 
plpeyeno B 3aMe4aHHM B KOHLUe HaCTOAWeH CTaTbH. 


26 B. B. Ierpoe 


CHCT@MATHUCCKOM IIPHMeHeHHH MeTOMa MepeBata M3 TeopHH yHkuni 
KOMIVIEKCHOrO MepeMeHHOrO, B OTAMYHe OT padoT [I, 2], B KOTOpPHIX 
CYMIECTBEHHO HCNOAb3YIOTCA OWCHKH OCTATOUHOrO WieHa B KeHTPpabHOu 
mpewerbHo Teopeme, Hafigenuble JianyHopbim, Kpamepom 4 IcceeHoM. 

B nacrosmeh paboTe moKa3aHoO, 4TO BCe pesybTAaTH, COMepxallMeca 
Bp padote B. Puxtepa [3], MoryT ObITh NOAyYeHEI NPHMCHEHHeM OIeHOK 
OCTATOUHOFO YWieHa B JOKAJbHBIX IpeebHHX Teopemax. TaKne OMeHKH 
6LWIM HalieHH Jin Cayuad HeOWMHAKOBBIX pacnpesetenHh B paOoTax 
aspropa [5,6]. IIpu stom nonmyTHoO gocruraeTca HeKOTOpoe OOoOOmeHHE 
yacTH pe3yibTaToB B. Puxtepa. SameruM, 4TO, C APyroH CTOPOHHI, B paM- 
KaX MeTONa nepeBayia 6e3 HCNOb3OBaHHA OMeHOK OCTaTOUHOrO 4leHa 
B IWeHTPaIbHOH TpeebHOH Teopeme elle He yJalOCb NOMYYATh yCTaHOB- 
enuHpie B padotax [1] a [2] wnrerpampHble mpexerbHbIe TEOPeMBb MAA 
OOJpluX YKJIOHeHHH. 


§ 1. JlokanbHan NpeerbHaH TeOpema AAA NAOTHOCTeH;, CAy4al 
HEOMHHAKOBbIX pacnpezetennh 


Micnoab3ya paHee BBeJeHHbIe OOO3HAYCHHA, MOJ102KHM 


oo 


Ry (hy = | AVG) Ghee... (1) 
HaoxHM Ha paCCMaTPHBaeMY!O MOCAeOBATe/IbHOCTh HE3ABHCHMBIX CJ1Y- 
yaHHbIX BelHUHH X,, X,,..., Hapayy c ycoBuamn 1 u 2 TeopeMHl 
1, caenyroulee ycoBue. 


Ycnosue 3. Tipu — Bea HW J1060M ¢ >0 


—1 


LT Rj) I]|Rj(4+ it)|dt = 0(—-) (a Sy 
i teas, 
rake NOCTOAHHaA B CHMBOVIE O(=) MOKeT ObITh BHIOPaHa He 3aBHCAMIeH 


or i(— <hy 


D 7) 


Teopema 2. //ycms X,, Xo, ... — nocCAed0bAMEALKOCMb HEZABUCUMBLX 
CAYLAUHHX BeAULUH, yOO@AeEmBOpAIOWAaA ycaosusmM 1 u 2 meopeme 
1 uw ycnosuiw 3. Tozda npu becex Oocmamo4HoO OOAbWUX 3HALEHUAX 
nm cywecméeyem éecwdy HenpepolsHadk NAOMKOCMs pacnpedeAeHUA Pn (xX) 


cayiainon seanuuno Zp. Ecau x=O0(Vn) npu n>, mo 


x e 
mts) _ ve lye) |x + 
n 
—— =@ SSS 
#2) Bexdee “ 
20e€ hy, (t) — mom sce cmeneHHo pA0, 4mo u 6 meopeme 1. 

OT102%xXHB MO KOHIa Maparpacdba cpaBHeHHe ycoBuli TeopeMH 2 C yc- 
AOBHAMH aHaJOrHuHOH Teopempl B. Puxtepa, mpHcTynuM K MOKasaTeyp- 
CTBY TeOpeMbI 2. 


A A 
Ilycrb h & & Sat ale PaccMOTPHM NMOCJe€QOBATeBHOCTh He3aBUCH- 


MBIX CJYYaHHbIX BeJHUKH {Xj| c @yHKOHAMH pacnpewenenua 


Vi@=gty | dV) V=12.). 8) 


O 6onbuimMx yKNOHeHHAX CyMM cy4afiHBIX BeNHGHH 27 


Tloso2#x« NM 
n n 
ee ee ees b 
aj= EX; 97 =DXj, An) ay, Sa= Si aj, 
= pat 


oo 


wi) = \ eAAV (x), Fg (at) PY he Ay oe 


ee Sn J 


HerpyaHo nojyuurTs clegyioujee TOxXMecTBO (cM. [1] HaH Gomtee nowpos6- 
Hoe H3.102%KeHHe B [7]): 


x5,—A, 


Sn 


Fa(x)=e"4n TTR, (a) |} en atd Fy (2), (4) 
j=l 


—o 


O6o3Ha4yHM 4epes {gj KYMyAAHT (CeMHHHBapHaHT) nopaaKa k cay4ati- 
HoH BetMunHb! X;. MmMeem 


co 


pe pa eee Vej_ pe-r Gg? — NK TAL. pr 
n=» ee Den" Pidige hay (ea (0 
h=2 


k=2 k=2 


NpHyueM B CHJy ycaoBud 1 KaxkAbIa M3 HaMWCaHHHxX paAOB MaKOpH- 
PpyeTca paAOM, cxonzamumca mp |h|< A,(A, >0), c Koadbcunmnentamu, 
He 3aBMCALIMMH OT /. 


na 
1 
Monoxum Fp,=—- Nei HW pacCMOTPHM ypaBHeHHe 


et 
—— eS - . 
Ta t= fn = i)! hr-) (5) 
h=2 


rae ¢—3ayaHHoe pelicTBHTebHOe uncto. B cuily ycaoBux 2 HMeeM 
2 


Soe s >6>0. Jaa aw6oro goctaTouHo Masoro |¢t| cymjecTByeT eMH- 
CTBeHHOe peuleHve A ypaBHeHHa (5), KOTOPOe HMeeT TOT KE 3HaK, UTO 
u ¢, W crpemutca K Hy10 mpu ¢>0. O6pamjaa pad B mpaBow sactTH (5), 
nmlouy4aeMm 


ee t _ Ln El. Vaplop Sl Gp fs + (6) 
VT an on 6) on . 


B [7| noKxa3aHo, 4To pag (6) MaxkOpupyeTca CXOMALIMMCA B HEKOTOPOM 
Kpyre paom c KosppuuHeHTaMH, He 3aBHCALIHMH OT 7, H 4TO 


7 : 
“1 — hAy + In] | Rj(4) = nta(2), (7) 
n j=1 
Te ye 
2 iy Van! on ae OEE RY 
Ad iriarsa i ae Te aa Oo 


e€CTbh pA, CxOAAMMiicA MpH gocTaTONHO MawbIx |f| paBHOMePHO OTHOCH- 
TEIbHO 2. 
Bocnoab3syeMca TeMepb CeAYIOWMM Pe3ybTaTOM. 


28 B. B. Ilerpoe 


Jlemma 1. /7ycmb Y,, Y2,...—nocaedosameAbHocmb He3sasucumblx 
cAYLalHELx BeNuiuH C Hy/seslmMu MAMeMAaMULECKUMU OHCUCAHUAMIL, 
OA KOMoOpoi cywmecmsyiom noAOIUMEeAbHELeE NocmonHHHE g u G ma- 
Kue, 4mo npu 6cex nN 


i. n 
NUEY) 2 ng. SRE ane 
j=l j= 


Ilycmb, danee, xapakmepucmureckue Pynxyuu f;(t) senutun Y; ma- 
KO6bL, 4mO 


1 


| Min @1de—o(2) (1 > co) 


< - 
{f1>e j=l 


npu KeEKOMOPOM PUKCUpOBAHHOM & UZ UKXMepoGata O<e< x Tozda 


npu ecex Oocmamo4Ho OoAbuux n Cywmecmeyem é6cwody HKenpepoleHar 
NAOMHOCMS Gpn(x)pacnpedeneHUuA HOPMUPOGAHHOK CYMMbL CAYLAUNHWX 
1 


2 on 


n 
BEANYUN VEY; »Y Y; u, Kpome mozo, npu ecex x (—~o <x < oo) 
j=l Voge 
u BCEX OCOCMAMOLHO OOAKWUUX A 
Co 
XA) a OWNS <—=, 
1Gn( ) r ( \|< yn 


20e Cy — NOAOHCUMEABHAA NOCMOAHHAA, HE 3aBuCHWAaR OM nN U XxX. 
3Ta euMa 2OKa3zaHa B paboTte [5|*. 


TlokaxkeM, 4YTO MOCAEMOBATeIBHOCTH cyyuafinbx BemH4HH X, —a,, 


Xy — @,,... YROBICTBOPAHeT BCEM YCOBYAM slemMMBI 1. JleHCTBUTe/IbHO, 
43 ycnOBHi 1 wu 2 BbITeKaeT CYUIECTBOBAHHe NOJOKUTCABHBIX MOCTOAH~ 
HHX g u G, He 3aBHCAMMX OT NH A, TaKuX, TO 


is => ng, pai E|X;—a;)° <nG 
j-t 
mpxH scex n (cm. [1]). Jlanee, 
it (X,-a, a= es iL : 
Belt %~4) = 6 4" 5 (2), 0, (t) =e Gy Ri(h + if). 
B cuay ycrosunx 3 uMeeM Apu aio6om e« >0 


J Mizide=o(]) w+, 
}é}>e j=l 


l 
NpHyYeM NOCTOAHHAA B CuMBOuIe O or MOKEeT OBITb BbIOpaHa He 3aBMCH-— 


1 
A A 
meh oT A naa Beex h& cote: =|: CyreqopaTebHo, B CHAY AeMMbI | 
pH BCcex EL OoubmIMxX M CyWeCTByeT BCIOLY HeNpepbIBHaA Mpo- 
H3BOAHaA gy Fn (x)= py(X) 4, Kpome Toro, HpW R@eX<x (—.co< x < com 


Pn (4) —9(a)1< 7%, (9) 


“ B sToH %#xe paboTe nonyyeH Ooree O6uHH pesynbTaT (Teopema 1). 


O OonbuHXx yKAOHeHHAX CYMM csy4aiHBIX BeAHUHH 29 


rue MOCTOAHHad Cy He 3aBUCUT OT M HM XH, KaK WerKO MOKa3aTb, Mpoc- 
VI€AMB HOKa3aTeJbCTBO TeOpembl B paboTe [5], Takxe wu OT A. 

Orcioga u us (4) cnegyer, ro mpa AocTaTOUHO GoupUIMx 1 cyuect- 
ByeT MMIOTHOCTh PpacnpeAeNeHHA Py(X) BEMUHHH Zp U, Maslee, 


+ —hA : ont (On Ve € =A) ey), 

& “p(xy—e J] Rj (fh) e tee lee es ae 
, AY AY 
j=l n n 


llostomy 


n 
‘A —hA Ss, — 
pn (at) =e TD Ry (4) 7, (0). 
j=l ‘ 
VuurprBasn (9), HaxOuM 
2 


= f a 
Pn ey —hA, + In [Ry(h)..- R, (Ay) + a 
S, Sn S it} 
Se Ss aay Oh |. 10 
-(e) “i eu era ee 
Sn 


A 8 
Y paBHeHne nae mocae moO_cTaHOBKH f= —= coOBNamaeT Cc pac- 
n 


yn 
CMOTPeCHHBIM paHee ypaBHeHHeM (5). VY uac x = o(Vn) TIpH > co, 109- 
Tomy £>0 npw 2 co, Baas B (10) # paBHbim KOpHio ypaBHenua (5) x 
NPHHAB BO BHHMAaHHe (7), NOyY4HM 


ody ay aah 
p(x) _ va (va) Lada dg 
EP Dawei vn )|: 
Teopema JOKa3aHa. 


B. Puxtep nomyudd avaJlOrHuHblh pesyabtatT mpu ycaosuax ,1", ,2° 
mM ycloBuu C, 3ameHsiomem ycloBue ,3“. YcuoBue C cocTOMT B ceLyIO- 
meM*: B TOcMeqOBaTembHOCTH {X;} COAEPXUTCA MOAMOCAELOBATEbHOCTH 
\|X;,} Takaa, uTo: 1) 4Mcio 4ileHOB #* 9TOH NMOAMOCTeAOBATebHOCTH 


cpemn X,, Xo,..., Xn YHOBMeTBOpAeT YCOBHIO 
lite © (11) 


noo Sn 
. A a) 
mp HekOTOpoM r >0; 2) Ha BePTHKA/IbHbIX NOAYMPAMBIX Z= + > + it 


MM€eCT MeCTO PaBHOMepHad OIeHKa 
‘2 
Rin Ol iF 
npu |t|/> AN, rye L, N u 8 >0O—nexoroppie nocroaHuple. 
Kak noxasaHo ps [4], “43 ycoBua C BbiTeKaeT, 4TO npu z= h + if, 


roe-|Aj< a, |¢|> N (4 u ¢ pefictBuTeibHH), HMeeT MeECTO ONeHKAa 
IL 
| R; (z)| <—. (12) 


TlokaxemM Tenepb, YTO MPH BHIMOAHeHHH ycuoBuH | u 2 u3 yCTOBMA 
C ppitekaetT ycoBue 3. 


* Mbl MpHBoRMM copmyaupoBwKy ycaosua C, nannyw B [4]. 
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IIpeanonoxum, To ycnopua 1, 2 wu C BBINOHeHEI. His yo1onun 1 

wv (12) caenyer, 4TO 
OS per GY PEE eee 
Ry RE ties 


ee |¢|>N. Jlanee, 


| Ry (a+ it)| < Rj (A) (14) 


npu neficTBHTeABHEIX Aw t. Cnpapenzmuso cnezyiomee yTBepxeHHe. 
Jlemma 2. Ecuu h u t deiicmeumeronol, unmezpar 


oo 


R(h) = | eb dF(y) 


— oo 


(13) 


np — 


cxodumca npu—c<h<c (30ech F(y)—gyxKyua pacnpedenerua, 
c>O0)u - 


|R(h + it)! 
R (h) 
npu |\t|\>bu—c<h<c, mo npu |ti<bu—c<h<ec umeem 


|R(A-+ it)} 
SRS oe S. 


<y<l 


Ora AeMMa TipeycTaBaaeT coOoH pacnpoctpaHenue Ha Cuyyuan c #0 
omHoro pesyaptata T. Kpamepa ([8], ra. 4, emma 1) u gOoKasbIBaeTca 
TaKHM 2%K€ OOPa3s0M; NOSTOMY AOKa3aTeAbCTBO JICMMBI MBI ONyCKaeM. 


ib 
Bes orpaHwyeHud OOMHOCTH MOXKHO CUUTATb, 4TO Wes 1. Hs (13) u 


A A e 
eMMbI 2 3aKmiouaeM, 4TO NIpH—-—- <A< > wu BCeX MeHCTBUTebHBIX 


2 2 
[Fin] oe a 
Ranh eee 
rae 
—*_ upu |ti>QN, 
je? 


oy 
e- pu |tl<N, 


Y — HOAOKMTeAbHaA MOcTOMHHad. Tlockoubky S23, TO B cuay (11) cy- 
‘3 
1 2 
uiecTByeT mOCTOHHHan p >O TaKkan, 4YTO N* >pn” pH BCeX OCTAaTOUHO 
6ompmux n. H3 (14), (15) uw HepaBenctBa & (¢) <1 nomyaaem 


it R; (A) 


Orcioqa merKo HalTu, 4TO 


[FL f Miri ity dt=0(2) 


It|>e j= 1 


=i hay r 


I] | Rj(A+ it)| < [2 (H)” 


j= 


(| 
np 1106b1X PuKCupOBaHHbIX e > O un s>O. TlocrosHHas B CuMBOe O a] 


A A 
MOKeT ObITh BLIOPaHa He 3aBHCAMeH OT A BAIA BCeX he|—+. a 


O OombiHx yKIOHeHHAX CYMM Cly4aiHDIx BenWaHH 3l 


Hak, eC BEIMOHeHEI yCnOBHA TeopemH! Puxtepa, TO BHINOMHeHBI x 
yCAOBHA TeOpeMpBI 2. 

B dopMyazupopke Teopembl 2 u caemyoulMx Teopem HacTosamieh 
paOoTH CHATO OrpaHHueHne |x|>1, wMetomeecn B pa6otax [1 —4]. 
B moxasaTerpcrpe Teopembl 2 OHO He UCMOAb3yeTcCH. SameTuM, 4TO 
B H3BEeTHEIX MIPCCIbHBIX TeOPpeMaX JIA OOMbINMX YKAOHEHHA ycAOBne 
|x| > 1 MoxkHO CHATD BCAKHA pa3, KOra BHINOMHeHbI ycroBHA IIpHMeHH- 


1 
MOCTH OIW€HKH NOpsAKa Pere JIA OCTATOUHOLFO YWieHa B COOTBeTCTBYIONIeH 
n . 
KAaCCHYeCKOH (HHTerpatbHoh HIM JOKabHO) MpexenbHom Teopeme. 


IlosCHHM 93TO Ha MIpHuepe AOKAMbHOM TeopeMbI WIA GOOABUIMX YKIOHEHHA. 
Tlonyctum, 4To mowyYeHO CoOTHOMeHHe 


ey (= 
~ 6 Vn wy" va) x 
9 (x) yn 
Mone | 41> , ‘str (Vn) H M— cOH HEKOTOPHIX YCAOBHAX, HalaraeMblx 
Ha paCCMaTPHBaeMyiO MOCIeAOBATeJIbHOCTh HE34BHCHMBIX CAY4aHHbIX Be- 
JHUHH, HampHMep, MpH ycaoBuax Teopempt 2. B cuay yc1oBHh TeopemMBt 
2 4 AeMMBI 1 pH BCeX X H BCeX MOCTATONHO OOAbINHX N AMeeM 
Co 
x)—9(x)|< —= 
| Pn ( ) 9 ( \Il< yn ’ 


‘rae Cy —nocToaHHas, He 3arucaulad OT 2 ux. Tipu |x|<1 umeem 


TaK UTO 


Pa (x) vz (zz), px|a-1) 
se Pees! 


mpy x—o(Vn) u n+ cyxe 6e3 orpaHuuenua |x| > 1. 
AnaJlOrMaHbe paccyxXReHHaA MpHBOAAT K cCJeyIouleMy pe3syupraty. 
Teopema la. ITycmo X,, X,,...— NOCA€00BAME AbHOCMdb HE3ZA6UCUMBLX 
CAYLAUHLX BeAULUH C mamemamuU4LecKUMU ONCUOAHUAMU, pabHoLmu 
HYI0, OAL KOMOpOlt BuLNOAHEHE ycnosux ,1“ u 42" meopemu \. To2zda 


npu x>0, x=o0(Vn) u n> oumeem 


a (vz) 4 
leet pis ts x+1 
SOW) ew [1 + 0/ yn )|, 
eer yy exe 

Fn(— x) _ Vn nie) (*)] 

; ra Gee ba Vey 

20€ hy (t)— cmenennok pad, cxodnumutica npu OOCMAMOLHO MAAWX 3HQ- 
4eHunx |t| PAabHOMePHO OMHOCUMEASHO i. 


§ 2. JoxanbHaa mpexeibHan TeopemMa AAA NNOTHOCTeH; Cay4ait 
OMHHAKOBbIX pacupezeleHHh 


Ccbopmyaupyem cmenyoulyio TeopeMy, B OCHOBHBIX YepTaX MpHHal- 


Puxte 3}. 
Re recnees 3. Pee X,, Xx, ...— nocredosamenrsnocms odunaKko6o 


pacnpedenennux Hesagucumnx caytainux senruuun, EX, =0, Dye 
=o2>0. /lycmb soinoAaneHtl yCA0bUA: 
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1) Eet™< conpu |h|<A u nexomopom A>0; 
2) npu HeKomopom ny cywecmsyem ozpaHureHHaA nAomHOcms 


Dy Ol een aa (Xi, +X, +... 4+X,). 


Tozda npu x=o0(Vn) u n> coumeem 


g(x) yn 
20e \(t)—cmeneHHou pAO, CxOOAWULICA Npu COCMAMOLHO MAABLX 3HQ- 
4eHUnx |\t|. 

3amertum, uTo pan A(t) —ToT xe, 4TO u B pa6ote Kpamepa [2]. 

Sra TeopemMa ABJIAeTCA caemcTBHeM TeopemMbl 2. UroOn yOequTpEca 
B 93TOM, iOCTATOUHO MOKa3aTb, 4TO MPH BHIMOJHEHHA YCOBHH TeEOPeMbi 
3 6yleT BLINOMHEHO ycOBHe 3 TeOpeMEr 2. 

O6o3Hauum uepes V(x) dyHKunio pacipeszeienna cCilyuahHOnw BemN- 
unnp X; (j= 1,2,...). Monoxns gaa hE(—A, A) 


R=R(W)= | dV (y), Vin=z | eh V (x), 


— co 


. ies 
pret mf 40(4e )|: 


PacCMOTPMM MOC AOLATEMBHOCTh He3aBHCHMBIX caAyualinEIx BeaTMUnH Xj, 
X,,..., Kakfaa W3 KOTOPEIX HMeeT PyHKuMIO pacnpemerenua V(x), Xa- 
pakrepucTuyeckylo (byHKuMIO BeAMGuHH X; OOosHauuM Yepes v(t). Hmeem 

= R(h+ it) 

ON (2) ems 

(2) Rh) 

B paccmMaTpHBaeMOM CJlyy¥ae OMHaKOBHIX pacnpezeneHuii ycosue 3 
TeOpeMbI 2 MOXKHO 3aNHcaTb B Bue 


f [0 (4) rat = 0 (+) (n> 00) (16) 
[t|>e 
A A tr 
pH —+< h< ay vw 11000M ¢ > O, rae NOCTOAHHAA B CHMBOVIE Osa MO- 
%KeT Oblrh BLIGpaHa He saBucameh or A ~aa BCeXx ne|— 7 =k 
Iloxaxkem cHayasa, uTO 
i |[o (OP "at Ces, (17) 


A A 


rye C, ecTb mMOcTOaHHad, He 3aBHCAlad OT h(h€ eee +): Jian 3TO-. 


rO BOCHOMb3yemMCA CaeylomleH TeopemoH O nmpeo6pasoBaHuax Dyppe 
({9], crp. 20—21): 

Ecau yxKyun g(x) abconzmmuo uxmeepupyema (gEL,(—, ©)), 
|g(x)|<N npu—o<cx< oo, ee npeobpaszoeanue Pypre 


1O= J elfeg (x) dx 


—oo 


He OMpPUUaMeAbHO, MO 


oo 


J I+ (2) [dt < 2eN. 


— 00 


oS Se eee 


O 6onpmnx YKJOHCHHAX CYMM CJlyYaHHbIX BeHYHH 33 


Kak caencrpue 3Tou Teopemu, B [3], crp. 219, momy4eHa zeMmMa, 
KOTOPyIO B YTOUHEHHOM Bue MOK HO CPOPMY.IMpOBaTb TAK: 

Hyerp dynkunn g(x) u e?*g(x) adcomorno wHTerpapyeMbl B MHTep- 
Bae — co <x < co mpH Bcex A(|A|< Ao) uw orpannuennt, 


J & (x + y)ereryg (y)eMdy|<N (18) 


— oo 


ge ~ 


mpw pcex x HA (— co <x < o, {A} <A,). Nycte 
M (2) = i errr (s) dx. 
Torna npu [Al < A, : 


{ | M(h4 it) pdt < 2nN. 


Bo3bMeM B Ki4eCTBE (ynKuun g(x) naoTHOCTh pacnpesenenns 
cymMB] Sy, = X, + X,+...¢X,,. B cuay ycenosua 1“ neem 
etx ( d = G ies: A | 
g(x) dx < C, npn Bcex hE 2° 9 |, UpHyem noctosnHy C, 
MOXKHO BbIOpaTh He 3aBucaeH or A. DynKnua e”*g(x) orpanMuena 
HOCTOAHHOH, He 3aBucalel oT x HA. llostomy ycuosue (18) 6vazeT BHINOA- 
HeHO Cc mocToAsHHOH N, He 3aBucanleli or A. TlockoabKy npu HalleM BBI- 


6ope g(x) umeem M(z)=[R(z)]”, To 


oo 


\ [RAF it) PPedt < QeN. 


Orcioaa H 43 ycoBua 1 nomyyaem (17). 
M3 (17) caenyet, uT0 cymMa Son,= X,; +... + Xon, uMeeT OrpaHH- 
YeHHYIO NJIOTHOCTh pacnpemenenua. Tlosromy aaa Bcakoro ¢ >O HaligeTca 
= 2. 
raxoe €C>0, uto |u(t)|<e-* upu |t|>¢e. MoxHO moKa3aTb, 4TO ¢ 


MOXeT ObITb BHIOPaHO OJHHM H TEM Ke AIA BCeX al ere 7 |- Benen 


cTBHe 3TOTO HMeeM 


J |@(d)dt=O(e-e") (n> 0) (19) 


alec 


pH HekoTopoM c, >O uw mio6om e>0, mpuyew B cuny (17) noctoaHHas 
B cumMBoule O(e-%") MoxeT ObITb BHIOpaHa He 3aBuCAueH OT h Aaa BCeX 


A 
h6é a ats ae OuepuguHo, ato u3 (19) BarrekaeT 6onee crabaa OleHKa 


2 

(16). 
IlpH mpopezenuu foKasaTempcTBa Teopemb! 3, He ONHPaloujeroca Ha 
pesybTaT, MOyYeHHEI B TeOopeme 2, MOKHO CleAOBATh CXeme MOKAa3a- 
TebCTBA TCOPeMb! 2 C OYCBHAHDIMM YIPOWeHHAMM, BbIZBAaHHBIMM MPC ANO- 
wOxKeHHeM O6 OJMHAKOBOM pacipesxetenuu cyyalinEIx Belu4yMH. BMecto 
J@MMBI 1 MOKHO IPH OKA3aTeAbCTBe UCNOMb30BATb CEM IOULY tO Oouee 
npocTto mopmy.1upyemyio JIeMMy. 

Jlemma 3. [lycmp Y,, Yo,...—nocredosamenbHocmb He3sasucumMoLr 
OOUHAK06O pacnpedeNEHHUX CAYLAUHHX BeANLUK, Makan, umo E Y =e 
DY,=0?>0, E| ¥,"<. HMycms, Oanee, npu nexomopom ny cyuecm- 


3 Becrunx JlenHurpagckoro yHuBepcuTeta No 1, 1961 r. 
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syem o¢panureHHaa nAomHocmb 4, (x) pacnpedenenusa beAU4LUHOL 
] E 7 % ‘ , ‘ 
—= (4+...+Y¥,,). Toeda npu scex JOocmamo41no Oonvouux n naom- 


oy Ny 


HOCMb Gn (xX) 6ci00y HenpepoleHa unpu Bcex x (—o <x < oo) u Bcex 
docmamo4Ho Oonbuux n umeem 


n(x) 9 (2) < Se, 


20e C— nononcumenbHaAn NOCMOAHHAA, HE 3Q6UCHWUAH OM nN UX. 

ITa AMMA ABAACTCH CI@CTBHEM JICEMMBI i u MIpeCACTaBMAeT CAaMOCTO- 
ATC bHBIK WHTepec. Jia ee MOKa3ZaTeIbCTBA MOCTATOYHO NOKa3aTb, YTO U3 
cyULecTBOBaHHA WH OFpaHHYeHHOCTH IWJIOTHOCTH 9 ,,(X) ad Ska BbITIOJIHE - 


HHe yCJIOBUA 
| If@rdt=o([) (n>) 
|fl>e : 


npu mo60m ¢>0. Snecb yuepes f(t) oOo3Ha¥eHa xapakTepucTuyecKkan 
ynkuua Beauyunp Y,. Tlomoawum Sy= Y,+...+ Yn. Maornocts ry (x) 
pacnpemeneHia cyMMbl S, cCBA3aHa C QGy(X) paBeHCTBOM fry (x)= 
' 1 


= Gn = B cay orpaHHyeHHOcTH g, (x) HMeeM TIpH BcexX x 
ovn oyn : ; 


«(—2 <x <0) 


rn (X) < Cy, | (20) 
rae C,;—nocrosnHan. Hapaay c Bemuunnol Sp, pacCMOTpHM BeAMUMHY UW, 
He3saBHcuMy10 OT Sp, KH paciipeseseHHYIO NO TOMY %#Ke 3aKOHY, 4TO H Szp,, 
V3 (20) caenyet, 4TO MMOTHOCTH pacnpeeeHHA BeIHYMHEE uw = S, —u 


2. 
orpanuyuena. Xapakrepuctuyeckad yHKunA w papa |f(t)|" u noToMy 
HEOTPHUATebHa, SHAYHT, B CHy CPOPpMyAMpOBaHHOH BbIMe TeOpeMBI 


© mpeoOpasopanuax Wyppe ona MHTerpHpyema. Sameuas, uto [f(t)]” 
eCTh XapakTepHcTHyeckad (YyHKIUMA aOCOIOTHO HeENPepHIBHOTO pacmpeze- 
JI@HHA, HAXOJMM, 4TO TPH AWOOM ¢ >O0 HW A> oo 


f iv@rae= J [FOP "FO Prat = O(e-o") (cy, > 0): 


lt(><e |fl>e 


n—2ny 


STHM WeMMa 3 OKasaHa. 


§ 3. JlokaibHad MpeleibHad TeOpeMa AA pewieTuaTbIX pacnpelerennh 


B. Puxtep [3] qoKa3a1 caenyiomylo Teopemy. 
Teopema 4. /iycmb X,, Xo,...— nocredosamerbHocmb oduHaKosbo 


pacnpedenennnx nesasucumox cayuatinox senuuun, EX,=0, DX,= 
=o >0. [lycms X, umeem moArbKo b03mMonCHLLe 3HAXeEHUA Buda b + NH 
(VN=0,+1, +2,...), 20e b—wHexomopoe OdeitcmeumerbHoe 4ucaro, 
H— makcumarbHolit waz pacnpederenun. [lonoocum 


. bn + NH 
Pr(N)= PLS) Xb +N ea gee 


i 


Ecau Ee’ < co npu |h|< A u nexomopom A>0, mo npu x= o(V n) 
u n> ocoumeem*) 


* Mbt cuuMaem orpannuenne |x| > J, umewureecsa B [3]. 
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oy n BA es 

pga Wey s ya) (faces ta 

————_—_—— == @ f- = ’ 

9 (x) vn 
20e X(t) — mom me cmenenHou pAd, 4mo u 6 meopeme 3. 
Woxka3saTeabcrsBo. JloKasareipcrBo Teopempl 4 mpoBosuTca nO 

TOMY WlaHy, 4TO H AOKasaTeAbCTBO Teopem 1—3. O6o3HauMM 4epes 
V(x) “bynkmmio pacmpegenenua cayuaiinofi Beanuuun X, wu momoKuM 


R=R(h)= J ebtdV(x) (hE(—A, A)). 
PaccMOTpHM MOCIeQOBATebHOCTh He3aBHCHMBIX CyyaHHbIX  BeAMUHH, 
X,, Xo, ... , Kaw ad W3 KOTOPHIX uMeeT SYHKUMIO pacnperenenna 
x 


Vix)=z { edv(y) 


— co 


M XapakTepucruyecky!0 PynKunIo V(t), cBA3aHHYy!O C XapakrTepucTuyecKoK 
dyxHKyuneh v(t) Beanunnn X, paBeHcrBom 


= Mans 
u(t) == uv (t— ih). 
Cymma X,+ X,+...+X, wmMeer xapaktTepucTuyeckylo yHKIHIO 


v(t) = 32 eit(bn + NH) P(N), 
N=— 
Be3 orpaHwuenHa OOU{HOCTH HalIHX paccy#xX eHHH MO2XHO C4MTATb, 4TO 
AHf=1. Tlonaraa 


nowy 4aemM a 
PN) = Reser PAN) 

Bregem o6osHayeHuA p 

= me SES <3 = bn + N—na 

Cai = OA he ee = ; 

oy nh 

Bocnoab30BaBUIHCb H3BeECTHBIM YTOUHECHHEM JIOKabHOH TeOPeMbI JIA 

pemeTuaTHXx pacmperermenuh (cM., Hampymep, [10]), Haxogum 


3 Vn P,(N) = ay: +0 Ga 


ayn 
IlpuHumaa # paBHbIM KOPHIO ypaBHeHHaA x = —> 


M 3aMe4uaH, 4TO X = 


aan 


ii Pua 
=o(Vn) npu n+ oo, s=o[14+O(jh|)] mpn £>0, a(x? —x*)=55, 


nowy 4aeM 


V Tre! o VP, (N) = pe tae tp Olean | 


Hebe Ci LOLO; ITO 


Biren be} 
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(cm. (7)), uMeem e ; 
oVAP,(N)_ Va (va) [1+ 0(4 =). 


e(x)0 


Teopema JoKas3ana. ; 
Vicnoub3ya OWeHKY OCTATOUHOFO UIeHa B JOKaJIbHOH TEOPeMe Npeweab- 


HOH JIA HEOAMHAKOBBIX PeWleTUATHIX pacnpe LeeHHH, Hal eHHYy 10 B [6], MOK - 
HO NOJYUHTh aHasor TeOpeMbl 4 Ja Cy4ad HEOAMHAKOBHIX pacmpereme- 
HHH. 


B joka3aHHbIxX TEOPeMAX MpesNOsarasocb, uTO x = O (Vn) upu no. 
MoxHO HeCKOJbKO OCaONTb 3TO OFrpaHHyeHHe H NMOMYYHTS TeOPeMH, 
aHaoruuHble Teopeme 2 paGotn [1]. Hampumep, umMeeT mMecTo cenyroulee 
YTBEPXKeHHe: CCAM BbINOMHEHBI YCIOBUA TeOpeMBI 2 HacTOAWeH paboTH, 


To mpu |x|<¢9V/n, rae & — MOCTaTOUHO Malad NMOCTOAHHaA, HMeeM 


Bae oo 
pa(x) _ VA a (Fe) 


9 (x) [1 + Sep], 


rye |%| <6, 6—wnekxoropaa mocTosHHan. 

B 3ak104ueHHe NOKaxKeM, YTO AONOMHUTebHOe ycoBHe 3, npes;noaa- 
raBleeca B [1] BbINOMHeHHBIM, Hapany c ycnoBuamMu 1 u 2 TeOpeMbi 
1, ecTb caencTBue ycaoBua 1. Ycaosue 3 pa6otrn [2] cocTouT B cae- 
myolleM: Waa a1060ro0 ¢ >O0 Hafimetca Takoe C > 1, 4TO MpH BCeXx 2” 


n 


; 
“ar if ydVi(y)<e. (22) 
Fa Nall Sates 
M3 ycuopua 1 teopempt 1 BuiTeKaeT, 4TO AOCOIOTHBIC MOMEHTbI TPeTbe- 
ro nopayka ClyyaHHblx BemM4unH X,; PaBHOMePHO 110 / OTpaHH4eHb! CBep- 
xy: 


f IyPaVj(y)<C, Y=1,2,...). 


2 G 
Bo3bMeM MpOv3BOIbHOe ¢ >> 0 u O02%xUM C=—. Toryga 


: 1 G 
yvdVj(y) <a \ lyPdVj(y) <f=e. 
Iyy>c lyl>Cc 


Otcioma caenyer (21). 
Summary 


In this paper the local limit theorems for the large deviations given 
by W. Richter [3] are obtained by means of estimates of the remainder 
in the local limit theorems [5, 6, 10]. Formulations of the Richter’s 
results are improved and some generalizations are received. 
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1961 BECTHHK JIEHHHIPAHCKOLO YHHBEPCHTETA Neo 1 


A. Jlanren6ax 


O HEKOTOPbIX HEJIAHEMHbIX ONEPATOPAX TEOPHH 
YHPYFOCTH B THALBEPTOBOM NIPOCTPAHCTBE 


1. B pa6oTtax mocieqHux eT 10 TEOPHH YHPYyrOcTH YCHAeHHOe BHU- 
MaHHe yerseTca HeJIMHeMHBIM 3aqauam. B aTHx paOoTax ocod0e MmecTo 
3aHMMaeT TEOPHA yIpPyro-maacTHyecKHX AemopmMayHH, T. e. TEOPHA MaVJIbIX 
medopmMauvh, CBASAHHDIX C HaNpA2xXCHHAMM HEAMHCHHbIMH COOTHONMICHHAMH. 
[loqpo6uHoe u3N0%xXeHHe BOMPOCOB 2TOH TeEOPHH, 3aTPparMBaeMbIX B HaCcTOsA- 
uel paboTe, MOxKHO Halitw B KHurax JI. M. Kauanoga [1], [2]. 

B mepBbIX MCCIe€AOBaHMAX O CYLIECTBOBaHHH HW CMHCTBEHHOCTH pe- 
WeHHH 3ayau TeOpuH ynpyro-nwacTHyecKHX WePopMauwi UCHOAb30BaIK 
pemenue ,ympyron“ 3aqaun uw NpOsOxKaiM ero NO NapaMeTpy, xapakTe- 
PH3yIOUleMy MWiacTM4YHOCTh MaTepnayia.* B npeqaraemoH paOoTe MCNOVJIb- 
3YeTCA BapHalMOHHHIH MeTO, JOKa3biBaeTCA CylMleCTBOBaHHe UM CXMHCTBEH- 
HOCTb HeKOTOPOrO OOOOMeHHOrO PeNICHHA MBYMePHHIX 3afau TeOPHH 
yupyro-naacTuyeckux Wedopmaunn. 

w Teopua Teuku, KoTOpOoH MBI Oy eM MOb30BaTbCA, HCMOb3yeT HapALy 
C KJaCCHY€CKHMH yPpaBHCHHAMM PaBHOBeCCHA HeMHEHHYIO CBA3b Me@2KTLy 
ePOPMalWHAMH VM HaNpA2XeHHAMH, XapaKTePH3yYeMylO COOTHOMICHHEM 


T =2¢ (F2)T, (1,1) 


B KOTOpOM 7 OO03Ha4aeT HHTCHCMBHOCTb KaCaT@JIbHbIX HallpaAKeHHH, a 
I’ — wuTencuBHoctb Aedopmaunl capura. PyHKuua g(I?) nmopoxmaeT He- 
JMHeHHbIe AHPepenwnasbHble ypaBHEHHA, KOTOPHIM CTaBHTCA B COOTBET- 
CTBHE BapHalMOHHaA safaua, PelieHNe KOTOPOH SKBUBaJICHTHO PeLIeHHIO 
Au@epenwWabHLix ypaBHennli. Hy2xHO OTMeTHTb, 4TO MOyyaeMbIe Ba- 
PHaIMOHHbIe ypaBHeHHA ObWIM H3BeECTHEI MH PaHbIwe; BHEKOTOPHIX Cy4uaax 
OHH CYKWIM JIA BHIBOJa WupPepenunaibHEX ypaBHeHu. BonpocH 
IKBUBaJICEHTHOCTH, CYUIECTBOBAHHA HW CMHCTBCHHOCTH PeWIeHHH Mp 38TOM, 
HaCKOJbKO HAM H3BeCTHO, HE PpaCCMaTPHBaJINCb. 

BepHemca k coorHomennio (1,1). B KOHKpeTHBIX 3aqayax yHKOMA 
7T(I) o6biuHO HeMpepbIBHa, MOHOTOHHO BO3pacTaeT; MOSTOMY HHOrAa Oy eM 
oOpamatTb cooTHomenue (1,1): 


P= 27 (7) fF. (2,05 
dynxnun g u f urpaior OCcHOBHY10 pou B AanbHelimem. TlonesHo moaTOMy 


OTM€THTb HEKOTOPble UX cBOhcTBa. Ha pucyHKe 1 npHBezeHa xapakTepHaa 
AMarpaMMa Harpy3KH MeTawaMueckux Tet. MoxHO CYHTATb, ITO 


o> CS el) Seo (3,1) 
CooTsetTcTBeHHO Oy eM HMeTb 


o> qa f(T) > gz >0. (4,1) 


* CM., Hampumep, [3], [4]. 
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Ha pucyyxe 1 dynxuua 7 (CT) — Bornytaa. Sto o3nayuaer, aro 
an aT L 
g’ (I) =a ic) a: 


eek mer 
f (T) =F 7) > 0. 


B oGptem*® crygae, ofnako, HepaBencrsa (5,1) 
HEBeEPHbI; OCOOeHHO JIA HeMeTAIIMUeCKHX Tel 
U3BECTHBI PasHOOOPasHble XapakKTePUCTHKU yH- 
Ppyro-miacTu4yecKoro COCTOAHHA, YOBIeTBOPAIO- 
mMe AMWb ycroBuaM (3,1) u (4,1). 

2. IIpexne 4emM NepexoquTh K KOHKDpeT- 
HbIM 3€,a4aM, MbI paCCMOTPHM HeKOTOpHie OOMHe 
Bompocnl. [Ipexqnom0#xuM, 4TO HaM TDPe6yerTca 
pelumHuTb ypaBHeHve 


(5,1) 


Fs Epes (1,2) 


rae P—nedlnHetunh gzuddepenuuatbubt oneparop, a f — 3aqaHHad B 
HeEKOTOPOH KOHeUHOH O6macTH 2 *yHkKuua KOOpmuHaT. Kpome Toro c4u- 
Ta€M, 4TO KPaeBbI€ YCOBHA, KOTOPHIM JOJOKHO YAOBJIETBOPATh pelleHue 
ypaBHeuusa (1,2) Ha Kkoutype S o6nactu 2, mHHeHb! H OLHOPORHET: 


Pia Ae ig (2,2) 


@yukuuio f, BxXOAAyIo B ypaBHeHHe (1,2), 6ymemM cuuTaTb 97eMeHTOM 
HeKOTOpOrO ruibOepToBa mpoctpanctBa H (2). B AV BrlzenuM saMHehHoe 
mHoxKecTBO M dyHKuui, omycKaiouMx onepatrop P B camenyloulem 
empicae: P(M) CAH. Ilycth nanee M°-—nogmMHoxectBo dyHkunt us M, 
y LOBJ@TBOPAIOINUX YCOBMAM (2,2). 

Teopema 1*. //ycmpb 

a) M° naomuo 6 H(2); Ougmeperyuan [amo P’(x)y cywecmeyem 
Onx An06ux x, yEM, auxeexX omnocumerbHO y U KaK aAemenm H He- 
npepoleeH 6 AMMb60K OBymepHOK NAOCKOCmMU, codepxcawMmel mo4LKy x; 
PQ) = 0.24 
6) (P! (x) Ay, hy) = (P’ (x) Ah) npu xEM; Ay hy & M?. we 

By (4) h, A> 0 npuxEM;, hEM*; h#O. % 

Ecau cywecmeyem npu amom pewexnue ypasnenun Pu=f, uGM°, 
mo: ° 

1) amo pewenue eOunCmMébeHHO; 

2) ox0 coobwaem PYHKYUUOHAAY 


@(u) = | (Ptu, uw) dt—(f, u) (3,2) 
0 


MUHUMANbSHOE 3HA4LEHUE; 
3) o6pamxo, gnemenm muozcecmea M°, peanu3zynouyul mununym 
pynkyuonasa (3,2) yoosremeopxem ypasxenuio (1,2). 
TLoxa3aTeapetso. Jjonyctum, Tro sBonpeku yTBepxzenuio. | 
cyllecTByloT (Ba pemenua 4,, 4,E@M° ypaBHenua (452): tonite P2, — 
—Pu,=0, oTkyda (Pu, — Pu, u,;— 4.) =0. Moapsyacb tbopmy.s10h** 


* Teopema 1, Kak M Mocneqywume Teopembl 2 H 3, COXpaHAIOT CMY WIA OOUUX 
rusbOepTOBbIx mpoctpaucTB. IIpu stom M 6yAeT obsMacTbIO onpesereHuA oMmepaTopa eo 
a M°—nexkotopoe cyxeHve M, Ha KOTOPOM HleTCA pelleHHe ypaBHeHHA (1,2). Mu M 


MOryT COBMayatTb. 
** Tluddbepenuuan onepatopa P MbI MoHHMaeM B CMbICHe ['aTO; ero MOKHO BbINHC- 


d 
auTb no dopmyse P’ (x) h= con [P(* + th)]— 0 
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1 
Pu, — Pa, = P’ (%) (4 — 4) at, = tu +(1— A u,, (4,2) 
0 F 
MBI 3aK1IO4UaeM, 4TO 
1 
JP’) — my), (m4, — me) dt = 0, 
0 


oTKya BCIeCTBHE yCuoBua B caemyeT, YTO 2y—U,=0. Paccmorpum 
pa3HOCTb* 


© (w+ h) — (uy) = J [(Pt(w +h), w+ h)—(Ptu, u)|dt—(f, h)= 


1 il 
= —(f, hy + | (Pt(u +h), h) dt + | (Pt (a + h) — Ptu, n) at. 
0 0 


HocneqHHui HHTerpad MOXKHO MpeACTaBHTb B Buse 


1 1 t 
| (P (tu + th) — Pt, u)at = | at | 4 (P (tu +sh), u)ds= 
0 : 0 0 


1 1 1 1 
= ds) (P’(tu+sh)h, u)dt=| ds \ (P’ (tu+sh)u, h)dt= 
0 0 0 s 


1 
= | (P(u + sh)— Ps(u+h), h)ds, 
0 


oTKy a 
1 


® (u + h)—(u) = | (P(u+ sh), h)ds—(f, h). (5,2) 


0 


Tenepb HETPpyAHO OKa3aTb BTOPOe yTBepwAeHHe TeopemMH! 1. HMen- 
CTBHTCbHO, IyYCTh UyE MM? u Puyo=f. Nogzcrapus 3To BEipaxenue B (5,2), 
HOY THM 


1 
@ (4) + A) = O(a) + J (Puy + sh) — Puy, h) ds 
0 


WAM, CormacHo dopmyae (4,2), 
1 


D (uy + h) = (uy) + {ole (11) + tsh) sh, sh) dt. 
0 0 


Uy +h MOKHO CUNTaTh 1106bIM aiemeHTOM M°, Bauazy ycioBua B BTOpoe 
cmaraeMoe JOCTHraeT MHHUMyMa pH 4=O0, a neppoe or A ne 3asucurt. 
Ho 3To cosnayaeT Cc yTBep2xKeHHeM TeOpeMH. 

IIpopepyM, HaKOHeH, nocaweqHee yTBeEpxTeHHe. 


d 
ilyctp =; [D (a) + th)],.5 = 0, upuyem a, €M°. Coraacuo (5,2), 


(uy + th) — © (u,) = | (P(w + sth), th)ds —(f, th), 
0 


* Cm. [1], Teopema 5.1. Bce sBetpevaiommeca 3fecb uHTerpaabl cyulecTByWT B CUAY - 
YCHOBHS a. : 


O HeKOTOpbIX HeAMHeHHEIX OMepatopax Teopuu yipyrocrr 4] 


OTKY Jia 


1 
@p } a 
sei EEO = TP (a sth) —f, Ads =(P(u, + oth + f, h) 
0 


no TeopeMe O cpesHem. 
Nepexons B nNocteqHeH (opMyvie K mpemeay, nomyuuM: 
0 = (Pu, — f, A). 
Iipn stom A MoxeT ObiTb J106bIM 97eMeHTOM naAoTHOrTO B A (@) mHorxke- 
cTBa. OrTcioja u BbITeKaeT, 4TO Pu, —f. 

3. Jo cux nop MbI npexnomaranu cymecTBOBaHHe pemeHua smM60 
AupdepenuMaibHoro ypaBHeHuA, M60 cooTBeTCTBYIONeH BapuanHOHHOs 
3agaun. 2KenaTebHO, OMHAKO, OTKa3aTLCA OT STHX MpegnoAoKenuA. Jlaa 
aTorO MOTpeOyeM AONOAHHTeMBHOe ycoBHe K Teopeme 1, 4TOGHI onepa- 
Top P uMea MO70%*KMTeMbHO-onpesesenHy!o MpousBosHyI0 Ha M?: 

r) (P’ (x)A, h) >All? aaa awdnx «GM, hE M?; x = const. 

B 9ToM cayyuae (PyHKuHOHan (3,2) orpaHuyeH cHu3y Ha M®, Jleiicr- 


BUTeJIbBHO 
1 1 


| Ptu, u) dt—(f, u)= { (Pe, di) fe 


0 


1 1 
> {| fe (oa tu) is Sei) a 
0 


> Flar—ifl lel> sel fl. 


B mocieAHHX BBIYMCICHHAX MBI. MCMOAb3OBaIH yCAOBHe TF H HepaBeHCTBO 
Byyakoscxkoro-Lsapua |(u, v)|<|ua| |v]. 
Ilyctb u,, ue@M°. Baenem dynkunonan 
a 


Pp (Wy We) = 7D (Wty) + 5 ® (a) — & (IF ). (1,3) 


CoBpepwieHHO OYeBHAHO, YTO Pp HE 3aBHCHT OT (byHKuun f HW CHMMeTPH4eH 
OTHOCHTEIbHO U,, U,, OOOSHAYHM BPCMCHHO Apg—X, U,—=—x +A; Torna, 
cormacHo dopmyate (5,2), 


Pp (te, us) = 3 [0(x)— (x +4) 4+ [+4 —O(x+5)|= 


4, coraacHo (2,4), 
1 


Pp (tte, uy-=4 {as ((P(x-+Is+is)5. )4t> Flak. 2.3) 
im yd 


teeona BEITeKaeT, TO Pp, MOAOXKUTEBHO HW TOra H TOKO Tora OOpa- 
aeTca B HYJb, Kora A=O, T. €. Up = Uy. 
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Teopema 2, 

Ilycmb {up| — MunUMU3ZUpYIOWaA nocredosamenbHocmb PynK yuoKHaAa 
@(u). Tozda py(up, uj) >0 npu k, lL> oo. 

Tloxa3ateapcerBo. Ha M® dyuxuuonan P(w) orpaHn4yeH CHHSy. 
O6o3HauuM yepes d HwxHIOIO rpaHb (ua) na M®°. OTO O3HayaeT, 4TO Cy- 
WecTByeT XOTA Obl OHA MMHUMUSHPyOMlad MoceqoOBaTebHOCTH {4,}CM° 
Takan, uTo lim ®(u,) = d. Bo3spmem & u Ll nactoAbKO OOADIIMMH, TO 


Ty @ (ip) Sid ee abode Neen) 
Torwa 


1 1 + 4 \ 
Pp (Up, Uy) = > P (Up) + 7 O(a) —o(* y a 


<[d+)+5@4)—d—e. 


Orciona cnenyeT, cormacno omenKe (2,3), 4TO MOCTeMOBAaTeAbHOCTh {Uy} 
CXOMMTCH K HEKOTOPOH mpegembHoh dynKuun wEH(Y). 
Onupeneneune. Hasopem o606mleHHDIM pellenuem 3ayauu (1,2), 
(2,2) npenen MuHuMusHpytollel MocaemoBaTembHOCTH yHKuHOHaIa (uw), 
cyllecTBOBaHHe KOTOPOrO YCTaHOBAeHO TeOopemMon 2. 
Teopema 3. O6006wennoe pemexnue 3adauu (1,2), (2,2) eouncmeenno. 
Joxa3sateapctTsBo. JietcrBuTeibHo, AOMYCTHM . MPpOTHBHOe: MYCTb 
cylecTByIOT Be MHHHMMSHPylouMe NocMefoBaTedbHOocTH {[u,}|CM° uw | 
{U,}C M° c npenerbHbiMH 39IeEMeHTAaMH &% H UV COOTBETCTBeHHO. Tora nmo- | 
CC OBATeIbHOCTH 
ny, U1; L,, Up,.-.-,Un, Un,.-- 
Tak2Ke MMHMMM3Hpyloland W, MO MOKa3aHHOMYy, HMeeT mpegzer. Orcioga — 
CHELVET, YTO 2==Wv. 
SaMeTHM, 4TO OOOOULEHHOe PeMWIECHHe LU ABAAETCA KaCCHYeCKHM, eC | 
uG@M°. JleicrpurerbyHo, pH 3TOM dyHKuHOHat (uw) ocTuraeT cBoeh | 
HWKHeH rpanu Ha /M°; cieOBaTeAbHO HpHMeHHMa Teopema 1. iq 
4. PaccMoTpuM Ba WpyMepa. | 
.. B sagqaue yupyro-naacTuyeckoro Kpy¥4eHHA* CHAOWHOFO | 
CTEPAKHA NOTeEHWHaN HanpsxKeHuA F(x, y) yROBIeTBOpHeT ypaBHeHHIO ; 
(6) ‘ OF (0) ; Ve yee 
PrP = — 3 {FIT PN S| — ay (FTP 5} 0s 7A) (erad FY (1,4) | 
WH KpaeBOMy yCJOBHIO L 
Pics Q) (2,4) | 


Ecam Pynknua f(7°) qBaxybl HempepIBHO zNddepenmMpyema, TO onepa- § 
Trop P, umeet anHehuEii muddepennuan Faro: | 
F) ne : OF\2\ Oh 
PrP) A= — SUPP] + 2f IPF] eel laa 
We AA Pa A OE On OL alae fakes OF \2 0h 
Of IPP) a3 ay ay} ay PLC) oP OC oa 


ae OF OF on 
+2f ITP 55 55 ont 


BuiOpas B kayecrBe M npocrpancrso Tenpnepa £F.,2(2), mom0%*xMM H=} 
= L,(Q). IIpn Ay, h@M° onpexeneno cKkaaapHoe npousBezenHe | 


(PCF) hy, ha)== | {FITS (FY) | Seger ae) 


Of IT: OF 0h, , OF Oh,\ (OF Ohg , OF OF ) 
oy by Gaetan (az az + ay ay} 22 ‘ (3,4) 


* Cm., Hanpumep, [1]. ; ory 


* 
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Ilycth f(7*) ynosnerBopaer ycnosuio (4,1) u AudppepennuarbHomy He- 
paBeHcTBy 


i ke brea 
af (T2) + oF (T?) eS to Us % == CONSt. (4,4) 


Torfa 3afaya yupyro-miacruyeckoro KpyyeHuA uMeeT OG6OCMeHHOe pe- 
MICHHE,H TO PelleCHHe eMHCTBeEHHO. JLoKa3aTeJbCTBO 9TOrO yTBepPxXAeCHHA 
CBOJMTCA K TpoBepke ycoBuh a, 6 ur. 


Muoxectso M° naotuo B L,(2), Tak Kak OHO COME P2KUT MHOXKECTBO 
SecKoHeyHO AupMepenyupyemyx ynHKuni, oOpamaimuxca B HYJb B 
Norpannynok nooce. IIpa duxcupopannom # us M° onepatop P,.(F)A, 
AeacTByioumh us E, (2) B C(Q), a tem G6onee B L,(Q), HelIpe pbIBeH, 
mostomy aaement P’(x)A mpocrpaucrsa C(2) npn xEM HeIPe pbIBHO 
3aBHCHT OT JBYX BeUIECTBCHHLIX TapaMeTpoOB, KOra X MeHACTCA B HEKO- 
TOPO M1OCcKOCTH. CHMMeTPHYHOCTH HPOM3BORHOH ONeparopa P, (ycao- 
Bue 6) caenyeT u3 dopmyvn (3,4). TlomoxuM, gaee, B sTOH dopmyaze 
h,=h,=h; F —d®uxcupoBannad Touka mpoctpaHcrBa E, (2). Mosromy 
MOXKHO BBeECTH HeNpepHBHEIe P@ynKuun f’**? PTR) we pO Ur! CEN == no: 
JOMKUTeIbHY!O H OTPHAaTebHy1O yactu dynuKunu f’ |7?(F)|. Umeem 


(P(h).b, hk) > i {f [72 (F)] (grad h)? + 2 [72 (F)] (grad F grad h)?| dQ. 


CormacHO HepaBeHCTBY 


(grad F grad 4)? < (grad F)* (grad 4)’, 
TOY 4AM 


(PL(F)h, A) > SAF (TAP) 4 2f© [72 (F)] T2(F)} (grad A)? a2. 


Tio onpexenenuio PyHKWHA f(T?) 1punumaer 3Hayenua O un f’(T?); u3 
Hepapeucts (4,1) u (4,4) cuenyeT mosTomy 


(P;, (F)A, h) > 8) (grad hy aQ, (5,4) 


rye & = min {*, rae Tipp hE M° umeeT mecrTo, HaKOHeL, HepaBeHCTBO 


@Opumpuxca 
(grad hy? d2Q> ap \ h2dQ, 
2 2 


rae b—cTopona KBawpatTa, sakmoyalomero 2. OObeqMHAA MOAYYeHHbIC 
HepaBeHCTBa, HAaXOJUM 


(P,(F)A, h)> w | was. (6,4) 


2 


BumojHeHO, CleqOBAaTebHO, ycuoBue r. Hae yrBepxmeHue cienyer, 
TaKUM OOpa30M, H3 MpeAblayulMX TeopeM. ; 

3anaua (1,4), (2,4) paccmarpupaaacp A. HM. Komreaesnim [1], koroppii 
moKa3aq cyulecTBOBaHHe OOOOUICHHOPO PellleHHA B HECKOAbKO Oomee wXeCT- 
KUX MpeAMOMOReHUAX, YTO OOMACTh V Orpanu4eHa OAHOCBASHEIM, TDW AK ADI 
HENpepbIBHO ZupPepenHuupyeMbIM KOHTYPOM Si ACP foe (2), ere 
fo=— MOCTOAHHOR MOMOKUTEALHOS YACAO: g(t) He yObiBaeT, TPH2K Jb He- 
npeppiBHo jAuppepenuupyema u pu t>0O BpImoHAeTCA NED pee 
p(t) > bt’, rae b> 0 ur > 0; Ha OecKOHeUHOCTH p(t) Benet ceOa Kak 
HOJMHOM. 
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Caenyet, omHako, OrMeTuTb, ¥TO pH 9sTHX ycuoBuaAx A. H. Kome- 
eBy yflalOCb fOKa3saTb, UTO OOOOMEHHOeE pelleHne MPHMHAAATeKUT Npo- 
CTpaHCTBY We (on p> 2: 

B xayectBe BTOporo MpHMepa MbI PaCCMOTPHM HOJ3yY4eCTh 3a Kk pe M- 
A@CHHOH NO Kpalo MAacCTHHKH. Ota 3afaya CBOAMTCA K HaxOMMe- 
HHIO poru6a W(x, y), KOTOPbIi yLOBAeTBOpAeT yPaBHeHHIO* 

ow 1 ew 


Pyw = Sale (A (w)] (Sr +3 Soe} + 0 (8 4 (ON (Se + Gal} + 


= aos {g [H? (w)| ae =p (x, y) (8,4) 


aft KpaeBbIM y CJIOBHAM 
Ow 


s 


02m \2 w\2 , ew ow ‘ 2w \2 
3yecb H? (w) = (a) + (Se) Teta ag a ; p(x, y)— AaBaeune, 
pacnpezejenHoe m0 BepxHeH MOBepxHOcTH MacTHHKH. 3a MHOxecTBO M, 
Ha KOTOPOM onpegeneH onepatop P,, Mbl mpHmMem mpoctpancTrBo Wi) (2), 


a 3a M°— muoxecTBo (dyHKWHH mpocTpaHcTBa Ws” (2), yaoBsaerBopsaio- 
wax ycaosuam (9,4). Mssectuo, uro M® naorxo B L,(&). Msi npymem 
manee, uto g(/7*) TpHxK AH HempeppiBHO gAuddeperunpyema. Onepatop 


P,, HMeeT MPpOH3BOHYW: 


OP (9 eed Oh , 1 an\ | 
Pi, (w) k= oa {8 EP ()] (Sty Spa) + 
2 2 2 \ 
+ 2g" [H*(w)] (See + Soa) He (w, A) + fe (H? (wl (Se +o See) + 
OX 2 dy? | oy oy 2 Ox® 


A Ow 1 ew 
+ 2g’ [9 (w)] (Ga + 5 Ger) HA(w, A) + 
02 : Ozh papers 0 . 
+ xea5 {8 (PCO) aay + 28" [A (w)] S55 wm, MI, (10.4) 
rae 
; _ wh , ewer , dw dn , 1 wn, | Pweh 
IP (@, h)=="s77 Ga + Ost ayt * Oady Oxoy ° oS Oxkawe SOU ae 


VMuterpHpopaHheM nO 4acTAM HaxOZuM ua A,, h,6M°: 
(Pr, (@) fy, the) = f(g (A? (w)] A(t, Ae) + 


2 


+ 2g" [H? (w)| A? (w, Ay) H?(@, he)} a®. (11,4) 
Ecan dyukunsa g(H?) yqopnerBopset ycnosuw (3,1) u HepaBencTBy 
if 
oh = 8 (HP?) + 2g (H?) H2 > %>0, %=const, (12,4) 


TO KpaeBaad 3ajaua (8,4)—(9,4) umMeeT eguHCTBeHHOe OOOOnLeEHHOe pelmle- 
une. JloKa3aTeIbCTBO 9TOFO YTBEPKACHUA HESHAYUTeEBHO OTMMUAeTCA OT 
COOTBETCTBYIOINMX PaccyxXeHHi B MpesbAyulemM mpumMepe. Mp pzoKanem 
MO3TOMY JIMIUIb CBOHCTBO YP. 

Mocae ppenenua dynkuuai g’)[H?(w)], g’ | A? (w)| 
nozyunMm u3 (11,4) npx 4, =A, = 


(Pr (w)h, h) > | 1g [H?(w)] 2 (A) + 22” [H? (@)] [H?(w, h)]?} 2. 


* Cm. [2]. 
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Yunrbpas Tenepb HepaBenctBso Kou Bp dopme 
|H?(w, h)|* < H?(w) H? (A), 
a TakKxKe YCJOBHE (12,4), ycuIuM mocnemHIOO OICHKY 
(P.(w)h, h)> 8, | P(A) dQ, %,—=min(x, c). (13,4) 


r x” 

Snemefrnt M° jBax bl HENpepHIBHO AUuddepenuupyempl B V+ S u ucue- 
3aioT Ha S BMeCTe CO CBOMMH TepBBIMH MpOMSBOAHHIMH. K HuM NOBTOpHO 
TIPHMeHHETCH HEpaBeHCTBO PpuApuxca: 


1 eae Oh? , (dh\2 

free fy +) ef 
$ g ie Q 

Kak cuencrBue KpaeBhlx ycmoBul (9,4) uMeem cooTHOUeHHe 


02h \2 02h Oh 
\ le Ox? rr a=. 
eS) 


Yunrpipas ero B (14,4), OKOHYaTeIbHO NpHxXOAHM K Tpe6yeMOMy Hepa- 
BeHCTBY 


/O°h\2 02h \2 ‘O2n\2 
2) (5) om 


(P;,(w) h, h) > 5 JAP. (15,4) 


MyuyuMasibHpii (yHkKuHOHas (3,2) uMeeT BHA: 


1 H?(w) 
: i 1 . 
\ (P, (tw), w)dt—(p, w) ={|3 | gd pal dQ. (16,4) 
0 2 ny 
5. B avHeHHbIX 3ama4axX HEOMHOPOAHbIe KpaeBble YCOBMA JerKO CBO- 
ATCA K OJHOPOAHBIM, CCIM MpPeANONOMKUTb, YTO H3BeECTHA XOTA Obl OHA 
NOCTaTOuUHO PuaiKad (yHKINA, MpvHuMalollad 3afaHHble 3HaYeHHA Ha 
KOHType oOmactu &. TlokaxkeM, 4TO H B HallleM Cyyae TaKOH NOAXON 
BO3MOXKEH. 
VUtak, nyCTb OJHOPOJHOMY ypaBHeHHIO 
Pi==0 (1,5) 
CONYTCTBYIOT JIMHEHHbIC HEOJHOPOJHbIe yCAOBUA 
Ty = ¢; (3); i= Ne 2; ite 28 r. (2,5) 
IlycTb ganee dyHkunA VY MoNycKaeT OnepaTop P u yAoBeTBOpHeT ycm0- 
Buam (2,5). Tlo1oxum w=u—v. Jina onpesenenua W MBI NOYUHM 
ypaBHeHue 
P(w+v)=0 
Mu KpaeBble yCOBHA 
Pees On Paats 2h 
Ecau BBecTH OnepaTop 
Qw—P(w+v)—Pv 
vu o6o3HauaTh Pv =f, TO mpuseM K 3allMcu 
Qu =f, (3,5) 
Veto Once i= baa renege rae ae (4,5) 


Tio onpenenennio Lupdepenunaaa Tato 
Oo) lim Cet) Peed es Eee Paap. 
1-0 


= lim 
t+0 t 


Ouesngzno Q(0)=0. Herpyguo yOequTEcaA B TOM, 4TO OepaTOp Q yfos- 
NeTBOPAeT HM OCTAbHBIM YCOBHAM a, 6, B, FT, eCMM OnepaTop P wm 
yOBAeTBOpAeT. 
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PaccMOTpuM ele O2HH mpuMmep. B 3amaye NIOCKOTO Hapa x CH- 
HOTO COCTOAHHA YHPyro-nwacTuyecKOH CpeAbI MOXKHO BBeCTH PyHK- 
wuio Ipu F(x, y), KOTOpad yOBAeTBOpAeT yPaBHeHHIO ast 

02 : O2F 02 OF 02 ge nea 
PLP = a(t (PO) Fal +2 aaa (FIT) gray | + ae FIM mae 
feo hm A f[P (A) AP =O, 


‘ OF\2 . 1|/@F 2, (eF\2 dF oF 2 
mF) =(sr) +3 |(Se) + (5) 32 ol 5,5) 


WY KpaeBbIM YCJOBHAM 


OF | 1% 
F |g = 9, (S); an ae . i) 


Smecb 9, {S) HW %2(S) ONpemeAIOTCA NO BHEWIHHM Harpy3KaM TaK Ke, Kak 
MW B WHHeHHOH sagaue. Ypapnenne (5,5) Opimo yKasaHo IT. lO. JKaxe- 
aunse B 1947 roy. 

3a o61acTb ompesetenua. onepatopa P,—mHoxectBo M —npimem 


oats mpocrpauctso W$?(Q). K M° npunanaexat re d@yxkuoun us M, 
KOTOPbIe ucuesaloT BMeCTe CO CBOMMH HepBbIMM MPOH3BOJHBIMH Ha > 
OrnocutenpHo dyuKuun f(7?) mupumem caenyroulme ycnosua: f (7) 
TPHXK ALI HerpepbIBHO AHMMepenuNpyema HU YMOBAeTBOPAeCT HEPaBeCHCTBaM 
(4,1) u . 
| Saf (TP) + 2f(T) P= 0. (7,5) 
HenocpencrBeHubim mogcuerom mosyyaem qin FEM u fy, h,@M° coor- 
HOWeHHe , 
(Pz (F) fa, fa) = | (2f(T°(F)] T(t, bs) 4f" [T? (F)] x 
2 

x Tee bs h) dae (EF; hy) a RAA,Ah,} dQ, (8,5) 
re BBeeHO OOO3HaYeHHe 
Carers tae E O20 , d2u 02” 1 02u 02u 1 o02u om 


I (4, CV pi Oxy. Se 


0x2 0x2 | dy? dy2 Es Ox2 Jyh + D dy? 0x2 
Ecau fan dukcupopaxyHoro FEM onatb BBeCTH HOMOMKUTCABHYIO U OT- 
punatTebHyio uactnh dyuKunu f[7?(F)], ro npuazem kK HeEpaBeHCTBYy 


(PR (F)A, A> [FIT F)] + 267 [PF] T? (FLX 
2 
< T? (A) + k(Ah))] ag. (9,5) 
IIpu Bripone (9,5) Hamu ObLIO uCMOmb30BaHO HepaBeHcTBO Kouim B dope 
[PF Byer Ry Pee): 
Hepapeucrsa (4,1) u (7,5) rapaHTHpyloT HeOTPHUaTeIbHOCTh BbIPAaKeHus 


B (MrypHbIX CKOOKaX. YunTpiBad HepaBeHcTBO MpuApuxca, NOMYUMM OKOH-. | 
YaATeCABHO of 


, R | 2 
(P,,(F) A, 2) > Walp. (10,5) 


Jlonyctum, uro ¥G@M ynosaetBopser ycaosuam (6,5). B HeKoTopprx 

cuy4aix yROOHO OpaTh B KayecTBe UV pelleHHe COOTBeTCTBYIOWMeH ,yMpy- 

ro" 3afaun, CoraacHoO w3i02%xeHHOMY MpHnunNy, nomoxum F=v+ 9; 

ecJIM ! 
Pwo=q, Qw= PF. ¢, 
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TO sajlaya (5,5)—(6,5) 3anumetca B (bopme 
Qu = 4, fia) 
==; (12,5) 


Ss 


Tipu NOMOLIM COoOTHOWeHHH (8,5), (10,5) HeTpyqHO jOKa3aTb cBoficrBa 
a, 6, ar Onepatopa Q. Muuumapunli dpyHKnnonaa 


; | 
> (w)= | (Qe, w)dt—@, w) (13,5) 
0 
NPOCTHMH MpeoOpasoBaHHAMH MPHBOJLUTCA K BULLY 


1 
®(w) =| Pv + tw), w)dt= 
0 


T{U+w) 
={| ( Fd +es(o+ pa) ae] dQ. Oey 
T(v) 


Tlonyyuennple pesyabtaTbl chopMyupyeM B Bue TeEOpeME. 

Teopema 4. /lycms Q— Kone1naa OOnaCMb, C2paHUXeHHaA KYCO4LHO 
2zadKum KoHmypom. Ecau xpueaa T(T) (cm. pucyxok) docmamo4uno 
21adKaxn, 6ospacmamluaxz U yoOosremBbopsem ycaoébuio (3,1), mo 3adauUu 
ynpy2o-naacmureckozo Kpyvenun (1,4)—(2,4), nov3sy4ecms naacmunKku 
(5,4)—(6,4) w nAocKoz20 KaNpsAICeHHO20 CocmonHUuA (5,5)—(6,5) Uumerom 
OOHO3HA4HO OnpedeNeHHole OOOOMeHHdIE pemenus. 

TloacHuM ycloBua Teopempl 4. YcnoBue KyCOuHOH TraaqKOcTH rpaHu- 
ubt S Mbl BBeM Jd 3aKOHHOCTM MHTerpupoBanua 0 yactam. IIpocrpan- 
ctpa C. JI. Co6o7eBa Ww? (Q) urpaloT y Hac BCNOMOraTeJbHYy!O pOub, 
MOITOMY MOMKHO OOOKTHCh 6e3 TpeOOBaHHA 3Be3qHOCTH &, TouHoe 4uCAO, 
TpeOyeMBIX MpOH3BORHHIX dyHKuuH 7 (1') Hamu yKa3aHO B KaxK OH 3amaye. 
3anaua (1,4)—(2,4) paspemmuma uv mpn smw6oh npapoh uactu o€L, (2); 
B 3amaue KpyyeHHa w = const, O6macTh 2 — OHOCBASHA. 

6. B paccMoTpeHHBIX HAMM IpHMepaX MOMKHO MOKa3aTb, ITO NOCTPOeH- 
Hbie OOOOWIeHHbI€ PCWICHHA ABAAIOTCA CAObIMH PeWICHUAMH: 9HeEprerTuye- 
cKkue PyHKmMOHaTH (3,2) nocie pacuiMpeHuA MOCTHYalOT Ha HUX MHHHMYMa. 
Jia sTorO 3aMe€THM, 4TO pH MOKasaTembcTBe CBOMCTBAa Tr HaMH JOKa- 
3aHO ropa3syo OONee CH/IbHOe CBOMCTBO: 

mn) (R(x) nh, fh). a2 (PO) a, AS een, “cP p= const (1,6) 
Jaa w00nx «@M, hE M°. B taxom cayuae ya M° mMoxkyO BBECTH HOBOe 
rub6epToBo upoctpancTrBo fy CO CKaqApHbIM mpousBesennem [W, Vv] = 
=(P’(0)u, v). Ouenxy (2,3) Tenepbh MO2XKHO yCHMTD: 


& ‘ f 
ey ORR) = l4—4,2, Pl, wl, (2,6) 


OTKyYMa caenyeT, ATO MHHUMH3SHpylomad MWOCAeCOBATeCAbBHOCTh CXOJUTCA 


Take B Ho. 
Teopema 5. [Iycmb 6oinonnenet ycnosua meopemu 4, Tozda anep- 


zemuueckue pynxyuonanst (7,4), (16,4) u (14,5) Cocmuzaiom munumyma 
HQ OOOOWEHHX peuwleHUIX 6 COOMBeMcmBynMUuXx npocmpancmBax FH). 
TlompoOHo paccmMoTpuM 3ayauy Kpyyenua. I]pocrpancTBo A, onpene- 
JIACTCA CKAAAPHBIM MpPpOH3BeeCHHeEM 
' Ou Ov Ou Ov 
(2, 1 = (Pr (0)4, Y=FO) | (5 5 + ay ay) 2 (3,6) 


/ 
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Ha MHOoxectBse M°. CoortsercrBylomee MOMOMHeEHHe, KOTOPOe MBI TakxKe 
o6o3nauaem uepes Hy, aBaeTCA MOAMpocTpaHcTBoM mpoctpanctBa WY) (Q). 
Cpasuusas (3,6) c (5,4) u (6,4), MBI erko mloyyaem cBotcTBo F onepa- 
ropa Pr. Bkaanppai H, B L,(2), mpl pacipocrpaHuM HepaBeHCTBO 
jul >yilzl], 1>9, 
colepxKameeca Jaa 31ementon M° B (1,6) Ha BCe 91e@MeHTHI H,. Tenepp 
OYeBHAHO, YTO PYHKIHOHAT Iu = { oud — aunetinas yactb @,(u) — on- 
g 


pexeweH H HempeppiBeH Ha Hy. DyHKuHOHaA P(u) =| {7® didQ 6ua- 
romaps ycaosui (4,1) yqoBreTBopser natant oP 
Fogler <FO < zg lel. (4,6) 
F(a) we TombKo orpanuyen Ha M°, no uw HenpeppiBex. JloKaxem 3T0 
F(a; 
|F(u)— Fadi < {} | fae] a0 < qe Jl 7% (us) ~ 7? (u2)|d2. 6,6) 
2 1 T(u,) 2 


Tloqo6uHe OWCHKH BCTPeTATCH HAM H B JlaJbHeHUICM; NOITOMY OCHHM 
nOCHeAHHH HHTerpaa, cuuTad 72(u) AMUIb NOAOKUTeIbHO ONpeeeHHOn 
(OpMOH HEKOTOPHIX MPOHSBOAHHIX PyHKWHH u. AmMeem caeqyoulHe CcooT- 
HOUICHHA: 


2 
aod bi (w, tr Misge Hoga U») +2T? aed = 
= T*(a,) + FT? (a,) + F? (a, + ay, 4, — 4), 
orkyqa mo HepaBenctsy Koni 
CP te) — » a) [== (a¢-F i, 2 y)|< 
<VT? (4, +4) V T?(a,—u). 


Ilpumenaa HeEPpaBCHCTBO Kommu-ByxakoscKoro K COOTBeETCTBYIOULHM HHTe- 
rpaJiaM, yOex qaemMcH B CIpaBeJVIMBOCTH OWeHKH 


{| 7? (u,) —T2(u,)|d2 < {72 (w, + u,) d2 |r (72 (a, — u,) do\2 _ (6,6) 
@ 2 Q 


Bosspamascb Kk (5,6), uMeemM Tenepb 
l 
F(O)|F (ay) — F (tz) |< ge b41 + u2| | 4, — 42. (7,6) 
V3 See (7,6) cpa3y pBblrekaer HempeppiBHocTtp F(u), a Taxxe 
O,= 5 F(a) — lu. Pynxnnonans F(a) u ®,(4) mpoxomxKum mo Henpe- 


PbIBHOCTH Ha BCe MpoctpaucTBO /7>. OTMeTHM, 4TO B sI060l KOHeNHOH 
yacTH mpocrpanctBa fH, F(a) u &; (uz) axe paBHOMepHO HeNpepbIBHH. 
Hwokuad rpaub dbynKuuonana Pr(z) na M° npn ero pacuimpenun He 
M3MeHAeTCA. Ona, CCMOBATeIbHO, MOCTHTaeTCA Ha OOOOMIEHHOM pellenHH 
3ajlauu KpyueHna. 

B sagqaye 0 mom3yyectH maacTHHKH mpocrpanctso HM, onpeneasercs 
CKaJAPHbIM MPpOU3Be.CHHeM 


27 (u,) = 27? (25 + aorta) + 


02u 02u 02u 02u 


(P,O)4, v) =8(0){ Hw, 2) dQ@=¢ (0) (Tea ee see 
‘ ! 


| Ou dv , 1 Pua 4 1 Puce} 
" axdy axdy ' 2 dxtday? | 2 dy? ax2|°™ 


(8,6) 4) 
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Ha MHOKecTBe M° tex dyHKuH u3 ws” (9), KOTOpple ucuesaior Ha S$ 
BMECTE CO CBOHMM NPOM3BOJHbIMH MepBoro nopagKa. Hopma, onpesenen- 
Had 9THM CK@JIAPHBIM TMPOH3BeAeCHHeM, 9KBHBACHTHA HOPMe MpoOcTpaHcTBa 
W)(2). B stom MOxHO yOe2UTHCA NOBTOPHEIM IIPHMeHeHHeM HepaBeHCTBa 


Dpuapuxca, (xepaBeHcTBa (14,4)), yuurpiBan IIpH 8TOM COOTHOMeHHEe 
CT/ eu \2 O’u O2u : 
\ |(axax) — sza52]422=°, 
2 


BpepHoe Ha M°. TlonomHenue M° gB merpuke (8,6) Ha30BemM onaTD Jou. 
Cpapyusaa (8,6) c (13,4) un (14,4), nomyyaem cBoficrBo a jana onepa- 
Tropa Pu. Paccyx ad OyKBabHO TaK Ke, Kak B MIpeAbIAyuLeM mpumepe, 
pacipocrpans#eM MHHUMaJIbHBI PyHKuMOHad (16,4) Ha Bce mpocrpaucTBo 
Ay, roe OH MW ROcTHraeT CBOerO MHHUMYyMa. 

PaccMOTpuM TocequMH upumMep. Ha Tex yHKWHAX, KOTOpbIe mpu- 
HajexkaT mpocrpauctsy W (2) wu oOpamawrca B Hyb Ha panne 
BMECTe CO CBOHMHM NPOH3SBOZHBIMH NepBoro NOpsAAKa, Mb BBeeM CKaqAp- 
HOe TMpoNsBeeHHe 


(Ps (O) uw, v)=2F (0) {| 7*(u, v) + a Auso| dQ, 


(9,6) 


7? (wv, v0) = Ou _0?0_ L[ 0070, 4 On O-? 1@udv 1 Pucv 
7 ~ Oxdy OxdY + 3 | 0x2 0x2 © dy? dy? 2 Ox? dy? YG, 


Onatb HOpMa |u| = V/ (P%(0) u, U) 2KBUBaeHTHa HOPMe MmpocTpaHncTBa 
W) (2). Caolicrso E onepatopa P, AerKO BEIBOAMTCA H3 HepaBeHCTBAa 


(P,.(F)h, h)>k | (Ah)? dQ, 
Q 


KOTOpoe cosepxXuTCA B (9,5) NMOBTOPHEIM IPHMCHeEHHeM HepaBeucrBa Ppus- 
puxca mpu yyeTe COOTHOLICHHA 


| eRe, 

| 2h \2 62h Oh 

| | (say) ary jy 42 = 0. 
| e 2 


Pacnpocrpanenue MMHYMaabHOrO yHKunoHaa (14,5) 
T?(v+w) 


| 1 

| _(w) =| FQdE+RA(o+ yw) Aw dQ 
| 2 Ll rw) 
Ha Bce mpoctpancTBo ff, He BcTpeyaer mpenarcrsud. Jiia MHefHOK u 
KBapaTH4uHOl yacTeli 3TO OYeBUANO, TAK KaK NO yCAOBUIO VE W,)(2) u, 


cnemopaTebHo, Av HnenpeppisHo B 2+ S. Ecan orpaeubca or Hecyulect- 
e 


*(v) 


|BeHHOH MOCTOAHHON \ | f@a&ae, TO IpOBepKe MOMIEKUT TOMbKO 
2 0 


HKILWVOHAT 
by i. T(U+W) TAGE) 


w=) f f@dide= { JF@ dae. 
2 0 2 U 

Baarozapa ycaosui (4,1), eror dyHKMoHan onpeseneH MAA BCeXx 

FE WY)(2) uw HempepbiseH Ha BCeM MpOCTPaHCcTBe. JloKa3aTeAbCTBO I10- 

CMe@HHeTO YTBEP%XKACHHA MPOBOAUTCA Tak %Ke, KaK B 3afaue KpyyeHua. 

Ho torgza ®g(w) wenpeppiBeH Ha Ay M AocTuraeT MHHMMyMa Ha 0606- 

|| JeHHOM PeUIeCHHH. 


4 Becrunk JlennurpaycKoro yHuBepcrTeta Ne J, 1061 r. 
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Summary 


Some non-linear functional equations the operators of which have 
positive definite linear Gateaux’s differential in Hilbert space are inves- 
tigated. Such equations are reduced to a certain variational problem. 
The problem has a solution in a suitable extension of the original domain 
of the operator. The results are applied to some problems of the theory 
of plasticity. 
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1961 BECTHHK JIEHHHTPAXCKOrO YHHBEPCHTETA No 1} 


. M. B. Penabman 
O NOJIHOHW HENPEPbIBHOCTH OMEPATOPA BJIOXKEHHS BL! 


1. Ilycrs 2 —xn-mepnan orpaHnuenuad O6macTb, ABAIOUIaACA CyMMOKi 
KOHEYHOPO YHCa 3Be3HBIX OGacTeH; ) — mMHOorooOpa3sHe Ss Uu3MepeHnii 
uz 2, KOTOPOe MpeoOpas0BaHHeM KOOPAMHAT, BHOCALIUM JIMMIb KOHedHOe 
HCKaxKeHHe PaCCTOAHHH, MOXKeT ObITb NMepeseleHO B TWOCKOe, mpnyem 
s>n—Ip>0, rye p> u /—nexoropoe neaoe nonOxKUTeAbHOe GCAO; 


g = Sp/(n—Ip), ¢—Han6orpulee memo0e HEyeTHOe 4NCIO, MeHBUNee Q. 
B. HW. Konqpaiosnim 6blia yCTaHOBJeHa MOHaA HENpepbIB 1OCTb OMepa- 


l 
Topa BO%*KeHHA U3 mpoctpanctsa C. JI. Codonesa Wf (2) B npoctrpancrBo 


L® (wo) gna mo6oro g*<q (cm. [1], § 11). Heasecraei mpumep 
B. M. Ba6uya [2] moka3pipaetT, 4TO 9TOT Pe3yAbTaT HE MOMKET OBIT ycu- 
“JH, @ UMCHHO, 4TO OMepaTOp BOKeHNA HS Wi? (2) BL“ (0) ne apasetcs 
| BHOJHE HEMPepbIBHBIM (XOTH 93TOT OMepaTop, Kak woKasan B. TI. Uapun 
[3], orpaHuueH). 

Hekoroppie HOBbIe CBOHCTBa ONepaTOpa BJOXKeHHA, CBASAHHbIe C yue- 
|TOM H@JIHHEHHOCTeA, OTINYHBIX OT CTENMCHHBIX, YMaIOCb YCTaHOBHTb, MpH- 
| BeKad TeOpHio mpocrpaHcTB Opuwuua. IlepBple pe3y/IbTaTbl B 9TOM HallpaB- 
| WeHHMKM mpuHagiexatT E. Il. Konyrnuon [4], B paOore koropoH usyuaetca 
o6acTb 3Ha4ueHHH OMepaTopa BOMeHUA, MelicrByloulero U3 MHOrOOOpa3snaA 
| dbyukuni, sce /-e OGOOLICHHBIE NMPOM3BOHbI€ KOTOPEIX CYUIECTBYIOT M 
npuvagwexaT HeKOTOpOMy Kaaccy Opanya Ly (2). . 
| B 3ametKax [5,6] paccmoTpenbl mpocrpaHcrTBa Fiu(2) byuxnuai 2(P) 
(PE), sce f-e O606uleHHEIe NPOMSBOAHbIC KOTOPLIX CyMIeCTBYIOT MH NpH- 
/HamexaT mpocrpancrsy Opsanua Ly (2), u usyseH omepaTop BIL DK CHAS 
|u3 mpoctpancrsa F$/(2) B HeKoTOpoe mpocrpancrso Opanya La, (wo. 
|PesynptaTb, nomyuyennpe B [5,6], cupaBeqmuBL Qa MHOrOOOpazuH o®) 
| pasmepuoctu s>n—lp>0, ecan pynKuna M (wv) skBuBaenTHa PyHKuun 
|; a'?; on BONOAHAIOT cBezeHNA O° CBASH Mexpy uncnamu s, n, Ll nu N- 
\byukuuamu M(x), M, (a), usnoxennpe B [4]. Kpome toro, B [5,6] ycra- 
|| HOBAeHDI TEOPeMBI OO OFPpaHHYeHHOCTH HM MOJHOK HEMPepbIBHOCTH paccMaT- 
|| pHBaeMOIO OMepaTOpa BAOKeHUA. 

Llempio HacTOsmef 3aMeTKH ABJIAeTCH pasbicKanne taxoH N-pyHKnAn 
WM (xz), uro [uP 3M (ua) R|u ' pa BCexX Py >p MU OMepaTop BAOMKeHHA 
juz mpocrpanctsa FY (2) B mpocrpancreo L“(w) proaHe HempepEiBeH, ecait 
Ns > 2—Ip > 0. 

3mecb YyMeCTHO OTMeTHTb Caexyoule 1Ba OOCTOATeAbCTBAa, BbITe- 
|karomme “3 pesyabratos [5,6]: 

| a) U3 reopemi: 3 samerku [5] caenyer, uro ecau s>n—Ip>O0 u 
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ee ne neater he 


Bo 
empaucmea F')(Q) @ npocmpaxcmeo L" (0) enoane Henpepwisen, Ka- 


KO6O Obl HU ObLAO Q* < q. 
6) U3 reopemp 1 sametKu [6] caeazyet, uTo ectu s>n—Ip>0, 


M (uy~ \ a a eece ya 2a ae M, (ae nal mo one- 
pamop eaoscexua u3 npocmpaxcmea FY (2) 6 npocmpaxcmso Ly, (o) 
enoAHe HenpepwleexH, KAKO8O Oot HU OHNO o> 0D. 

2. Teopema. /Tpu cohopmy 1uposannox 6 nepeom adsaye n. I npeo- 


NOAOHCEHUAX ONeEpamMop BAOMCEHUA UZ Npocmpaucméa FY (2) 6 npocm- 
paucmeo L*(o) enoane Henpepween, ecau M(u)~|u\?|\Inu|', 20e 
+> 2(p—1) + pig. 

Jia moKa3aTebctBa 3TOM TEOPeMBI MOCTATOYHO AOKasaTb Ce Ly IOULy 10 
JIMMY. 
Jlemma, /Tycmp P(x,,..., Xn) E2, Q(H,..-, Vs) EO, r=|P—Q], 
A (P, Q) — @yxxyun muna Adep, Mueypupyoumux 6 UAMe2paAbHOM MOIC-. 
decmee C. JI. Co6oxresa ([\|, crp. 62), O<A<n 1 


0 (Q) = | "9 f(P) dep, 


[lycmp, Oanee, p >1, s>n—(n—d)p>O0, g=sp |n—(n—) pI, qs 
naubonbouee nexemnoe Yyenoe, meHbuiee g, u M(u)~|u)?\Inu|', 20e 


1>2(p—1)+p/9. Ecau pynxyua f(P) npodezaem cemeicmeo F hyxK- 
Yuil, PABHOMEPHO O2PAHKUXCHHLX NO HOpMe npocmpaxucméa Ly(Q), mo 
cemeucmeo U coomeemi meynuux dynKkyull u(Q) KOMNAKMHO 6B Npocm- 
pancmee L* (0), 

Tak kak M(u)S|u|’, ro us muTupoBaHHo Teopempl B. WH. Kougpa- 
WOBa BbITeKaeT KOMMAKTHOCTb cemerciBa U B wi000M mnpocrpaHcTBe 
L* (wo), ecau g* <q. Tlostomy Jia OKasaTeabCTBa eMMBI OCTaTOUHO 
yCTaHOBUTb, 4YTO HOPpMB! (yHKuuH w(Q)EU paBunocTenekHO abcomIOTHO 
Hem €pbIBHE! B mpocrpanctBe L% (w"?),* 

Ilyctb & — n0AMHOKECTBO MHOrOOGpasna WS) H x,(Q)—- ero xapaKk- 
TrepucTuyeckad @yhKuua. Jlaqum omeHKy uHTerpasy 


} 2(Q)%-(Q) g(Q) dow, 


w(S) 


re g(Q)— 06a mynKnua npocrpauctsa L% (o) (1/¢ + 1/9’ =1). Mo- 
JO2KUM 


° 1/2 Sey lie n 2 s 1/2 
~~! ‘ 
ht = Ys] m= (Sx) ’ n= Ds x“), r=(Se—so . 
i=l i=1 FTES i=1 
Hepes N(v) o6osnaunm N-bynkunio, ponomnutenpnyio Kk M (u), yepes 
eae a o61.ctH 2 (He orpaHnunBad OOULHOCTH, MO2XKHO C4uUUTAaTb, 4TO 
ey: 

Cuenya Metosuke C. JI, Co6onesa ([8], crp. 471—474) u B. I. Unpn- 

Ha [3], mocraTou.o paccmoTpeTb cayyali, Korga f > 0, g>0Q, g ectTb 


rf Hanpumep, MOxKHO B3aTbD y = 2p + 1. 
** OTO BoiTeKaeT M3 OAHOrO NpusHaKa KOMMaKTHOCTH B poctpanctsax Opanua, nati- 
menHoro M. A, Kpacnoceabcxum u Sl. B. Pytunkum (cm. [7], Teopema 11.3). 


ot 
(at) 


O nosHO HeMpepbiBHocTH onepaTopa BaoxeHua B LY 


PYHKUMA AMUtb OT P,, a NPM CPUKCHPOBAHHBIX X541,..., X_ f eCTb CyHK- 
WHA JIMb OT py. CTaHapTHBIMH paccy2xxX eCHHAMM yCraHaBJMBaeTCA, 4TO 
de Cel*, THe 
ek ) (01) 2 (01) 
F (2, x +++, Xn) &(p,) %* (p 
Fy Peas r2> ““s41) n ia 1 
(i= {.- : J RAT aE ee Ty ..-dXpdy, mena Vs. 
x* (p,) — XapakTepucTu4uecKkan PYHKUHA Wapa C WeHTpOM B Hayate KOOD- 
“una, Mepa KOTOpOrO paBHa Mepe MHOXxKecTBa G (3/eCb UM Maee auca Cc 
C HHACKCAMH CYTb NOMOXKUTEADHBIE MOCTOAHHBIE). 
Pa3z06bem unterpai /* na tpu caaraempx: /*=/,+/,+14,,rqe BL, 


HHTCrPHPOBaHHe BeMeTCA IPH pp < 91, fF <p,; B /,—MNpH Pp, <P, r<p,; B 
/;—MIpW 0} <F, p<. 

SaMeTHM, 4TO B CHuy H3BecTHOH Teopempt M. A. Kpacnoceascxkoro, 
A. B. Pytunxoro ({7], reopema 7.1), N(v)~|v/P |Inv/ 1%”, sauny 


| In p i 


| 
| 


BBowA WHIWHApMYeCKHe KOOPAMHATbI, MCHAA MOPALOK MHTerpHpora- 
HHA, MPHMeHAA H3BecTHyIO emmy C. JI, Co6onesa ([8], erp. 474—477) 
HM YUMTHIBad, 4TO B /, H3 YCNOBHA MH!erpuHpOBaHHsA BbITeKAaeT HEPaBEHCTBO 
jinp,;|<|Inp.|, a Takxe, utTo 1/¢g+1/p’ > 1, nozyyaem: 


yero Te —s)/p ee 


iy < ©. Kpome Toro, oveBugHo, 


10 
it 


ae 
1 


R iS Px 
7 a il ry 
Tier Ve (ei) x* (p:) PF? \ : ai a s \7x 
1 
6 
Pi i 
esl 
if dr 
< es ' dp, | — Non do < 
r2 4 e?| 


In 


0 
R n-Ss R 
5—1 Fi Py oa | 
2:) ** (p,) da “Pitt ps (4 p51 a 
Ly —& (01) %* (Pi) Fy Jo Jasna Ff: In pg |" 2 po — 


ip’ (n—s\ip’ 
oS! in p, |'/4 eee e§ 


= -114 | soe oe Bio 1/q | 
< ele; Ine, {* ** (1) a lla IF Po” es Oo? [In ee | I - 

Takaa »«e OWeHKa nomyuaeTca Aa wHTerpana Jj, ECM yUeCTb, 4TO 
p /, u3 yCAOBUM MHTerpHpotaHHa BbITeKaeT HEpaBencTBO Inp, < Inp2< 0. 


Muterpan /; owenum c yyeToM HepasexcTs |Inr|<|Inp2|, Inpy< 


<Inr <0, BplreKkaromlux u3 yCOBHH, IPH KOTOPHIX BeeTCH UMHTeErpupo- 
panve. Mbpl m0b3yeMCa TaK2Ke NepeCcTaHOBKOH WHTerpup BaHHH, Nepexo- 
JOM K TOAAPHBIM KOOPAMHaTaM HM WaTHpoBaHHod wemMoOd C. JI. CoOonesa. 
Vimeem: 


—s R 1 r 
: ax ere f S 
jhe AEA if - Es) 
Ay<ty) +++ \~ aaa \ rer \ res ‘dpa \ & (Pi) ** (p.) ey *dey | ar< 
3 
r 
0 


0 
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n—s 


‘ R 
red et; ieee | 
& (1) %* (1) py Vdagpyesadlagal =e 6 
< C4 = eee APS r x 
‘ 1/ 3 
0 p/7 11m py ("4 . 


Tr 


« ( ¢)imp, e3-! dp, Jdr= 


0 


R i n—s R 
& (p1) %* (01) 6] 1 dX54 37 1OXa 
= CLA Te ae 7 aera eae ae ie VX 
es!7 [In ita 4 
R 
~ ~—sip’-1 og 
< {Inp, ica aC r mee es 


R R 
8 ()** (1) oy | de | ap, f- Lm py [27 pf = 
<i Cs = om sP” pias)" dp, < 
t In ort ‘ 
Beaks: a 
sia} inp," x* (ex) al & (6s), ess yo" | Imp. |" v 


V3 NOJYYCHHHIX OWCHOK BbITeKaeT HePaBCHCTBO 


2 (Q)x,(Q)I,a<c 


y 


ps4 | Ing, |? x* (e,)| 


sales" 90-9" jin pa, fly 


Tlockombky Hopma cdbyuKuun p,°/7| In p, He EL? (w) a6conone He- 


mpepbiBHa, TO HOpMbI d@yHKunA w(Q) cemelctBa U paBnocteneHHo a6co- 
AKOTHO HenpepHBHEI B MpocrpanctBe L4 (wo), 


Summary » 


Let 2 be a n-dimentional bounded domain, and ) — an s-dimentional 
(s <n) manifold, oC. For every p, p> 1, is defined such a A-fun- 
ction M(u), that for any p, >p is |u/?3M(u)R?|n}" and the imbed- 
ding operator from the space Fm’ (2) into L7(o™) is completely conti- 
nuous, if g=sp/(n—Ip), s>n—Ip>O. 
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196] _ BECTHHK JIEHHHIPANCKOLO YHHBEPCHTETA Neo 1 


r. B. Emeapsanos 


JOKAJIBHAA NPEJEJIbHAA TEOPEMA JVIA NOTHOCTEM 
B C/JIYYAE CXOAMMOCTH K HEFAYCCOBY 3AKOHY 


CXOJMMOCTb HAOTHOCTeH HOPMHPOBaHHBIX CYMM H@3aBUCHMBIX HeOsH- 
HaKkOBO pacnpeeJeHHHIX Cy4aHHbIX BeMYMH K MJOTHOCTH TpesembHOrO 
3aKOHA H3y4alacb MO CHX NOP AAA Cayyas, Kora mpeesbHbIM 3AKOHOM 
Ob HOPMAJIbHbIH. OAHAaKO pA 3agqad TeEOpHH BeponTHOCTeH TpeOyer pac- 
CMOTPeHHA TOCAeLOBATEABHOCTeH He3aBHCHMBIX HEOAMHAKOBO pacmpemeeH- 
HbIX CJly¥aHHbIX BeM4MH, 34KOHBI paciipeseeHHA KOTOPHIX NpuHaswexKat 
OONaCTH HOPMAJbHOFO MPHTAKeHHA YCTOHYMBEIX 3€KOHOB C XapaKTepucTH- 
yeCKHM OKa3saTeiem «<2. WuterpaipHyble mpeaeabHble TeOPeMbI JA 
aToro cayyaa u3yyuan B. A. Porosun [1]. 

B wactosmeh piOore pmaeTca ABE JOKabHbIX MpPeeAbHbIX TeEOPeMbI 
WA TaKOH NOCAeOBATeIbHOCTH, IpH4YeM YCJOBHA BeCbMa IIpOCTh UW Ha- 
KaJ[bIBalOTCA HENOCPeACTBeHHO Ha AaHHble PyHKUMM pacnpeserenua. 

Teopema |. //ycmb Oana nocnredosamerbHOcmb He3ABUCUMYLX CUM- 


Mempu4HeElx CAY4AUHX Benu4iuH {Ee}, R=1, 2, ..., ¢ PynKyuanu 
pacnpedenenun 
Leena npu x <= 0, 
2.5 
Fe(x)=} (1) 


| j— PR) apy x>0, ee O<a <2, 
25 


WOK c' < cy <c”<m, |ap(x)|<alx), o(x)>0, apuxro.  (I') 
Ecau cyumecmsyem noonocredosamensnocms Homepos’ {ky}, v=1,2, ..., 
-maxkaa, 4mo Sp, umerom naomuocmu f, (x), npurem max fp, (x) =>, 


— 1 I< 00 
ydoszemsopsAIom yCcAosbur0 Z 
3 
1 QA) a 
S) 9p 2k (On Br 200 B= (Ser) (2) 
By eeel \ k=l 


20e g(n)— Kakan-nubydo PynHKYyUA, CKOAb y200HO MeOAEHHO BO3pacmaw- 
wan 00 OecKOHeLHOocmu BMECMe CN, MO UMeem MecmMO NpedeAbHOe co- 
— omHowmeHue 

sup |Bn9n(xBn)—f(*)|> 0, npu n> o~, (3) 


ow crc x 


n 
20€ gn(xX)— nAaomHocms Cy, = yz a f(x)—nAzomnocms npedersxozo 
| 4S 


yomoii41ue020 3aKOHa, Xapakmepucmu4eckad PyAKYUA KOMOPO2O ONpe- 
deasemcna PopmMyAou 


ine(t)= — 


wT t \* 


P (a) sin 32 
(a) sin 5 


56! eh: T. B. Emenoanoe 


TloxasaTeAbCTBO. OOO3HaYHM YEPe3 PR (x) xapaKTepHcTH4eCKy 10 
yuxmuio (x. @.) &, yepes $n (tf) —x. b. C,, yepes ¥,(f)—x. O. 


ot C — t t 
Cn Se , 7. @. by,(t)= nl Be) = Ti PR ie . 
h=1 
M3 orpahwuenxocTn mioTHocTH J, (x) cnenyer, uTO pH 2 > Ry, Gn (X) 


MoxeT ObITh IpemcTaBeHa Kak CBepTKa ByX IVIOTHOCTeH U3 L?(—o, ~), 
a Torma, Kak u3BecTHo (cM., Hampumep, E. Turumapu. ~BpezeHue B TeO- 
puio untTerpanosn ypbe“, crp. 122, Teopema 67), ee oOpamenve ype, 
T. €. Xapakrepuctuueckan PyHKuHA by (7) CL (— ©, coy; TIpH #2 hy, Te 
umMeeT MeCTO (bopMyvla OOpalleHHA 


oo 


an(#)—= ge | eM bn (0) de. 


—o 


PaccMOTPpHM pa3HOCTb 
2n {Bngn(xBn) —f (x)} = 


wT 


oo TH 


“saan | 
eee T (a) sin 
Bere ie) Sar ilo 


—o 


ey - . or 
’ a T (a) sin 
= || es line dz + 
—izx — —*>—— iz" a 
T (a) sin — z 
ate > det | ec We (e)ae—ht+nth | 
\Z1>A |z1>A k=1 
rye A—HeKOTOPOe MOMOMUTeEMbHOe YHCO. OyeBHAHO, 
oa 
> T(@)sia 
l,i <2\e > dz<e, npn ADA, (e), (5) 


A 
rye ¢— a1060e uncm0, Soupmee 0. 
B ycioBuaxX aHHOi TeopeMH, Kak moKasaHo B [1], PyHkunn pacmpe- 
menenua C, cxOmaTCH K GYHKUMH pacnpenerteHHaA yCTOHUYMBOrTO 3aKOHAa 
c maorHoctpio f(x), mosToMy xapaKTepucTuyeckHe dynKkmun Cy, T. e. 


b,(Z), PaBHOMePHO Ha KaxKOM KOHe4HOM uHTepBane [— A, A] cxogaTca, 


npH #—> © K x. *. mpemembHOrO 3akKOHAa, T. &. K XP SS 2 
C (a) sin = 
i 
A aaa ae 
= T (a) sin > : 
Ihi< J len@)—e dz<:, mpan>N(e,A). (6) 
=A 


Jlaa uccrwesqoBanva untTerpasia /, 3a4MeMCA OWeCHKOH XapakKTepHCTHYeCKHX 
es Zz 

yHknnl ¢°, cn , ki <n, n>R,, UCMONb3SyA ANA BCEX OCTAIbHEIX x. PD. 
n 


9, (¢) TpHBHabHy!0 OeHKy lr (-)|< if 
n 


Jlokaupuasn NpPCAeIbHan TeEOPpeMa AAA MVOTHOCTEl; 5T 


M3 yerosni (1) u (1’) caenyer: 
Pee AC cos ka 
Tlostomy 
P(\Sel > Ai) = 1—Fe (As) + Fe(— Ar) << <e 


a 


1 


mupu A, > Ao,1(e,), (7) 
rye ¢ 1 ni060e yWucIO, OOMbUee O. Orciona HaxonuM: 
fe ee 
z L = X 
aul GE l<| fer feedel tae 


Ha [—A,, A,] annpoxcumupyem ty, (*), 2, <n crynenyatumn byuKnuamn 
i 


y pun Dears Anes 
SAX v dy? Uj (x), rae Oye | pu 1m DOr 1 m ’ 


fom O, BHe sTOrO MHTepBasia 
Tak, 4TOOK 
A, 
{| Fe,(4)— Som (x) |dx<e,, pa m > mg (2, A,), (9) 
A 
mpwyem [sa Bcex k,<7 BElOepeM OFHO MU TO xe 3Ha¥eHHe m. Torna: 
Zz a ines 
Ee (z-) < fe nm Sy, m(X) Ax) 4+ 28, < 
y n 
Ay 
i 2A, m—1 i ZA, a 
<2 e cS Aime . ~~ Me B,m (10) 
j=-—m 
| 2 me = 
px {zj>— Bm alco, 
m—1\ AL, m—1 
\ 13 Mek Fae = Me (Ving), (11) 
; j=—m j=—m 


el) | < —— + 22, =, <1 mpu goctaTouHoO Masom e, > 0. IIpu 


! 


aoe 
2xmB | bee 
eal 2 TAL é — | <u e m? 
m—1 j 7ZA1 j m—l 
(v) BE i meen (v) (2riny 
6s= \" GC aa —— . hj ’e ; 
l J J 

j=—m MR the 


zAy 
Re u= Debi . OveBuHO, 


1 m—1 

se, (v))2 ae “ 
(lel? du= S OPP <M FE (1 +4). 
ia) j=—m 


Pa3o6pem unTepBas (0,1) Ha Ba MHOKeCTBA ©; H i Tak, 4TOObL Ha 
m 
wy HMe@wa MeCTO OIeHKa FEE re a Ha ): |o| > eae Pe nO ay ae 
M,A,(1 +2) 


era mes ©} << ———, = 
m 
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Pas6vennio untepBasia (0,1) Ha w} M © OyMeT COOTBETCTBOBATb pa3- 


B y 
OvenHve HHTepBaa (0, — a) Ha MHOxwecTBa Q; un Qo, MpuyeM, OYEBHAHO, 
} 


M,By (1 +8) 
an , 


y m y 
Ha @} uMeer MecTo oeHKa |s! ss re a mes) < 2r 


M3 (10) w (11) aaa mHOoxwKectBa 2; uMeem . 
Jem(g)|<1+24=% <1 (12) 
nh 
(1IpH COOTBETCTBYIOWNEM BhiOope Y). Jlasee HeETPpyAHO BueTb, 4TO 


d 


dz 


(eB pwaellcg. (13) 


=A, 


re ¢c; — nocrosHHax. 110102KHM 


H=(y—H— 4) 2, Wy +4) << 1 — 4; (14) 
Tora 
P=, B ae pes 
Thee Dae Ha 2) i e 7n Fa, (*) ax <8; 
| ae 


BujeuM u3 2) Bce HeEMepeceKaloulMeca MOAMHOKECTBAa C Me€PaMH, MCHb- 
WuMH 2y, (ecaH Takue ecTb). Bce BbI-eJIeHHOe€ MHOMKCCTBO MOXKHO M0- 
KPbITb KOHEUHBIM 4HCIOM HHTEDBAJOB C JWIMHAMH, HE MpeBOCXOAALLMMH 4, 
MH OJHUM W3 KOHNOB, NpHHayexalluM MHOxecTBy Q}. Ha kaxqOM TaKOM 
HHTepBavie 


Ars Qn te, A, Bas 
¢— + : d '—— =< 
fe Ff, @)de|<uta tala fe Bn f, (x)dx |< 
A. —A, 
<< 1—e, (15) 
T. @. Ha BCEM 3TOM MHOMKEeCTBE 
|e, ()|<ataeu<t ++ “169 


Iipucoequnaa 3TO MHOXKeCTBO K Yj, NMOMYYHM MHOXKeCTBO Yj, Ha KO- 


TOPOM, CJI€JJOBATebHO, HMe€e€T MECTO OIeHKa (16). J .nOAHUTebHOe MHO- 
f 2nmBy 

%KECTBO HHTepBaia (A, A "| O603HauHM 4epe3s one OHO ABAAeTCA CYM- 
1 


MOH HenepecekaloOlulMXCA HHTePBaOB C WHHaMH > 2y,. PaccmoTpum Mep- 
BHI (CaMbIM JeBbIit) H3 8THX HHTepBavIOB (Ay, #,) H yMBOHM aOcuMCccH ero 


KOHIOB. Tora BOSMOXKHHI YeTEIPe CTyyad: a) (2A, 2v,) C Q'. 6) (2A,, 24, )C 
C(A,, Pr), Poe O,, tr, ) OHH H3 9THX 2#Ke MHTerpan0B Q); B)(2Ay, Qn,)C 
S (Q,,, »,) Ui); r) (22,,, 2'r,) C » [Ar, » pr] U 2: } 

s 


u 


B cayyuae ,a nna ae H3BECTHO@ HePaBeHCTBO: 
82 
bee) <li ar ,mpa 5 <ltl< ag B® ecan | ?, (2) | teas 
npH Bete < 2'!D (17) 4 


JlokaibHaa pefenbHaa Teopema gan naoTHOcTeli 09 


(cm., Hanpumep, [2], crp. 37, memma 1). Tlonaraa 3necb /=1, nafipem 
z 

hess ¢e,(B | OmeHKy THNa (16), T. e. CMOxKeM BKAIOUNTS 3TOT “HTepBawl 
/ 


(A, v1) B Qi. 


B caygae ,6° unrepsau (A,,, p,,) paccMaTpMBaeM Tak xe, KaK H (Ay, 4). 
“ 
B cayYag «BY YaCTh HHTepBawa (A;, #,), Mocme yaBoenua a6cunce ero 


vy 
KOHWOB, MOMaBuly!o B Qj, Kak uM B Cay4ae ,a“, MocpeacrBom (17) BKwJO- 


d 


) 2B 
uum B Q). Ecauv ocrapulaaca yactp (A,, »,) MMeeT JWIHMHY, MeHbUTYIO as 


TO, Kak uw B (15) u (16), MIPHCOeAMHHM H BTY YacTb K &; ecm 2Ke OCTAB- 
wiaaca wacTb (A,, p,) HMeeT AIMHY > — MMe€e€M CHOBa ciy4ual ,6“ 

ye’. C wactamMu wMHTepBata (Ay, »,), mOCMe yABOeHHA NonamalolluMu B 
Qi, nocrynaeM, Kak B CJlyyae ,B“ Hu alee, ecu OCTaHYTCA 4aCTH C JWIH- 


3B , ' 
HaMu Pao TO pacCMaTpHBaeM CaMYIO JeBylO H3 HUX (Ay, p41), QA KOTO- 
1 


poli uMeeM, CleAOBATeIbHO (Kak UBCAyuadx ,6O“n yr“): (2hy, Ju1)C Gar te.) 
IIpopoja Takve 2#xKe paccyXTeCsHA OTHOCHTEIBHO MHTepBawia (Ay,, Y,) HT. A, 
NOJYuMM 4epes Pp WaroB nenouky nnrepBa.to (24, 14), Oe tn), Roce (rps Pr, ) 


€0 cBofictsamu: (2d;, 2p1) C (Ar, te)s oy (2h Der, ap iG Ges: ty) 
(2h, 2, )C Q}. Tak Kak pi— > cae TO 
1 


TOW 


e 
mes Oe rev aps 2 (Mra — vn] > C.Biel 


hel 


7. e. 9 < log, (c,M,), rae c,— nom0xUTeAbHaA NOcTOAHHaK. IIpumensan Te- 
nepb (17) c /=p, natizem ; 


Se ese ae exp | — Fa, C5 > 0. 


v 


2c TT 


Taxyio 2Xe ONEHKY, OYeBUAHO, MBI NOYYMM HW AA BCEX OCTAIbHBIX MHTeP- 


5 B, 
BaJlOB MHOKeCTBA 23, NOsTOMy BOOOULe pu A <|Z| < ee HMeeM: 
| IT |es, (#)|<exel—es S) gpl < Ba. (18) 
| hy<n hy<n 
Torna 
| z 
ix { FL] e. (gz jle< 
lzl>A Ry<n 
< one”. (le (£)-[e[(d)lee<arn a 


me c,>0. (Ovesuano, | on, (t)|-| Gr, ()(|C L(— ©, ©).) 
Co6upas smecrte (4), (5), (6) u (19), yOexaaemca B CmpaBeJVIHBOCTH 
TBEPXKTeHHA TeopeMp! 1. 
/ AHaJOrH4HO MOKAa3bIBAeTCA JIA HECHMMETPHYHO pacipeseeHHBIX Cy - 
MaHHBIX BeM4HH TeOpema 2. 
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Teopema 2. . 
1) Ecau nesasucumoe crayratnoe seaurune {bp}, R—1, 2,..., umerone 


PyHKyuN pacnpedeAcHua 
0, nupu x <0, 


Fp(xX)= tea iearenle)S np %PSHO, 
x 


O<c <egp<c" <.00, 0< a< Laae le Co 0 pe 
2) Cywecmeyem nodnocrzedosamerbxocms Homepos {ky}, v= 1, 2,..., 


makasn, 4mo tp, umerom naomuocmu fp, (x), npurem max fr, (x)=M, 
—ao<mtrcnr 

1 

mM 


¥. 


yoosnemsbopsiIom yCAObLIO » > 9(n) ln By, io sup | By0, (2 baie 


k,<n 
—f(x}| +0 npu noo, 20e f(x)—naomuocms npederbrxKozo ycmou4u- 
6020 3AKOHA, XapakmepucmutecKan GYNKYUA KOMOpOZ2O ONpedennEemMcA 
PopmMyAott 


Ing(t)=—I (1 Sajcos jet e ee, 


SameuauHue. Ycnosue ,2“ 9THX TeOPeM, OYeBNAHO, HakJiagpBaer 
OrpaHwyueHHe JIMIIb Ha OYeHb ,pesmKylo“ momMocaezoBaTebHocTs {&,,}, 
Tak, HampuMep, OcraTOUHO NOTpeOoOBaTb HaMUNA PAaBHOMEPHO OrpaHHueH- 
HBIX muoTHocTeh f,,(x), mpuyem infN(k,) > g(z)InB,, rae N(Rq) — 
YHCIO HOMEPOB Rk, <n. 


Summary 


Two local limit theorems are established for the sums of indepen- | 
dent differently distributed random values attracted to a stable law with 
a characteristic exponent a < 2. 
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M. UW. Bupman, B. C. Masaor 


O NOJIHOM HENPEPbIBHOCTH HEKOTOPbIX ONEPATOPOB 
BJIOXKEHUS 


§ |. Baezenne. Popmyauposku pesyabTatos 


1. HccnenoBanue HeKOTOPHIX CHEKTPaJbHBIX CBOHCTB CHHTysAapHEIx 
PPaHMYHBIX 3afay TeCHO CBA3AHO C IPH3HaKaMH KOMMaKTHOCTH B (yHKILHO- 
-HaJIbHBIX THAbOePTOBbIX Npocrpancipax. Tak, nampumep, AucKpeTHocTS 
-CMeKTpa 3afa4uv Ha COOCTBeHHBIe 3HayeHHA 

SWE PLA) = Ay 0K 4100 
mp p(x) > 1, B cuny u3BecTHOH aeMMEI Peauxa, paBHOCMIbHa ceqyw- 
WleMy YCOBUIO: 
a) Beaxkoe MHoxecTBO dyHKuMi y(x), OrpaHvyeHHoe B MeTPHKe 
+ co 


\ (vy? + py?) dx, 


—oc 


| JOJKHO 6bITb KOMM@KTHO B MeTPHKe 


J yedx. 


ao 


\Jipyro# mpumep maior caezyioume yBa yTBepxgeHnua padoTy [I]. as 
‘Toro 4TOOLI OTPUUATebHbIH CHeEKTP 3aa4uH Ha COOCTBeHHbIC 3HaYeHHA 
Ey g(a) = hyn = Oo 0 ON oh garg) E10 
Obil JMCKPeTHBIM (COOTBETCTBEHHO KOHCUHBIM*) pH Bcex A >0, HeOo6xo- 
| ZMMO M MOCTATOUHO, YTOObI BHINOHAOCH cemyloulee ycoBue ,B“ (cooT- 
“BeTCTBehHO ycaoBue ,c“): 
B) Beakoe MHOxecTBO (PYHKUMH, OrpaHH4eHHOe B MeTPHKe 

+c 


\ (vy? +y) dx, 


—co 


AO 2KHO ObITb KOMMAKTHO B MeTPHKe 
+ co 


| \ gy'dx, (1,1) 


—oo 


c) Beakoe MHOKeCTBO PYHKMMH, OrpaHHyeHHOe B MeTPHKe 
+ sia 


TOJNKHO OLITb KOMMAKTHBIM B MeTpuKe (1,1). 


* T. e. OOmlee IHCAO OTPHIATeTbHDIX COOCTBEHHHIX 3HAaTeHHH (C yYeTOM HX KpaTHO- 
crel) KOHeE HO. 
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Ycnosun ,a“, ,B“, ,C*, B CBOIO O4epeb, COOTBETCTBEHHO PaBHOCHJIbH bl 
CACLYIOWMM ABHBIM YCOBMAM Ha Koadunventel p(X) H q(x): 
xX+a 
a) i p(t)dt + co npu |x| co u 11060M UuKCHpOBaHHOM a>Q,; 
x 
x+1 
8) f g@)dt +0 npu |x| > -; 
x 
vy. ef j qg(t)dt>+0O npu r>om., 
| ti>ar 
Ycnosue ,a* Obla0 BrepBble Haligeno A. M. Moayanospim [2]. Jlo- 
Ka3aT@JbCTBY PaBHOCHbHOCTH ycaoBuh ,c“ H yy“ MocBallena paOora 
M. C. Kaya u M. T. Kpefina [3]. Hakonen, paBHOCHAbHOCTh yCAOBHH ,,B™ 
uv ,6“ oTmeyena B [1] (qoKa3aTeBcTBO cM. B [4)). 


CBa3b CMEKTPaJIbHBIX CBOHCTB PPpaHHYHbIX 3ayau C YCAOBMAMM THMA 
,a°, »B, ,C“ HMeeT OOH XapaKTep* HM COXpaHAeTCH MH B MHOFOMEPHEIX 
mpo6emax. OHako nojvyyenne acceKTHBHEIX KpHTepHeB THMa ,2*, ,B", 
»Y“ B MHOFOMePHbIX 3afauaX HaTaKMBaeTCH Ha TpyHOCTH. Tak, moy- 
yeHHpit A. M. Moauanospim [2] MHOrTOMepHBIi aHaor IpH3HaKa ,a“ BeCbMa 
CIOKeH HK TPYZHO mpoBepsem. MuoromepHble aHasoru KpuTepues ,B“, ,y“ 
ykazanpt B [4] — [6], HO s«umb B CopMe OCTATOUHBIX MPpH3HaKOB, 6.1M3- 
KHX K HeEOOxOMUMBIM. BMecre c TEM OKa3bIBaeTCA, YTO BICMCHTAPHbIN Xa- 
pakTep KpuTepneB THMa ,a“, ,8°, ,y“ COXpaHHeTCA H B MHOFOMEPHBIX 3a- 
mauax, eCJiM B MeTPHKU, yyacTByIOWMe B (POPMYJIHPOBKaX YCOBHA Buda 
ya, 4B", ,C“, BXOLAT MPOUSBOAHBIE AOCTATOUHO BBICOKHX MOpaAAKOB. JIo- 
Ka3aTe@IbCTBY COOTBeETCTBYIOIMMMX TeOPpeM HU MOCBAIAaeTCA HacTOAMaA pa- 
0o0Ta 


2. YCNOBHMCA O Caemyloulux OOO3HaYeHHAX HW NOHATHAX. HwxKe BCIOLY 
X= (X,..., Xm), Y—TOUKH m-MepHOTO eBKANAOBa mpocTpaHcTBa Rp, 
1 


m 
2 
dx —®enemMentT OObeMa B Ry, T=) Xl a Xk |”, ©—COBOKYMHOCTb yrio- 


ks 
BbIX KOOpAKHAaT TOUKH x. Murerpupopanue 6€3 yKa3saHuA peeOB O3Ha- 
yaeT uHTerpHpoBanue 110 Rp». 

Yepes C (c WHAeKCaMH uaM 6e3 HUX) OyAYT O6O3HAYATHCA HEOTPUIAa- 
T@/IbHbI€C MOCTOAHHBIC, TOUHOE 3HAYeHHE KOTOPbIX HaM Oespa3au4HO. He 
HCKJNOYEHA BO3MO2XKHOCTH OOO3HAYeHHA Pa3JIHYHbIX TaKHX MOCTOAHHBIX 
OHM CHMBOJIOM. PyHKyMIO 4(x) B Ry» OYReM Ha3bIBATD riakKOH, ecan 
OHA UMC€eT HEMPEPbIBHbIe MPOH3SBONHbIe BCEX NOPAAKOB, H (UHUTHON, ecu | 
OHa paBHa HYJIO BHeE Kakoro-1n60 mapa. Su GyzeT OOO3HaYaTb A106y10 
IpOH3BOAHY!IO NOpAAka S OT HNO X,,..., Xm. Apyroe o6o03HayeHHe 4acT- 
HOH mpousBoyHon: DSu = Ux yrs Xk, CumBouiaMu y Hu A, Kak OObIUHO, 

1 é 
OOO3HaYaIOTCA COOTBETCTBEHHO ONepaTop rpayuenra wu onepatop Jlanmaca 
Balas: 

BpelemM lmpocTpaHcrso WS? (p) ({>1) Kak 3aMbIKaHHe MHO2KeCTBA 

riaikuX PUnUTHEX BR», PyHKuni B MeTpuKe ** 


ul Pl) (o a Ss \ (Day dx. \p (%) ae Ce a) 
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ao o6pasom BBOANTCA- mpoctpaxctTBo LS? (£>1) c¢ nomoutpr- 


| aio= »> f (D!uy? dx + j wax. 


pact 


Haxonga, £.(q) ectTb THAbOepTOBO MpOcTpaHCcTBO C MeTPHKOL 
Ilo = J a(x) wdx (g(x) > 0). 


B cayyaax o(x)=1 nin q(x) =1 3nauku p ug B O6O3HayeHHAX IIpo- 
CTpaHcTB Oyem cCnycKaTb. Tloazb3syacb tepmunosnornue C. JI. Co6onesa 


[7], 6ymem rosopnts, uTO Onepatop BOxeHHA mpocrpanctBa WS? (p) B Ls 
BIOJIHE HEMPEPBIBCH, CCIM BCAKOe MHOXKECTBO (cbyHKuni, orpaHnueHHoe B 
Metpuke W3)(p), KoMmaKTHO B L,. YKa3aHHOe CBOLCTBO, OYeBUAHO, O- 
CTaTOYHO MPOBepATh JIA TaKMX MHHUTHEIX MyHKuHH. AHaTOrMuHbIM 
06pas0M NOHMMAeTCA NOHAaA HEMPePEIBHOCTH OMepaTopa BAOXKeHUA B CLY- 
yae Apyrux mpocrpancrs. KBewem ele Cremlylome onpeseneuna. 


Bymem ropoputb, uto p(x) >1—dynkuua xaacca M, ecau npn 
|x| co w m1060M (buKcupoBaHHOM a> 0 


t P(y)dy +00. (2,1) 

|\y—+x|<a 
Byjnem rOBOpHtTb, YTO F(x) >O—dyuKuna kaacca AK, ecau npu |x) > co 
| J q(y) dy -> 0. ; (3,1) 


|y—*} <1 


Hakouwen, Oyfem ropoputTb, 410 g(x) >O0O—dyuKunn Kaacca Q);, ecu 
np b+ co 


poe j g(y)dy>O (m—nevertHoe), (4,1) 
| |yI>o 
Pe 
In b \ iy ™@(y)dy +0 (m— uerHoe). (5,1) 
lyl>o 


3. B sto paOoTe MbI JOKa%KeM CeLyIOuMe TEOPeMHl. 

Teovema 1*. 1a moz0 4moOw onepamop bAonxcenUA WS? (p) 6 Le 
6blA BNOAKE HenpepviseH, HEOOxCOUMO, a npu 2L>m u Jocmamo4no, 
4mobbl PyHKyUA p(a) npuxadnencana KAzaccy M. 

Teopema 2**. 1a mozo 4mobot onepamop bAOsCeHUA Ws? 6 Lag) 
\6u2 enone nenpepeleex, Heobxodumo, a npu 21>m u Oocmamortno, 
\4mo6o. sbyxKuusd g(x) npunadsencana KAaccy K. 

Teopema 3.*** J[1a mozo umoou npu 21 > m onepamop bAONCEHUA 
JLY 6 L,(q) Or snonne nenpepocen, HeOOxodumo u docmamo4Ho, 4mobu 
\pynkyua g(x) npunadsencana KAaccy Qy. 
| Jlemma Penauxa no3Bo1seTr nepedopmyaupoBatb Teopemy 1 caegyio- 
juuM OOpasom, 


* B caxyyae m = | cooTBeTcTBy oul pesyAbTaT 6ua nomyaen A. M, Moauanosoim [2]. 
| ** Bocayyae m 1 cooTBeTcTByIOMIMi pesyAbTaT 6pia yKasan B [1]. B [5] ormedeno, 
luro quad orpanHMyeHHBIX q(x) ycaoBue 2/ > m MsiMUIHC. HoxasateapcrBa IpHBECHbI B [4]. 
*# Kak mMbly2Ke oTMeYad, caydal /=m=I1 pasoopaH B [3]. MoaHocrbio ciysan m= 


vusyyen B [1] u [4]. 
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Teopema la.* [1a mozo umo6o npu 2L>m u p(x) >1 onepa- 
mop 4 
(—1)/A‘a4p(x)u 


umen 6 Ly OucKpemuolit cnexmp, HeoOxodumMo u Docmamo4HoO, 4mobo. 
Oynkyua p(x) npunadrenana Kaaccy M. - 

C nomompio HeKoTOpHIx pesyabtaroB u3 [1], [4], reopemp 2 u 3 
TaK2Ke MOXKHO CCPOPMYIMPOBATh B ,CNEKTPa/IbHbIX TEPMHHAX. 

Teopema 2a. ua mozo 4mobou npu 2lL>m u q(x) >O0 ompuya- 
meAbKui CneKmp Onepamopa 


(—1)/A4u—q(x)u (6,1) 


8 Ly 6A OucKpemHolm npu ecex h>O, HeoOxodumo u docmamo4no, 
4mobu PyHKyUuA g(x) npuxHadNencart KAaccy K. 

Teopema 3a. ua mozo 4umo6u npu 2l>m u q(x) >O0 ompuya- 
meAbHui cnexmp onepamopa (6,1) 6 Ly, 68a KoHeuKUM npUu bcex h > OQ, 
HeEOOxOOUMO uu OOCMamMO4HO, 4mMOOL MyHKyUuA g(x) npuHadrencana 
KAACCY Qj). 

OrMeTuM, UTO IIPHMeHAeCMBIA B HACTOAWeH paboTe MeTOJ OTAMYEH OT 
mMeTtonoB paodot [2] u [3]. Texuynyeckn Hau6o.1ee COXKHbIM ABIACTCA 
MOKazaTebCTBO TEOPeMHI 3 B Cy4ae YeTHOTO M1. 


§ 2. Toka3ateapctBo Teopem | u 2 


1. Xopomo H3BecTHO CJenyroulee MpocToe npewiowKeHHe, KOTOPOe 
Mb!I OYJ@M CHCIEMATHYeCCKH WCMOb30BaTb HWKe. 

Jlemma 1. Yaa mozo umobot muoxcecmso U mynxyui u(x) Oot20 
KomnakmHoO 6 L(g), HeoOxOodOUMO LU OOCMamo4HO, 4mObu Npu AWb0M 
b>0O U 6020 KomnNakmHO 6 MempuKe uHMe2zpaAa 


gqu'dx, (1,2) 
[x|<b 
u np b-> a 
sup i quwdx +0. (2,29 
weU ixisp 


HoKkasareapcetsBo. J{varonaabHbtMm mpomeccom spldupaem us U 
NOCJ€OBATeIbHOCTb, CXOMAULyIOCA B MeTpHKe (1,2) cpa3y mpu Bcex b>0. 
B cuay (2,2) sTa mocnegqoBaTeabHOCTb cxomnTtca B L.(g). HeoOxonumoctTs 
ycnoBuA (2,2) BbiTeKaeT M3 CYIECTBOBaHHA KOHeUHBIX €-ceTef. I[Ipu 
HOKa3zaTebcTBe TeOPpeMbI | HaM NOHAAOONTCA TakxKe CeRylomlan mpoctaa 
J@MMA. 


Jlemma 2. JI1a am6olx mouwek x, x wapa\|y|<h npu 2l>m umeem 
Mecmo ouexHKa 


e—aGyhcc]e" | lvatdy+ ey | (Dwy'dy], G3) 
ly|<h \yl<h 
20e C om fh ne 3a6ucum. 


JlokasateapbctsBo. Jjoctarouno joKa3aTb (3,2) npn A=—1, a 3a-) 
TEM BOCHOAb3ZOBATHCA MpeoOpasoBaHueM MOM0OuA. B eMHHGHOM mape, }} 


* Qiecb, a TaKKe HwKe, B Teopemax 2a u 8a, AuddpepenuManbuple onepaTopsl 
nosyorpannuenbl cuu3y. Mbt ompeqesseM UX MepBOHaYaAbHO Ha Taaqkux QUHUTHIX PyHK- 
WMAX, 2 3ATEM PACUIMPAEM NO CAMOCONPAXKCHHBIX MO PpuApuxcy (cM., Hanpumep, [8], § 205), 
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ei ee EE a ee 


Kak 97O CleyeT W383 TeopemM BaoxKeHHA C. JI. Co6onesa [7] (cM. tTaKxe 


{8}, § 114), mpu 22> m wMmeer ecto HepaBeHcrTso: 
1 


La (xyi< c[y | (Diayzdy + § | vicidy + ( j udy SP (4,2) 
1 Tp ae =< 


byl< Ivj<l 


eee = = 
Iipuménaa (4,2) k dynKunn w(x) —u, rae u—cpemnee 3HaueHne u(y) 


mo mapy jv|<1, Hafizem, uTo 


| 
| 


14 


| (x)—u(x)|<|u(x)—ul+lu(—a|< 


<2¢/¥) J (D'ayrdy + § ively | 


Iyy<l \¥,<) 


_JilemMa OKa3aHa. 


2. JloKasateabcrBo Teopemp 1. HeoOxoaUMOCTH yeroBun 
TeopeMbl JOKa3spiBpaeTca OOMUHBIM NlyTeM. I[lycrb MpH HeEKOTOPOM a= a, 
-MMeeTCd OeCKOHe4HaH MOCAeCAOBATeMbHOCTh HEeTepecekalouluxca wapoB 
a ¥— xp] < a), ree 

P(x)dx<CQj<4+oa. (9,2) 


|¥~ Xp | <ao 


TlocnegoBaTebHOCcTh (YHKUMA Wp (x) —=Uu,(x — xg), Tae U(x) — KaKaa- 


|m60 raaqKad PyHKUMA, paBHad HyJI0 upu |x| > ay, OYeBHAHO, HEKOM- 


nakTHa B L,. B TO xe BpeMA 3Ta NOCAeMOBATeAbHOCTh B CHAY (0,2) orpa- 


HHUeHa B MeTPHKe WS? (p). 


Jlokaxem Tenepb RocTaTOUHOCTS ycsosna (2,1). Nyctb MHOxecT- 


po U dyukinh w(x) orpaHHueHo B MeTpHKe W? (p). M3 TeopeM BA0x«Ke- 


|una [7], [8] Berrexaer Komnaxtuoctb U B L, B a060M mape. Ocraetca 


|npoBepuTb ycaoBue (2,2) (pu g(x)=1). Tloxpoem Rm Ky6uyeckon 


| pemerKol co croponoH @. B cuay aemmpt 2 B KaxgOmM runepKy6e Hy, 
| pemeTKH BBIMOMHEHO HeEpaBeHCTBO: 


| w(x) <C hep f jyapdyt a" >) (Dluj dy + u? (x) | (6,2) 
| H, IL Z 


a 


Pue oe xX — mo6ble TOUKH u3 Il,, H mocrosHHad C —ogHa H Ta Ke AAA- 
cex @ u faa sce pemerKu. Bri6epem x B (6,2) u3 ycnoBna 


| i puwdy = u?(x) { pdy 

HL t , Le 

ha npourterpupyem (6,2) no xy6y Hy, 

! i wx ax < sli | yuPdy+ at)’ \ (Dluy dy + 
I wy, ny 


2} A 
a ai \ aon | patdy| , (7,2) 
It un 


603Ha4uuM 4epe3 Tk, COBOKYNHOCTh BCeX KYyOOB pelleTKH, KOTOPpbIe 
Mellor HemycToe mepeceyeHuve C BHEWIHOCTHIO Mapa paguyca 0, 4 NOAOKUM 


=] 
H6G,4D ee SUP ( J edy 
it 


MET, 
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\ 


B cuay ycaoBua TeOpeMbI MpH 060M (cbuKcupoBaHHoM @ >O u b + co 
Bpemnunna 8(a, 0) crpemutca K HywI0. CyMMupys HepaBeHCTBa (7,2) no 
BCe€M KyOaM, BXOJAIIMM B Tp, HAaHeM, 4TO 

{ w(x)dx <C[a*fiyuPdy + a Sf (D'uyrdy + a” (a, 6)) purdy| . 


\x{>b 


3aMeTHM, HAKOHELL, 4TO | . 
flverdy<¢,[fwdv+ YJ Waray, 


M, CAeMOBATebHO, pH a < | 
J w(xjydx< Cla? +3(a, || ae WP). 


|x|>b 


@uKcupyA @ JOCTaTOUHO MaJIbIM, a 3aTeM BbIONPad OD JOCTaTOUHO OOub- 
WIHM, MBI HaliweM, 4YTO yCIOBUuA JeMMBI | BEIMOMHeEHBI. Teopema 2OKasana. | 
3. oxa3saTeabcTBO Teopemp 2*, Heo6xoAumocrs. I[lycrs 
ycaosue (3,1) He BEINOTHeHO, T. €. HaleTCH NoceOBaTeBHOCTH He- 
nepecekalomuxca wapoB |vy— xp|<1 TaKHx, 4TO | 


| -gly)dy > Gax0: (8,2) 


ty-x,1<1 


PaccMOTpHM mocaegoBaTebHOCTh yHKun vp (Y)=U(y—X*Xg), THe 
0) (y)—Taankad QanutTHad dyHKuMA, mpuyem Vyo(y)=—1 upu |y|<1.- 
Tak’ Kak B cumy (8,2) ycnoBue (2,2) aaa MOCTeMOBaTeIbHOCTH {.~ (¥)} 
He BBIMOAHEHO, TO 9Ta MOCIEMOBATCbHOCTh HEKOMNAKTHA B L.(q), xOTS, — 
OueBHAHO, orpanuuena B Ws). 

‘TIpH QokasarempcTBe WOCTATOUHOCTH TpeOyerTcA JHUWIb NPOBEPHTS. 
ycuosne (2,2) Ad BCAKOFO OrpaHH¥eHHOrO B WS? muoxectBa. Tloxpoem 
R» kyOuyeckoh pemerKol c pe6pom egnunia. B xaxgom Ky6e II pemer- 
KH B CHaly ycoBun 2/>>m umeeT mecTo HepaBeHcTBo (cM. |[7, 8]): 


u(x) < c| J Jer + VM (Dluy?| ay]. (9,2) 


J 
i} 


Vurerpupysa (9,2) no xy6y Il c pecom g(x), Hafimem, To 
\ quidx <C [a2 4+- Si wD’)? dy|- | g(xyax. (10,2). 
IT iL I 


Cymmupya HepaBenctsBa (10,2) mo BceM Ky6aM, BXOAAIIMM B zy, (onpe- 
WeueHHe T, TO 2%*Ke, UTO u BO. 2), Haligem, 4TO 


(| qudx <C|| wf - sup j g(x) dx. 
b 9 er, IL 


|x|> 
B cuay ycaosus (3,1) npn b+ co 


sup j g (x)dx > 0. 


en, IL 
Teopema JoKa3ana. 


* IIpHBOqHMOe OKasaTeAbCTBO NO CyulecTBy He OTANYaeTCA OT AOKAasaTeADCTBA, 
ykasaHHoro B [4] ama cayuaa m = }. 
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§ 3. Jloka3areapctBo Teopempi 3 


1. Toka3aTeabcrtrBo HEOOXOAMMOCTH ycopua (4,1) (cayuan 
leverHoro m). Ilyctb cymjecTByeT mocaemoBaTenbHOcTh bg > co TaKasn, 
TO 


be i Gax > 2G... 
ef ~ 1X|>b, 


3nI6epem Ry TaK, 4TOOEI 
Fe BO} Gaxk = C 


b<|4|<Rp 


Tyctp »(€) —raagkan yuKuua, 3aqanHan mupu O<E<1;0<y7(§) <1 
1 


(6) =O npn O<F <-> uw y(1)=1. Onpexerum mnocsexoBareabHoct, 


m mm 


| bed 


pees +h 
tp(x) paBeHCTBaMH: Up (x)—b, ma (ap npu O< |x| <bp; up(x)=b, 


_m 
mu bp <|x|< Rx; ay tee Se ieee 


Re npn Rp |x he2Re a1 
up (xX) =O npn |x| > 2Rp. MocaenqopatenbHocTh raaqKux PYHKWMH Up (x) 
HEKOMITAKTHA B L,(9), TaK KaK 


Nee date tn art We Gan C.. 


\xl>bp bp<lx!<R, 
(l "3 
3 TO *Ke BDEeMA 3Ta MNOCIECTOBATeCJIbHOCTb OrPpaHHWeHa B pee Jl eacTBuTeJb- 
4O, MOCKOJBKY MOMHO CUHTATb bp = Do: AOCTAaTOUHO yOeAUTBCA B OrpaHH- 


€HHOCTH peauaun | D/u,)? dx. JlerkO BHeTb, YTO MPH YITOM Meso CBO- 
WHTCAH K OMCHKE CYMMBI 4ICHOB BHA 


Dp 
2i—m r 2 dr 
=a rm | y(n) 
Jn - | fk bp pues 
Op 
| oe 
\ 2Rp 
| Bs 2R,—r 2 dr ‘ac 
ae | rm 4 ( = ) eH (AO D 
b 3 
ID yueBuaHO 
op 
S ae aig Way ee 
n arabe 2(I—n) | bp is 
ag ee 
nese. 
Op 
ay 
Rp 
Pe AUR NE fb ae aaa wy 
pe R 
DR et (Ry) }| Re 
Rp 


1 1 
<S van [™ (E)]2 dE + 2" f [i (&)]? a, 
5 0 


M HW OKa3biBpaeTcaA Halle YTBeEPXK TeCHHE. 
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2. oxasaTeabcTBO HEOOXOMUMOCTH ycnoBuA (5,1) (cayuai © 
qeTHoro m). Tlycrp (5,1) He BHmomHeHO. BeOepem MocaesOBaTe/IbHOCTH 
bp > co un Rpe> bp Tak, 4TOORI 


Indy °° \rcx GC Gx)le[t "mete ee (1,3) 
bp<ixl<Ry . 
"1 


. m 2 { 
Ecau /—->-—neuetHoe, TO cpequ MHOroyleHoB P(x) Buga Xr »< 


m 


9 y 
r=|x|, s=1,..., m HalimeTcaA XOTA Obl OMMH MHOFOUICH Pz(x), yOB- ; 
JI€TBOPAIOMMH YCAOBUIO | 

In bp g(x) P2 (x)dx>C,—& (2,3) 


bp<Ix1<R, 


m | 
(B mpoTuBHom cayyae (1,3) He MoxeT OBIT BbINOAHeEHO). Ecan /——>- — 


yeTHOe, TO (2,3) Tak2K€ MO2KHO CUMTATb BBINOJIHCHHBIM, CCH MOJOKUTb~ 
“ . 


la m 
Pp (x) =r *. B o60ux cayuaax Pp (x) ectb MHorouseH cTeneHu bosom 


Ilyctb Tenepp 4(§) — Ta xe d@yHkuuA, uTO HBO. 1, bg >1, u HOCHeRO- : 
BaT@JIbHOCTh Tralaq{KHX (yHKIWA VUp_(X) 3afaHa paBeHCTBaMH: Upz(x)=—O0 


np O<r<1, Up(x)—=4 a mpl <r< bp, Up(x)=1 mpu bp <r< 


bp 
<Rp, Up(x) = 7 ee npn Re <r < Rau Ug (x) =0 upu Re<r. 
Ilyctb, manee, lp (x) = V In bg: Py (x)- Ug (x). TlocaenopaterbHocTh Up (x) 
HeKOMNMaKTHa B L.(qg), Tak Kak B Cuay (2,3) 


qu,dx Gy. 
|xlabp 


Octaetca yOeHTbCA B OFPpaHHYeHHOCTH BeHUHH J (Dhug)? dx. SamMeTuM, 
m 
2a 
up+v=—l, JlerkKo Bugetb, uTo D'vg(x) ectbh CyMMa C OrpaHHdeHHBIMH 
KOIPPUUNEHTAMU YWICHOB Bua 


uto D/ug ecth cymMa ueHos Buga In bgD*P, (x) -D'vuz (x), rae p<l— 


1 Inr 
——_— 7”) n=1,... 
r’ (In bp)? | (i bp ( 5) bf v) 
mph l<r< bp, u Buna 
1 2In Rp—Inr 
Se ee I) £2 Ske Es n= ] 
r’ (InR,)? ( In Rg ( few ge) 


m 


= 
9 2 
apn Ry<r< Rx. Janee, D*Pp (x) umeer nopanoK r . Tlosromy 70-}) 
CTaTOUHO MOKasaTb OF paHH4eHHOCTh 10 & unTerpatoB 
: 
)| ar, 
2 


b 
k 
’ —2 
In Dp { rm—lp2l—m—2up 2 (I bp) ha ( way. 
k 


Inb 
1 


In Rp 
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m 
1pu p<l——, v==/—pun=1,..., v. Ho 9m nnrerpaas coorser- 
‘TBEHHO PaBHbI BeHUMHaM 


: 1 
(In bay" | [n'” (E)]? dé, In bp (In Rp)” i [1 (E)]2 a. 
0 


- 
HeoOxogumoctb AoKasana. Murepecuo ormetuts, 4TO B Cyuae “eTHOrO 
M MPHUIOCh MCNOb3OBaTh CHCTeMyY YHKUMH Up (x), HE OOanaloMLyio 
“pepvyeckohH cuMMerTpueii. 
3. B 9TOM MyHKTe MBI NpHBexeM HeKOTOpbIe MpocTEle HepaBeHcrsa, 
KOTOpPbIe MOHALOOATCA HaM HMxKe. llycrb w(p) — raaaKkaa Punutuad (yHK- 
wna, O<p< oo. [IpenctaBiaa uw?(p) B Bune 


u2(p)=— 2 | u(t) u’ (t) dt, 
p 


HaweM, 4TO mpH a > — 1 


~ 


ev 


cc t 
pru® (pe) dp= — 2 | u(t)u'(t)dt{ gdp < 
6 0 


] 


Sj rary 


io} 


oo by 
a ill wea) (| a) 
0 0 
xTKY 1a 


| ( pu? (9) dp < - | ort?” (6) dp. (3,3) 
mY “0 


a a<—l, To HepaBencrBo (3,3) coxpaHaeT Cuy gaa dyHKuui, 
Opamaiomnxca B HYIb BOu3H 9—O. B 9TOM cayyae OHO NOMy4aerca 
f IpeAcTaBeHHusa 


p 
| w?(p) = 2 | u(t)’ (t) dt. 

| 0 

bHayenne a = —1-—-oco6oe. Bmecto (3,3) B 3TOM Cly¥ae MOXKHO NOWy- 
HTb TEM 2Ke TYTEM HePaBeHCTBO 


| ) w(p)p— (In p) de <4 | p'*do (a(1) =0). (4,3) 
1 1 
HTerpupya (3,3), WO1y4HM pH HeyeTHHX m > 1 A1a PYHKUMH, PaBHEIX 
y410 BOAH3U Hyd HePpaBeHCTBO 


co 


- m1 2 gal ats 
[PoP ar < reared. G8) 
0 


cayyae m—1 HepaBeHcTBo (5,3) NpHHAMaeT BULL: 


oo co 


, 2 gal 
[Sar dr S Ta— pie \ [wu (r)]? dr. (6,3) 
0 0 
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Ilyctb renepp u(x)—=ua(r, »©)—raankaa punutTHaa d~yHKuuA B Ry, MpA- 
gem “(x)=O BOau3sH Hayana KoopauHaT. Murerpupys (5,3) no yraam u 
sameyaa, uto [w(r, o)]?< ¥ (Dn), NOY UUM: . 


( pe 22 y f (D'u)2?dx (m> 1—neuetuoe). 


[(21 — m)!!(m — 2)!!]2 
4. Jloka3aTeabcrBo AOCTaATOUHOCTH (cayuah HeEYeTHOrO 7m). 
llycrb ycnosue (4,1) BpinomHeHO M ycTb MHOmecTBO U raaqKux PMHUT-~ 


« l 
HBIX (PYHKUMH u(x) OrpaHHueHO B LY. JloctarouHo ycTaHOBUTb COOTHO- 
wieHve (2,2). TlpeanomoxumM CHayaia, 4YTO PyHKWMH u(x) paBHBI HyII0 
B OKPecTHOCTH Hyd. OGo3sHauuM uepes 2, mapoBoh cnoh R<|x|< 2R, 


Iipu 2l>m B cuny TeEOpeM BAOMEeHUA CMPaBeAAMBO HepaBeHCTBO 
w(x) <C |! u*(y)dy + VJ (D'uyp ay| (x@Q,). (8,3) 
Q, 2; 
Tipeo6pasopanvuem noso6ua u3 (8,3) nomyuaem: 


i (x)aeC a J u(y) dy+R*"» \ (D'u)? ay | (xEQr). (9,3) 
°F aR 


M3 (9,3) caenyet, uT0 B Qp 
i || lvi7™ wdy +S | ee (10,3) 
2p 2p ‘ 
Muterpupyem (10,3) no 2a c Becom g(x). Torga 
(g(x SC ga J |y|wdy +S) (D'u)tdy). (11,3) 
[xl>R 2R PR 


2p 


Tlonoxum B (11,3) R= Rp=26, k=O, 1,..., w NpocymMMupyem 
( G (Hide a (max Rog J qx) I} ly | u2dy + 
lxl>b R>b \x|>R 
+¥ | (Diu)? dy| ; (12,3) 


Hakonen, us (7,3) (ip m= 1—us (6,3)) caenyer, uTO 
i U( Qed ee [max here \ qdx) one (D!‘u)? dy } . (1337 
|x| >b R>b |xi>R 


llycTb Tenepb U(x)—mnpon3BoAbHad raaqKat (unNTHad yakyua, 
6(x) =§(r)—nekotopan raagkat cbyukuua, Takaa, uto 0<é(r) <1, 


§(r) =0, pu a u &(r)=1 npr Sil wou(x)=0(x)-E(x). One 
BULHO, 


> | (Da): dy < Cyl \ |w + yi (Dv)? +. (D0) | dy + 
. 


xvI<1 


+Z)@Oryay)<el f vay + YJ Do dy |=Corig . 


[x]<1 
Takum o6pa3om, npn b>1 gaa a1060% raanKow cunuTHOd dyHKnuU v(x)/) 
J Gavia, (max Raa i qa) leh e - 

Moe R>b ixi>o a 


Octaercd samerutb, uro u3 (4,1) u (14,3) cootnomenne (2,2) caenyer |) 
HenOcpeCTBeHHO. 4 I 
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§ 4. Hoka3aTeibcTBo Teopembt 3 (nponomKeHue) 


1. Ham ocratocb ycTaHoBuTb jocTarouHocTh ycnosusn (5,1) (cayyait 


—uerHoro m). IIpenqBapuTeabHO BOKaxKeM [Be JIe@MMBI, 


Jlemma 3. ax 2nadKux gunumnux Pyrxyuit u(o), pasnox nyo 


— 66AN3U p—=O0, UMeIoOmM Mecmo COOMmHOWeHUA 


ae < : ; : 
| pw [(p-sa)°* 2 dp = | p [w+ (p)]? dp, (1,4) 
0 0 


Jel wr} de < (9 fp luis (0)]? a, s=0, l,... (2,4) 


Woxasateaperso. IIpn s=0O pasenctso (1,4) cnpapezmmpo. 
Ilycrb OHO cnpaBeuBO Jaa S—1; npumMenum ero K *byHKuun w’ (p) 


co ine 


\ p2s—1 [(p! su’) 2 do = \ o [wS+) (p)]? dp. (3,4) 
é 


0 


/Sameuaa, 470 p!Su’ =p (p-sw)’ + sp-su uw (pt 81’) = p (pu) 79 + 
| + 2s (ou), TipHBeweM weBylo uacTb (3,4) K Buy 


J e*[(prsuy@*P]? dp + 4st F pe -t[(gsuy)}? dp + 
0 0 
+ 4s | 928 (p-su)°*” (psu) do. (4,4) 
0 


IIpeo6pasyem nocmefqHH wien B (4,4) 


co 


As | o§ (psu) (prs) dp =2s| p°s ep [(p-sa) }? dp = 
0 


cy 


2 452 | p21 [(p-2u)]? dp. 
0 


Takum o6pasom, sespe uactu (1,4) u (3,4) copnagatoT. OctTaetTca ycra- 
—HoBUTD (2,4). Mnterpupys (3,3), MOMy4HM HepaBeHCTBO: 


fe le-suy]?dp < (sty? (944 [(@-8u) © a, 
0 0 


uM melo cBomutca K (1,4). Jlemma 2OKa3ana. 

2. Paso6pem Tenepb MOBeEPXHOCTb CAMHMYHOH csbeppl S Ha KOHeYHOe 
4HCIO KYCKOB H BBeeM CPepuyecKve KOOPAMHATHI © Tak, YTOOB! Ha BBIO- 
PaHHOM KyCKe o sAKOOMaH MpeoOpas0BaHuaA OT eKaPpTOBLIX KOOPAMHAT 
K ctbepH4yecKuM He OOpaliaica B HYIb. PaccMOTpHM Temepb Ha o riay- 
Kylo (yHKmMi u(x)=u(r, ©) Kak yHKyMio w. Tak Kak m — 4eTHOE, 
u 2l>m, to 22>m+2 nu 2(l—1)—(m—1)>0. Caenopaterbuo, cor- 
acHO TeopeMe BIOMKeHHA, U(r, ©) Ha S YAOBMETBOPACT HEPaBeHCTBY 


w(r, 0) <C, | |e+ 3 (Di"u)?| do, (5,4) 


o 


rae yepes Di‘ aw o603Ha4eHE! MpousBOAHEIe nopagKa 2—1 no yraoBbim 


cepuueckum Koopsunatam. IlocrosHHas C, B (0,4) oT 7 He 3aBHCHT. 
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Jjokaxem Tenepb c#esyloulyio AeMMY. 
Jlemma 4, [2adKkue gunumnole dyxkyuu u (r, »), pasrslie ny Alo 
npit r <1, yooerzemsopsiom Hepasencmey 


Jae f rqu’ar < c max In RI dw i rade x 


oo 


x {do fr fa? + ¥ (ofa). | ar. (6,4) 


S 1 


Jloxa3saTreapcetTso. Mmeem: 


u(r, oy=2)u, (p, ©) a(p, ©) dp 
1 


H, CC/LOBaTebHO, 
es b : 


| rqtr, ©) a (7, oVydre=2 i rgdr ( Ludo 2 \ u,ude | rgdr + 
6 b 1 1 b 


jf mt rita)a 


1 


oO oO 


+2 | ugudp | rgar< G o| rgar 
b 


e 


Pp 
+4 | exo! a. rer | o| radr |. 
6 0 


BenuunHp a? (9, ©) uw u (9, ») omeHuBaem coraacHo (5,4). Torga, 0603- 
=1 
Hayad faa Kpatkoctu Di, ‘w= ¥v, nozy4uM: 


J rqu'dr < C, [ino radr J dp | lp (w; - Su) + 


[I [ewe + Ded 


Ss 


\ 
/ 


+ o-! (In pe)? (w? ka » v*)| dw+ C, : [in rqar 
6 ° 


+e (Ine) (+) v*)| ao} do 
Tlocaeyuee HepaBeHCTBO HHTeErpHpyeM 0 o H HaXOJHM, 4TO 


| do { rou ar =< C, (mex In e | dr \rq (r, ) ie) ~ 
S é adh ° S 


s< J do | lo Ce ¥ U,) + 6-1 (Ine)? ( we Ni v°) 


Octaetca 3aMeTuTb, uTO B cuuy (4,3) 


do. 


~ 


[dof e-rdnpy*(ut + Yio) de <4 | dof o( + et) ap 


JiemMa jlOKa3auHa. 

3. Mbi MOXKEM TeMepb 3aKOHYHTD LOKa3aTeBCTBO Teopempl 3. Ilyctb 
ycuopue (5,1) BpimonHeHo. Kak wu panbile, RocTaTOuHO yCTaHOBUTb COOT- 
Homenne (2,2). [IpemnonoxHM cHayana, yTO u(x) =u (r, ©) o6pamaetca 
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BHYAb ph 7r<1. Bocnoabsyemea nepanencrBom (6,4), 3aMeHad B HEM 
m 


; —t 
2 ; 
u(x) Har u(x) u g(x) na 29 (x). Torga Haiinem, aro 


= dw i rm liar x C(max InR umes? ES. dx) * 
g 6 


R>b Ix|>R 


Satta S(O Ne ae 


Tak Kak NepBbIli MHOXKUTeAb B MpaBoli yacru HepaBenctsa (7,4) crpemurca 
K HyJIo Mpw b> co, TO BCe CBOAMTCH K OMeHKe 4YeDe3 HOpmMy uw B LS 
HOCHEAHErO MHOKHUTeIA B WpaBoH uictu (7,4). JlecrBureabuHo, cym- 


MUpyx Tora HepaBenctBa (7,4) MO BCeM 3, MBI TOyauM Tpe6yemyto 
ONCHKY: 


a 


qwaxce-C, Te InR { pig { x) a i ¥ (Diu dx. (8,4) 


|£|>b R>b 1x1>R 


4Yro6Opl ONeCHHTb HHTerpas 
e eee: 2 ee 2y 
Jao) e (Fe) f+ DF ore) Fle, 0 


t—1 
3aMeTHM, uTO D,. HW ecTb cymMMa (C orpaHw4ueHHEIMu KOsddHUMeHTaMn, 


3ABHCAMIMMH TOKO OT ©) BemtuauH Bua r?Dyu, t1<n<l—1. Jaa to- 
tO TOOL] OAHOBPeMeCHHO BKJIOUNTh B paccMOTpeHHe MepBoe cmaraemoe 
aHTerpana (9,4), 6yqem cuutaTb O<n</—1. Jeno cBenocb kK OneHKe 
BENMUMH Bua 


es) 


ne P 
Kyz=)\do)r|\D"u-r 3 Ch, B= Bs be ny f= 1. 
get 


Ecanu n+——l=—s<0, TO Ha ocHOBaHHH (2,4) u (3,3) nMeem: 


Ky= J do{ r((r-sD"u),]? dr <C, | do | r(D"*"u)Pdr < 
AY 1 S 1 


9° 


= c,| do| pm >) (pete Agee ray DS) wax. 
S 1 


m 
CiH t=n+-5-—l/>0, To onenKa Ky CBOAUTCA K OWeHKeE HHTerpaoB 


ana 


Mm 


Pos |, dw | p(Dn) dr, O<t<S—1,n=1+1-4. 


au 
Ss 1 


Ta OWeHKa MpousBosNTCA Cc nOMOUbIO (3,3): 


Salles 


ue shawl rn \(p Bt} ree. pa (Duy ax. 
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Virax, nepapexctso (8,4) moxasaHo. IlycTb Temepb v (Xx) — MIpOH3BO/IbHan 
riagkast unuTHad dynKuua, §(.*)— yHKuOMA, yKa3aHHaA B I. 4§3u 


(x)= 0 (x) (=| . Torga 


(ND ear jor + M (Dey +...+ 
\ 


|x1<2 
; x \ 
+ (D0)? | doi + pe { (D!v)?2 or 
H, HOCKOJIbKY, COriacHO TeEOPpeMaM BOK CHUA, 


{ |o4 (oy +... + YOM) |de< Gl 
|xl<2 
+ 3) j Cog ceeit 


I\x|<2 


| vdx + 


Ixi<1 


HM@eM:. 
2 2 
JM (Dla)? dx <Callol a - 
Orciona vu u3 (8,4) nomyyaeM OKOHYATebHYIO OWeCHKY 


qvdax <C, uae R \ r2l—mg (x) eA | v| 


Rob |\x|>R 


2 
Lt) ? 
jx|>bd 2 


u3 KoTOpOoh (2,2) cnemyeT HeMOCpezCTBeHHO. Teopema OKa3zaHa, 


Summary 


The criteria of complete continuity of imbedding operators in certain 
Hilbert spaces of functions defined in the whole euclidian m-dimensional 
space R,, are established. The results obtained belong to the case 2/ > m } 
(here Z is the highest order of the derivatives in the corresponding quad- | 
ratic form) and are known in the case m=1 (see [1], [2], [5]). The 
proofs are based on certain simple integral estimations. The results are | 
applied to the investigation of spectral properties of elliptic differential | 
equations in R,,. | 
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1961 2 BECTHHK JIEHHAHTPATCKOFO YHHBEPCHTETA No | 


MEXAHMKA 


VU. Wi. PunsOypr 


TYPBYJIEHTHbIM MOPPAHMYHbIA CIO B CKAMAEMOM 
YWKUJKOCTH (cmMecu rasos) 


B nacroauleli cTaThe, uCXOAA U3 NOJY2MUHpHYecKOH TeopHu Typoy- 
A€NTHOCTH, MaeTCA MpHOAMxKeHHOe pelieHne 3amauH OO onpememeHuu Co- 
nporupalenua TPeCHHA HM TeNONepewayn WiacTHHKH B C#KUMAeMOH X2XUAKOCTH 
(B cnyuae TYpOyJeHTHOFO ABHXKCHHA) NPM HaIMYHU WUCCOMMAaLMA H MIpo- 
H3BOJIbBHOM TOCTOAHHOM 4nce [IpanazTia c ysyeTom azuddysun. 


§ 1. Ypasnenua aswxkenus. OCHOBHbIe COOTHOWIEHHA NOYIMNNPHYeCKOH 
TeOpHH TYPOYAeCHTHOCTH 


YpaBHeHHA YCTAaHOBMBUIeroca JBHxKeHHA Ya3a B MOrpaHHyYHOM coe 
Ip Hasuaun WudPy3vu MOHKHO 3anuCcaTb B Bue 
a) YpaBHeHHd, BbIpaxkalolmlero 3aKOH COXpaHeHHA MaCCHI: 


Opu,r® Opvyr® ___ 
et 10) (1,1) 


rae «=O jad naocKoro cayuan H e€=—1 AAA OCeCHMMeTPH4HOrO Cay4an; 
6) ypaBHeHHi, BbIPaxKaloljux 3aKOH KOMUeCTBA ABHKeHHA: 


0 (or Ge + PF) = — ae + HE tPF 2,1) 
O= — 2 +0Fy; (3,1) 

B) ypaBHeHuaA Anddysuu: 
(Wag + %y 5) = — aye + we (4,1) 


r) ypaBHeHuaA 9HeEprHn: 
(xox rE + Vy a Ap (FyUx+Fy Vy) fae dy Ce Cee AtyyVx) a pe, *(d,1) 


I) ypaBHeHiua COCTOAHHA: 


wre 
nie 
H= De ye tag nea gs weet feud tem Mi 


i 


M; — MOJI€KYJIAPHbIA Bec 2-rO KOMMOHEHTA; or p — OTHOCHTeJIbHaA MaC- 


copait KOHWeHTpanua; Fy, Fy —cocraBasioujue BeKTOPa MaCCOBBIX CHM, 
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U,, VU, — COCTABJAIOUIWE BEKTOPa CKOPOCTH; P — NAOTHOCTH, P — AaBeHHe; 


Ps wemepaeg Try — COCTABAAOMaAd TeH30Pa TPeHHA; Jy — COCTABUIAIO- 
mue BeKTOpa LUdMy3nn; Jy — COCTaBAIONaA BEKTOpa TENMIOBOFO HOTOKA; 
Cy; — MOJAPHAA TeMJOCMKOLTh IPH MOCTOAHHOM OObeMe; pe — oObeMHOe 


BbimeseHHe Tena; AR —ra30Bad NOCTOAHHaA; W;— CKOPOCTb H3MeHeHHA 
KOHILCHTPalHH -rO KOMMOReHTAa BCIeEACTBHe XHMHMYeCKHX peakIHH. 

O6HIUHO B TeOPHH MorpavH4yHOoroO CwIOA MACCOBbIe CHIbl He YUHTHI- 
paloTcd BBUAY HX MasocTu. Ofrako B Caydae 37eKTPONPOBORAMIEH CpebI 
CHIBI, OOYCAOBICHHbIE BICKTPHYCCKHM H MAarHHTHBIM MOTeM, HHOTLa Hao 
V UMTHIBATb. 

Jia onpewewenud BxOMAMmUX B ypaBHeHuaA (2,1), (4,1) u (5,1) co- 
CTABIAIOUIMX TeH30Pa TPeHHA M BeKTOPpOB Auddy3sun u tensa, BOCHOMb- 
3YeMCH MOMYIMNHPHYECKOH TeOpHeH TYPIYJIeHTHOCTH. 

B cOOTBeETCTBHH C OCHOBHbIMH TOJIOMKCHHAMH ITOH TeEOPHH MOOKHM 


npy y>6s,: , 
» (0Vx\? 
sey = 08 (FE) 


OU 08; 
Oy oy ’ 


‘i = 0 (Sa ey oy + Sis igh = (7,1) 


OvUy, : 0§; 
=e S|! r5y + lg - tn) Seay | 
i 


re 6,—TOUUMHa AaMMHapHoro uogctog; LJ, Ly, lr — coorBetcrByoulne 
WYTH MePpeMeLWIHBaHHA. | 

Ilpn y <4, cipaBeqHBbI COOTHOMCHHA, HMeIOItMe MecTO B AaMMHap- 
HOM TOrpaHHuHOM coe: 


= = pll, => 


OV» 
Txy Poy > 
0 LOW 
y= Di] FI + Fp pe (8,1) 
weet of; 2 On AW, 4 
=h5 yt Sedat = ep ay + Dye tp fhe oy» 
RE 
re hj= ee ; es Da p= Meges hi — yebHad 93HTab- 


nus t-rO KOMMOHeHTA cmecu; pi Koadbunuent BASKOCTH; 4 — Koaddu- 
UMeHT TeNAONpOBOsHOcTH; D;—Koadbdunnent Luddysun; ki —Kxosbdunnent 
TepMonudy3uu. 

Ecm BBecTH B paccMoTpeHne KoaddunnentT TypOyeHTHOH BA3KOCTH 


¥ COOTBETCTBEHHO TeMMOBOe H AM@dysuonnHoe syncso IIpang~raa Pr= 


] ae 0CpD; i 
Le;= , TO BHIPAKeHHA JIA try, Gy H Jy. MOXKHO 3anucaTh pH y >} 
B BHye: 
J OO 
HS a pea Yr oy ) 
Ts lg 08; 


Maga Oa ore 


, a | v. l 
Jy + AtyyVy = fp 2 (i +A 3] + os rae 1)" oi (9,1) 
| 
by! ey eet S Oil 
| 1 | ly iS | ’ 
Tpy Vee oF: 
OVy 
Tee ey or gy 
0b; 
/; << eDi 5, ’ 
, (10,1) 
2S Uy a % ) 
dy + AVytyy = a iy (i Si, 3) + AXPr— ls a5 
og 
a ee 
» OV, 
rye Py el ye 


IIpeqnonaraetca, 4TO CyulecTByeT aMHMHAapHH noAcAO#, mpH mepe- 
xome uepe3 rpaHHy KOTOPOrO TepNAT pa3pbIB MPOM3BOAHbIe OT CKOPOCTU 
TenAOCOMepKaHuA HW KOHILEHTPalun 


oy He ; 


oh; 6h; 
= moet Rea eae 
ie ee ( ve, ¢ (11,1) 


8) a 
OY }y—5,—0 S\OY Jy 3,40 


Korga lg =lrp=/, to Kosdpunnerth ky, kp uv ks, KAK ACTKO NOKA3AaTH, 
CBA3aHbI CELYIOULMMH COOTHOUICHHAMH: 


I 


CKopocTb, KOHMeHTpalusA, TeNIOCOsepxKanHe, a TakKxKe BenMUMHBI t, Jy, 
Jy Tipu mepexose vepe3 rpaHHuy AaMMHapHOrO TOACIOA PaspbiBa He TepNAT. 


§ 2. Haxonwqenne 3aBMCHMOCTH MOJIHOFO TENAOCOLepKaHHA OT CKOPOCTH 


B faibHelimem Oyfem nonaraTh lg = /p=1. Kpome Toro, Oyae® pac- 
CMATPUBaTb HEMPOBOLAMLY10 CpeAy UM MOTpaHH4Hbl COW MacTHHKH ~ =0. 
Torna, Kak HeTPpyQHO BUseTb, IpH y> sd, ypaBHeHue (1,5) OymeT UMeTb 


Ce LYIOULWH WHTerpad: 
2 


H=h+ AB =ary+ 6. (1,2) 


Stor wuTerpasl B AaMMHapHOM TOACHOe OyMeT HMETb MECTO, CCH TOABKO 
yucua Pr u Le; paBHbl enue. 

B tom cayyae, Korma wncna Pru Le; He paBubl efunune, mpnoin- 
mwenHO mpencrasum Af B waMuHapHOM OAcMoe B Buse KBagqpaTH4yhon 


| HKIMHW Vy, T. e. 
py . H=A,+ Bv,+ Cv. (2,2) 
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Koaddunnentn a, 0, Ay, B wu C onpenetuM u3 rpaHw4Hblx yCOBMK: pH 
¥ =0, Vy=Vy = 0, H= Hy = Ny; mpH PESO u, H= Fo, roe Hy — 
NOMHOe TeNMOCcOsepxXanHe BHE MOrpaHwyHOrO COA; 6 — TOAMIMHA NOrpa- 
HHUHOrO caon. Bocnomb30BaBIUMCb YyCJIOBHAMH Ha CTCHKe M3 ypaBHeHHi 
(2,1) u (5,1), nozyuum, uro mpw y=O AAA MiacTHHKH BbINOAHAIOTCA 
CAeMYIOUMe VCIOBUA: 


u 


Ze m= (), (3:2) 


0 
dy 
0 (p 0H 1 e™\O OF) __ 
3 (Bi ay + A(t pel tee oy De gs oO 


Iloncraspus B (4,2) 3HayeHvue 7 u3 (2,2) M IpHHAB BO BHHMaHHe ycoBue 
(3,2), nomyyum (apn Pr== const) 


Noe eet (5,2) 
rake 3 a 
Bm NOV pal i 
| 5 [Pe a ale 
== Pr Pay bine ’ 
Ww 


Ty — 3HAYeHHE HaNpAKeHUA TPeHHA Ha CTeHKe. 

IIpumeuanue. Ecau crenka Temovs0aMpoBaHa, T. €. Jy = 0, TO 
cooTHomenHne (5,2) cupaBeqauBo u mpu Pr const. 

Hi3 ycOBUA HeMpepbIBHOCTH BeKTOPa TeMMOBOTO MOTOKa HU HallpsxKe- 
HHA TPpeHHaA pu mepexome yepe3s rpaHuWy JaMHHapHOTO MOACIOA UMeeM: 


on 
pests TT Maen NS 0b | 
. Ov J y=8,+0 i y=5,—0 | 
Hcnoapsya (1,2) u (2,2), noayuum, uTo 
Be 
a= z- + he, (7,2) 


re 


H3 ycnosui v,=0, H= Hy, Vy=u, H=H, noayuaem 
Ay =H, dip (8,2) 


Hcnoib3ya yCaoBve HeNPepHBHOCTH Nepexosa TemiocosxepxaHuA yepes 
rpaHHily JaMMHapHOrO COA, NOyUYHM 


Ho» + Bu, Ci, = Cn Hy — au. (9,2) 
Tlogcrapus 8B (9,2) sHayenna gaa C u B us (5,2) u (7,2), nomyuum ypas- ) 
HeHHE JIA OMpeAeeHHA @, PeuleHHe KOTOPOrO MOXKHO 3anvcaTb B Bue 


2 
1—P fru 
__ Hy —Hy— A 


#4 w[1—(— Pr 4a] 


Henop3yn (2,2), mouyuaem Jia ompezeienuaA cocTaBlaloMmel BeKTOpa 
TeNAOBOTO NOTOKA, MepesaBaeMOro OT Ta3a K CTeCHKe, COOTHOIUeHHE 


qu = BS. (10,2) 


+ Pr fotty 


TypOynentHbli norpaHHunnii cnoi B O@KHMaeMOl 2KuAKOCTH 1K, 


§ 3. Haxongenne npoduas cKopocret 


SakoH pacipezemeHuA cKOpocTu mo ce4eHHO NOrpaHH4HOrO CAO 
ONPeseUM TpHOAWXKeHHO: 


a) [I[peqnonoxuM, 4TO HallpaxKeHHe TpeHuA B MOrpaHu4HOM caoe 
MOET ObITh MPeACTABEHO MOAMHOMOM BTOPOIi cTeeHH OT > a HMeHHO: 


met AlE eal 
dv Op 


Bocnop30BaBuiMcb ycaoBuamu t=O npn y=6 u Ay oe ee Vea: 


—He[\-(VL2[E-(y]} os 


6) Cuuraem ra3 TepMOqMHaMMyecKH vyAeanbHbIM. B TakKoM cayuae 


Tv 


Nowy HM 


R. 
cipaBeIHBO ypaBHeHHe cocTroanHa Kaaneipona pe; 7. Bcnay ycao-~: 


0 
BHA ay = 0 cenqyeT, 4TO 


gt Poly 2w lw 
B cayyae THCCOUMMPYIOWero rasa MOJeKYAAPHBI Bec, BOOOMLE rozopsA, 
ecTh (PYHKIMA TeMMepaTypbl HW WAOTHOCTH. Tak, HaMpuMep, Aa AByaTOM- 
Horo muccomMNpylomero rasa Jlaitxua [1] nonyuna, 4To 


re pg W 7qy—HeEKOTOPHIe MOCTOAHHEIE BeAMYHHEI. T1pHOAMWKeCHHO MOXKHO 
NOAOKUTB 


“2 if 
B) B fatbHelimieM MOIOKAM, YTO Gp CCTb PYHKIUMA TOAbKO TeILNO- 


COMep2KaHud. TIpopezenHHple BhIYVHCACHHA WOKa3bIBaloT, 4YTO JIA BOSTYxa 
pHv61v2K CHHO MOMKHO IOJIOMKUTS 


47 = ah + bh? + ch + d, (3,3) 
IpH4yeM B HHTepBaste TemMnepaTypH, Halpumep, oT 4000 yo 6000°: 
{7 = 0,0392h + 97. 
Takum o0pa30M, u3 (2,3) u (3,3) nomyyaem 
pence (7G Seal) 


| fue Ghd 
Tax KaK B TY pOy.IEHTHOM MOTPpaHH4YHOM CJIOe 
Oy 


h=avy+b—A$, 


rO B TYPOYAeCHTHOM c10e 
j d 
ty + —— | 
$= —____4___. (4,3) 
Pw Ue: a 
av, +b — ce 


80 H. IT. Tuas6ype 


B cusly CleaHHbIX MpeANOOKeHHA O CYUIECTBOBaHHA JaMHMHAapHOTO NOA- 
COA, NpOPub cKopocteH OyeT COCTO ITb H3 ABYX KPHBBIX, COOTBET- 
CTBYIOUINX JaMMHapHOMy MOACIOI0 AH T/POyAeHTHOMY C1010. 
Bocnoab30BaBuiuch opMyviamu (8,1), (4,3) u (1,3) u nonmaraa 1= ky, 
NOAYYHM Cemyiomlee ypaBHeHve Aa onpewesenua Vy—f(y) daa ryp6y-— 


JIG@HTHOTO CIO: ; 
2 ad 


paofZe ones 
tw G Peas Cy dvs \* 
ora k2y2 aed ve d Ou | 


Atlee Oi Apert ge 


roe b= H, — au. 
WUnrerpupya nocaesnee ypaBHenue, owyyaeMm 


2 a 1 
f CF) le. [eresin - (2 — az} —arcsin ¢ t , is ) ; (5,3) 


© ARVIN Rm VINO ome 


= =i, 
es. at MER Pr fo rie 
nat — =) To ==— a... Ces | a Tas = ae 
Sy 2 Tee ie (Gl ies Z 5 + = u eh 
ae l= Shp ; 
My +2 ( en 
eye 
po 
Cl 


Mopmy.ia (5,3) gqaeT 3aKOH pacnpemeieHuA CKOpPOCTH HO Ce4eHHIO 


0) > 
TypOymeHTHoro cog. Ona cipaBesiuBa pH 2 Sy, Tae ©, —- TOAMMHA 


JaMWUHApHOTO TONCIOA. 
Jaa HaAXOMMCHHA 3aKOHA PaCIpPeMeJICEHHA CKOPOCTH NO CeYeCHHIO JIaMH- 


HapHoro MOACIOA BOCMOAb3yeMCA COOTHOWeHHAMH (10,1) wu (1,3). HmMeem: if 
0 2 | 
si Wie (*)| try (6,3) | 


i 
Ha oy —Ty 


Ba [8 
B BHJLY MaJlocTu = Pin < 1). 
OrHocnTeibHO KOaImPunnenta u3n4ecKOH BA3KOCTH MBI Mpenoso- 
%“KHM, YTO CFO MOMKHO NpeACTABUTh B BUA CTeNeHHOH (yHKWAU OT TeNJIO- | 


CONC PAKAHHA, A HMeCHHO 


h-+ad, \n 
=e (fora) - (7,3)! 


Iloncraspus B (7,3) A kak dbyHKyHIO Vy H3 (2,2), MOTy4uM 


: "i 
: B (c-5)e 
ig eed aca hy + dy ; 


al 


TypOyeHTHbI norpaHHuHbiit co B CoxKHMAeMOM MKHLKOCTH 8} 


u3 (6,3) nonyyuM ypaBHeHHe ja ONPemereHUA Vy B JaMHHapHOM mos- 
noe: 


= a 2]n OU, ty 
[1 + Bu, +Cv;] yo ge 


, Dp ee 
JM, UpHOmKeHHO cunTaa Bu, + Cv, mManbim m0 CpaBHeHHlo C eAHHUTeH, 
Oyu 


(1 + 2Bv, + nCv?) ms ==, 
w 


ne 
tas = C—> 
Bae eee 2 


ge Oe Magee 
hy + dy’ Ry + dy * 


Hinterpupysx mocieqHee ypaBHenve mpH ycnoBuu vy, =0 npn y =O, 
lOJLV UMM: 


Tw 


Ux {It ae vy +n Soy} = rane (8,3) 


IlocneqHaa QopMyaa aeT 3aKOH pacmpemeteHua CKOpocTH pH 
<y <8,. 


§ 4. Onpenenenne TOAWHHbI AAMMHApHOrO NOACAOA WH CKOpOCTH 
\NOTOKa Ha panne AaMHHAapHOrO NocAon 


Jina onpeneseHHA TOJUIMHbI AaMMHapHOTO NOACIOA BOCMOAb3yeMcA 
CAOBUAMH Pa3pbIBa TIPOWSBOAHbIX OT CKOpOCTH Ha ero rpauuue. M3 (8,1) 


| (10,1) nomyuaem 
ov Ce | 
(35) mn sey Shes 


y=h oo 
| ( ae) tal 
oy y=3,—-0 Ua 


loncrapus nocaeyguee B (11,1), noayuum 
| > Ry Ban 
$ k Vv Pata : 


€ Py, Pa, tT, —3HAYCHHE COOTBETCTBYIOUIMX BeAHYHH Ha FpanwHe AaMu- 
3 
pHoro nogszcaos. BBuzy mMasocTu = MOMKHO NOJOMKUTh tT, SY ty. Ha OcHo- 
Hun dopmya (4,3) u (7,3) BEtpaxenue Ta MOXKHO 3alHcaTb caeLyw- 
Pa 


HM OOpa3o0m: 


K Kak 
ie he uso (c— z) Hie 


Seam Yen {1 + (nB +5 B,) a, + (nC+ 3 C,) w ie 


Becruux JlennnrpagcKoro yHupepcutera Ne 1, 1961 r. 
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rae uw, — 3HaYeHHe CKOPOCTH Ha FpaHHe JIaMUHAPHOTO CON; 


B Gas 
B = C= 
meee ar aT se 
Cy Cy 
lloncrasus —- B (1,4), moayuuM: 
V Pa } 
epee eed) {1 ae (nB+ 5 By) up + (nC + C,) 8 (2,4) 


oA k 
Pw V2 
Pw 


Onpeneaum w,. Tlonoxwus B (8,3) y=8, HW Vy—=4,, HMEeM: 
B G 
Uy {1 + nb u,+n& ud} == 


a fw {14 (nB +5 By) ua+ (20+ Ci) aay: a 


TlocaeqHee ypaBHeHve OyeM pelwiaTb MpHOW2xKeHHO, HCHOAb3yA MeTOA 
NOCIeLOBATeIbHHIX MpHOMKeHHH. B repBOM MpHOHKeCHHA MOXKHO MO0- 


*KUHTb } 


(4,4). 


rye 


§ 5. Haxowaenne 3aBHCHMOCTH MedK]y & H 6 


Noaaraa B (5,3) y=6, H Vy=U,, MOMyINM ceylomlee ypaBHeHHe,} 
OW 
cBa3biBaloulee € u 3: 


bn) __ FE Ameo ih [peas 1B 
f($)=- jaresin - ( , al arcsin (ea =)| - (1.9) 


Ecau nocrpoutb rpadpuKk Ash TO OKa3blBaeTCA, 4TO NOY 4eHHag| 


KPHBaw, HCKIOUaT TOUKH, exKauMe BOMM3H y= 4, xOpOWO anpoKCuMH- 


s e 
pyetca dopmywon In ak YuTA CKa3aHHOe MH MOACTABHB BMECTO 5, u U) : 


WX 3Ha4eCHHA B epBOM NpHOHKeHMU, NOYIHM 
ky pwt Re Lif Reed a a 

lal eee ia} = arcsin — se ee ee eed — arcsin — a } 

3 TR Py ltd “ey ei on l ow . (Qa 


YuuTbIBaA, TO BeVIMYMHA Malad, HU pasviarad B PAR 4WIeHbI, CTOM 


l 

RE 
‘ | 

uive B KBafpaTHOH CKOOKe, 0 je OPAHHNHBAACh WIEHaMH MOPAAKi| 


1 
(REE , WOYURM 
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je 
ee ais 
c = arcsin 20 + Hy 1 = arcsin Hy —1 : 
8 8 
ky Niktk, & [w+ t) 2V 1-2) Fe) | 
ao Dee 


a,=(1 — Hy) ara ane B = 4H» + (Ay =h)A 


Jia pelleHwaA 3aa4n O HAXOXKACHHH COMPOTHBJeHHA TpeHHA Mvacru- 
HbI HAO MOAYYHTh BTOPOe ypaBHeHNe, CBASHIBAIOINee TOUMHY norpanuy- 
HOro cox H KOSppumMeHT §. ITO ypaBHeHue MBI NOAy4MM, uCnOMD3yA 
MHTCrpabHOe COOTHOWEHHE, BbIPaxalollee 3aKOH KOJIMYeCTBA J.BYDKeHUA. 

Jlaa Toro 4YTOOH! HM BOCMOMb30BATHCA, BEIUHCIUM Mpex me Bcero To- 
WMH y MOTepAHHOTO uMMyapca 6** wn TOMMHY BEITeCHeHHA 45*. 


pr $* 


10) 
§ 6. OnpezeteHne OTHOWeHHH reo Seas 


Ilo onpelemeHHto 


att = 5 eal - Gage eu 
u 8 and Wa 


(1,6) 
ota { (1 — Fe dt 8/1 — fe), 


0 


> 


| 3 

fax Kak aS 1, upu BEluncaeHnHu J uJ; Mbl OyemM OpaTb 3HaueHna “s vi 
? umelomuMe MeCTO Ip TYPOy.1eHTHOM pexuMe. 

Buruncaad HHTerpatb J u J;, HHTETPHPYA NOCAeAOBATeAbHO NO “YaCTAM 


TEM, yqTOOH MpeACTaBHTb HX B BHUAe PAa 10 Fe? WM IIPHHHMax BO BHH- 


OJ1Y 4HM 
ae is Pe 
iia = ee ecu, ahah 
is 1 1 2 (+ 2) 43H Bi? + Hy —1) 
(25)* \W/ Fz, igre 
a= Pp aS 
3 I= Ay) (1 Pr) + 
ee ar rrr ae a 


— 1 — 
—U 1— wv 


= Va ea ae 
a* TE aa Hy i w) (1 — ae +... 
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§ 7. HaxooxkqenHe 3akOHa TpeHHA 


aa HaxOK TCHHA 3aKOHA TPeHHA, T. ©. 3A4BHCHMOCTH for X, BOCNOIb- 
3YeCMCAH HHTCrpaJIbHbIM COOTHOIMCHHEM, BbIpaKalouluM 3aKOH KOJIMNUCCTBAa 
ABHIKCHHA: 


d Beene d 
= Pold’** + pols — 8% = ty, (1,7) 


B cayyae miacTHHKH “#—corst H py = const, C1eMOBATEIbHO, HU Py = 
=const, B npeqnomoxeHuu Ty—=const, ypaBHeHHe (1,7) MO%xHO 3amvCcaTb 
Tak: 


calretd rere eT (2,7) 


TEE \\ Vip Qa” — Biaget 


Tlonctapasaa BMecTo J u & UX 3HayeHua u3 PopMya (2,6) u (3,5) u- 
w 


. 1 
BHIDHCIAA NpvOAMKeHHO NOCJICHHUW HHTerpad, CYunTaA Re M4JIOH, NOAYUHM 
hE pe ? 
Ux 22 Uy Ay Fy FE 
ee Dé?e We ier (1 FE alg R22 | (3,7) 


Mectupit KoapdumvenT TpeHHA BbipaxkaeTcA yepes —§ no crenyiomer 
qjopmyvie: 


Koaddunuext TpeHHa maactTHHht AmwHHOH J, Kak aro caenyerT us (1,7), 


OyaeT paBeH 
l 


? C 20 Voy us 
cra| paca 2324 
0 


21—u | 
vy ee 3 (4,7) 


IloactaBuB atl u3 (3,5) u (2,6) B (4,7), nomyuHM 


c 
——= he 
1 q 


u 


eee 
ee 
w 


re & onpefeasetca m0 dopmyvie (3,7), nomaraa x —=/. Tlonyuennne Bu- | 
PpaxkeHHA Win Ce M Cy MepeXOAAT B M3BeECTHBIE MOPMybI HeCKHMaeMOR | 


MKHAKOCTH, NOsatad, 2= 0; Ho = 1 ys, 


§ 8. Hytrepnoasawuonnasa cbopmyuia ANA Ce MH Cy 
Tloryuennpre dopmyb aa ce u Cy B onpemeneHHOM mmanasone || 
M3MCHEHHA &§ MOMKHO YMPOCTHUTS. | 
IIpu snayennax €, u3venstomnxca oT 8 no 20, dyHkunio In (&e*) MoxHOl 
NIpHOMW2RKEHHO MPeACTABHTb B BUe NPAMOH, @ UMeHHO: | 
= i 

In (&e") =a, + 1,6, (1,8) 


re n,—= 2,9, n= 1,16 aaa yka3aHHOTO HHTepBana u3smeHeHHa § B stom} 
cayuae 


TypOynentupii norpannuneii cnol B c@KuMaemoti 2KHLKOCTH 55. 


rae 
E=— kk, 
Uy 
u opmy.y (3,7) MoxnOo npegctaBuTh B BUZe: 
| =) = 
| ee poe Uy My +14 Hy Fy © Ps 
| et Ww PC A V/s (t RE ay: rade (2,8) 


Tipene6peraa 8 (2,8) 4unenamu — 


i ee = me 
Re pF MO CpaBHeHMl0.c eAMHHen vn 
nojaran x =l, nomyuum 


m= 
S 


Sree 
Loa 
ari 
La 

via 


= 
FEE 
ei. 
A 
fi 
BEE 


a 
Hl 


Puc. 1. 3anucumoctb B or Hy, M un. 
I1—n=1; 2—n=0,9; 3—n = 0,76. 


onctapiaa & us nocaegquei dopmyan B (4,7) u mpene6peraa B (4,7) 
WeHaMM MOPALKa z-- M BbIIMe MO CpaBHeHMIO C eMMHUNel, HMeeM: 
1 


1l—n, = 2 Nl 


: = n,—1 3 
Tr ONO oa O Gas, 2 (te ae, 
C= (5) De fz) (Hoyo O=Ry ine Dea, 


logctaBiAaa sHauenua C u D un noaaras fy=1,16, my =2,9, kR=0,39, 


: 11, nomyuaem 


Cp O027 Rese Bis Hae”, (4,8) 
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Ae 
— — _ \0,139 =.0,79 

B(t, Hye) = (Fed (=) 1 — a" x | 
oy We DW 1,722 
x | (aresin ae te — arcsin “ A ) 4) , (5,8) § 
7. Pr fo — 

(1 — Pr) (1 — Hy) + —— 2? és! eS 

D, = 0,139%, ———— : (Ag) =2) i= wer 


WW “ 
RIGA, canes 


Puc. 2. 3asucumocts Be?? ot Mu Hy, 
a—npu Pr = 0,§; |6 — npu Pr = 1,0 
1 Hy = 0.2 2— Hy = 08; 3~fy 04; 4—Hy -05; 5—Hy-06; 6-H, - 0,7; 
7 —H,, = 08; 8 —:H,, = 0,9; 9— Hy, = 1,0. 


M3 nocaequel @opmysn aaa Cr nomyuaetca u3sBectHaa dopmywa Huky- | 
pase JIA HeECKUMAeMOH 2XUAKOCTH 


Cr 0,087 RE he 


Kak BHAHO 3 dopmyan (5,8), mMHOmuTerb B(u, Hy) xapakrepusyer } 
BAVAHME MEPEMEHHOCTH TeMMOCOMepXKAaHWA WM C2KUMACMOCTH Ha COMPOTHB- 
NeHHe TpeHva NacrunkKu mp Pr=1 u Le’=1; muyoxuteab e?’ — xapak-,. 
repusyeT Bauanve uncaa Pr wu Le’ aamunapHoro nogcaos na Beauunny Cy. 
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| Ha cyxkneHua o BanaHuH Hy wu Ha Kosppumnent Cy na puc. 1 
= u2 
Aaa 3aBMCHMOCTb B ot Hy upu pasimaHEx M = | 5. = HM, a Ha 
i | 
puc. 2 4 3 jana sapucumocth Be’ or M npn pasanunnix Ay faa 3Ha4e- 


ani Pr=1, Pr=0,8 uw anca Le’ —1 nmpu 20,76 ( npemnosaraercs, 


§ 9. O06 onpeneneHuu TeMnepatypb! NOBepxXHOcTH MaCcTHHbI 


Kak mOKa3aHo B § 2, TeN0, MepeaBaeMOe B CAHHHLY BPeMeHH 4epes 
-CJMHMILY MNOBeEPXHOCTH OT NOrpaHwyHOrO CAO K WiaCTHHe, MOKET O6bITb 
-ompemeneHo 10 dopmyae 


t 
Iw = By. (1,9) 
‘Tye 
| B=Pr(a—f,). 

EcaM 1laCTHHKa MOJIHOCTbIO TeNMOM30ANpOBaha HM OTCyTCTByeT sy4e- 
ucyCkaHve, TO TemMMepaTypa. MvacTHHEI onpefsensetca u3 ypaBHeHHa 


B=0, xoTopoe npu uucae Le’=1 mpusosutca K BULLY 
1—Pr 
Hy — Hy — A—z-- Uf = 
Temnepatypa TenOv30MpOBaHHOH mMiaCcTHHbI Cc y4eTOM sly4eucny- 
CKaHMA ONpeeHTCA M3 ypaBHeHHA: 
q 


l 
{2 a dx= fe (7 alg ids. 
0 0 


Iipu aucnax Le‘ 1 nwa mpomecce Tem006MeHa CymecTBeHHO BAMAeT 
Auppysua. 
Jiia pewleHua 3amaun 06 ompemeeHHH TeMMepaTypbhl MOBepXHOCTH 


HJlaCTHHbl, B 23TOM Cay4ae HaO 3HaTb 3HaYeHHe ae Kak Ha CT@CHKe, TaK 


M Ha rpaHnye saMHHapHOrO MOCO. 

Ec W3M@He€HHe KOHILCHTPallWH BCAeACTBHe XMMHYCCKHX peakKWHH He 
uMeeT MecTo, TO pH /g=/r=I/ ypaBHeHne Aubdpy3uu umeer B Typby- 
Je@HTHOM coe HMHTerpal Buga §; = ajvy,+0;, roe Qj u 0; — nocTOAHHEe. 
Oro KacaeTcd JaMHHapHOrO MOACIOA, TO TaM TaKOH MHrerpadl He UMeeT 
mecta. IIpu61m2xKeHHO B JaMMHapHOM Togci0e MOMKHO €; NOAOMKHTS B Bue 
HOJIMHOMAa BTOPOH CTeMeHH OT V,, KOIPPHIUMEHTH! KOTOPOTO MOXKHO OMmpe- 
AeiMTh M3 TpaHa4HElx ycaoBul. TakuM oO6pa30M MpvOMKeHHO OyseT 
pemena 3afaua Auddy3uu u COOTBeETCTBeHHO TeNJOBaA 3amaua. 


3akmo4ueHHe 


B oTauune oT cyuecTByloulux paOoT No TYpOyvIeHTHOMY C1010 B CKH- 
maemo 2xnaKocTtu Bau J[paticra [2], Kaauxmana [3] u ap. B mpeqmarae- 
MOM cTaTbe faeTcA pelllenue 3afauM MO TOM %#Ke CXeMe, YTO HM B HECHH- 
Ma4eCMO4 2KUIKOCTH. 

Merton, H3102%KeCHHEIM B WaHHOM paOore, MO3BOAeT PeWIMTb salary 
TYpOyMeHTHOrO MOrpaHH4YHOro CuIOA MPH HaIHYHM WpOAOABHOFO rpaqMenTa 
Wapnenud, a TakoxKe 3afa4W JByoKeHHA rasa B TYpOyJIeHTHOM C0e MarHH- 
TONPOBOAAWIeH 2XUAKOCTH. 
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Summary 


In the paper we generalize semiempirical turbulence theory for 
movement of a gas mixture. | 

We obtain an approximate solution of the problem of determination | 
of skin friction and heat transfer of a flat plate moving with hypersonic | 
speed in compressible fluid with changing properties in case of dissocia- 
tion and diffusion. 
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1961 BECTHHK JIEHHHITPAACKOLO YHHBEPCHTETA No | 


Pre - 
H. H. Noctroesa 
OB OTHOCHTEJIBHOM CTALMOHAPHOM JIBKOKEHUH 
BASKOW HECYKUMAEMOM 2KUAKOCTH 


‘ § 1 


B paOote O. A. Jlanpnkencxot ,Mccnemqopanue ypaBuenuli Haspe- 
Crokca B Clyyae CTalMOHapHOro ABYAKeHHA HECKUMaeMOH xRUAKOCTHS [1] 
HaeTCA MOKA3aTebCTBO Pa3PelUHMOCTH ,B WesOM“ 3anauM MHTerpupoBa- 
HHA ypaBHeHuli Hapne-Croxca 

3 


cal Di > 
Au —gradp= >), $4 +f, (1) 
k=l 
divu=0 (2) 


ABYKECHHA BASKOM A2XUAKOCTH Kak Ji OPPaHHueHHOM, Tak WM HeEOrpaHH4eHHOH 
o6acTw Cc HeriagKuMu rpaHuuamu S uw BHeLIHUMM BOs_eHCTBHAMH. 

Kak yka3aHO aBTOpomM cratbu [1], OcHOBONOMaralolMMM B 98TOH 3aqaue 
aBaaetca ctatba Jlepea [2], B KoTOpol mposBognTca u3yyenve 3anaun 


»B UCIOM" B Cly4yae raatkux rpanny u f. 
| B stow cratbe Jlepeem paccmaTpHBaeTCa HeCKOMbKO Gouee OOMIaA 3a- 
mawa, 4 UMeCHHO: 3afaua OO HHTeCrpHpOBaHHM CHCTeMbI ypaBHeHu 


3 

> Ou. — — , 

| Au — gradp= Sty SY AF + Bu, (1’) 
RI 


div z= 0 (2p) 

(B — nocTosHHbI aCHMMeETPHUHHIA TeH30P) ABH2KeHMA BA3KOM, HECKUMae- 

MOM %KMAKOCTH, KOTOPOe ONHCHIBAeTCH B MOABHXKHOM CHCTeMe KOOPAMHAT, 

Bpallaiomeica C MOCTOAHHOM yraoBOH CKOpOCTbIO BOKpyr HeMOBYKHOH 

OCH HW MepememlalomlelcaA MOCTYNAaTebHO C MOCTOAHHOM CKOPOCTbIO BAOJIb 
ocH BpauleHHaA. 

B nactoameh pa6oTe MOKa3aHa BO3MOMKHOCTh NPHMMeHeHMA MeTO/La 

O. A. JlagpoxeHcKohH a WOKa3aTebCTB’A CYU[eECTBOBaHHA PeWICHHA 3aja- 

yu (1')—(2’) B orpaHuueHHoh mM HeOrpaHH4eHHOM OOMacTH MPH BCeX 3Ha- 


yeHuAXx unca Peiinorpaca Waa cayyad HersamKux f u S. 


§ 2 


PaccmoTpuM 3afauy 06 OTHOCHTeAbHOM, CTalMOHapHOM ABHKCHHM 
A3KOl HeEC2KHMACMOM X2KUAKOCTH NO OTHOWICHHIO K MOABHKHOK CHCTeMe 
OOPAMHAT, BpalalomericA C NOCTOAHHOM yIIOBOH CKOPOCTbIO BOKPyr He- 
OJBYXKHOH OCH HM MepemMewlalomehca MOCTyMaTeAbHO C MOCTOAHHOM CKO- 
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pOcTbio BAO OCH BpameHHA. K Tako 3amaue, eCTeCTBeEHHO, MPHBOAMTCH 
3aqaua O YeJIHKOVaIbHOM jIBKX2KCHHH TBepforo Tela B NOTOKe BA3KOK 
2K HILKOCTH, CCH MOABHXKHYIO CHCTEMY CBA3aTb C TeOM. Ha OeCKOHEYHOCTH 
CUHTAeM XKHAKOCTh NOKOALIEHCA. 

JleKapToBh NpaAMOYrOJIbHHIe OCH NOABYXKHOM CHCTEMBI OOO3HAYHM Yepe3 
X,, X2, X3, npwuem X, HampaBHM 0 ocH BpamjeHua. B ocHoBe ypaBHe- 
uu Happe-Crokca 7exKUT OOmlee ypaBHeHHe ABHXKeCHHA CIOWIHOH Cpe yb 


f(F— W) ede + J pads =0. (3) 
(s) 


(7) 


B3necb (t) O3ha4daeT MPOH3BOJbHHIA OObeEM, BLIPeEsAaeMBIM BHYTPH %KHAKOCTH 
noBpepxHoctbio (S); F — pexrop maccoBol CHJIbl, OTHECCHHbIM K eHHHIe 


— 


MaCCHI; p — nOTHOCTh; W—yckopeHve uacTHIbl %2KUAKOCTH; ” — HalpaB- 


JleHHe BHeWwIHeH HOpMajH K ToBepxHoctu (S); Py — BeEKTOP HanpAxeHHA 
NOBeEPXHOCTHOH Cub. YpaBHeHHe OTHOCHTeBHOrO JBHXKCHHA 2XKHAKOCTH 
NOJYYHM, H3MCHAA BEKTOP YCKOPeHHA, a HMCHHO, AOOaBAA BeKTOPa Me- 
peHocuoro nu Kopnoancoporo ycKopenun: 


W,=[, [», r]], 


W, =2[o, x], 


— a 


re © —BeKTOP yIvIOBOH CKOPOCTH BpallleHHA MOABHKHOM CHCTEMbI; 2 — 
CKOPOCTb OTHOCHTeAbHOrTO JIBH2KCHHA  KHMAKOCTA B TOUKE (X,, Xs, X3) 


NOABYXKHOH CHCTeMBI; 7 — pafMyc-BeKTOP 9TOH TOUKH. 

Bpejaw, TaKMM OOpa3oM, ,MaCCOBbIe“ CHJIbI HHEPIUMH, BCe abHeHuiMe 
upeoOpasoBanua ypaBHeHna (3) MpOH3BOXMM OOBIYHBIM CNOCOOOM, OTHOCA 
MX K cucTreme oce X,, Xz, X, COBeEPUICHHO Take, Kak eCAM Obl 9Ta CH- 
cTeMa Oblla HENOJBHXKHOK, WH MpHXOAHM TakHM OOpa30M K ypaBHeHHsM 


Au — gradg=W,+ Wea- W,--F, div u—0, 


= 
a, BbIpaxkada ycKopeHne W, B NepeMeHHEIX Siimepa, — K ypaBHeHHAM 
3 = 


= ht age =. a = = 
Au — cradg= Ue ay W.+W,+F, divu=0 
k=1 
(kosPPUNHEHTHI MWIOTHOCTH H BASKOCTH CUNTAIOTCA PaBHBIMA eMHUIE). 
SaMeTHM, 4TO IPH CAeaHHEIX MpeANOMOReHHAX O XapakTepe JBUKe- 


HHA TOABYXKHOH CHCTeMbI, BeKTOp W, MoxeT OnITh MpemcTaBeH B Bue 
rpamMenta HeKOTOpOH PyHKnuH 


2 2 
— | wx; + w2x5 | 


W,.= grad 5 


Bexrop yckopenun Kopnosunca 2 |, wu], oveBugHO, uMeet Bug Bu, rge B. 


eCTb acCHMMeTPHUHbI TEH3OP, 4TO CeAyeT, HaNpuMep, U3 paBeHcTBa 
(Bu, v) = ([o, u|, Vv) =— (u, [o, |) =a, Bv). 


IlpHHuMasH Bce 9TO BO BHHM@HHe, NOYYHM ypaBHeHHua ABHOKeHHS 
#KHAKOCTH B Bue (1’) — (2’), 
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§ 3 


Virak, accaefOBaHnio NOAMexKUT CUCTeMA ypaBHeuni (1’), (2°), T. e. 


3 > 
Au — gradp= un me + f + Bu, 
s k=1 


& a ad 
div w= 0, 


re u(x) —BeKTOp CKOpocTH TeYeHHA 2%xKUAKOCTH B TOUKe oA CAE w Sas) 


p(x) — AaBaenve B 9TOH TOUKe u f(x) —BeKTOp MaccoBBIx cua; B— no- 
CTOAHHBIH ACMMMECTPHUHBIA TEH3ON, T. e. 


Bip = — Byj. 


Bbywem u3y4¥aTb ABWxKeHHe B OOacTH 2 TpexMepHOro eBKANAOBAa MpO- 
cTpaHcTBa, CuuTad ee rpaHuny S HenogBuxHow. Ha rpanune S 20KHO 
BHINOJHATBCA YCAOBHeE NpwAMNaHHA 


ce 02 (4) 


Salaya cocTouT B ompeferteHHH uw B OOAacTH 2 u3 ypaBHeHua (1’)—(2’), 
ycaopua (4) uw ycroBuH Ha OecKOHeuHOCTH, ecam 2 HeorpaHu4ueHHan O6- 
Nacrb. 
Cuenys meroazay O. A. Jlanpixencxonw [1], npoBpogqum uccaesoBaHne 
B lpocrpanctBe W3$" (2) u3mepumerx yHKunl, umeoulmx o606mjeHHEE 
KBa[paTH4HO-CYMMUPYeMble NPOW3BOAHbe MepBoro NopsAAKa. 
IIpeumyulecTBa TakKuX PpacCMOTPeHHH yKa3aHbI aBTopom [1]. OrHocu- 
‘TeJbHO rpaHuub S oOsacTu mpeAnOsaraeM TOKO, YTO OHA UMeeT OObEM- 
-HYIO Mepy HYJIb. 
| OnumemM KpaTKO @YHKIMOHAIbHbIeC MPOCTpaHCTBa, BBeeHHbIe B paoo- 
te [1], Koropple Hamu OyfyT McnOb30BaHbI HHKe. B KayeCTBe OCHOBHOFO 


; — 

‘Bo3bMeM mpocrpanctBo L,(&), cocraBaeHHoe BeKTOp-*yHKuuAMU U(X) Cc 
-KOMHOHCHTaMH, KBafpaTH4HO-cymMupyembImMu 10 2. O6o3HauumM yepes M 
COBOKYNHOCTb BCeX PHHUTHHIX B 2 HenpepHIBHO-AuppepeHuMpyeMbIX CO- 


‘CHOW MaIbHEIX BeEKTOPOB W(X) M B Hee BBEAeM CKaJIAPHOe MpousBesenHe 


(250) = j Usp V x,dX = i Win, Vix,4X- (5) 
2 2 


YxaxkeM U3BeCTHBIE HepaBeHCTBa, CYULECTBeHHO HCMOAb3yemble B padoTe 
[1] mu HeoOxoqumple B JabHeHUIeM. 
Jlaa orpanuyenuot o6nactu &: 


) 
v2 (x)dx < Coly U2 dx 
ro) 2 i=1 : 
HW Oomee CHJIbHOe (6) 
] 
1 > 
; 3 2 


CNpaBeIMBHIE JIA MPOMSBONbHEIX (PYHKIMK, PABHBIX HYyJNO Ha ANE 
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Jia HeorpaHHueHHOH OO/aCTH 9TH HeEPaBeHCTBa HE HMCIOT MECCTA, HO 
quia m000 punuTHOH B 2 dpyHKyuH wu I0OOK TOUKU Y BePHO HeEPaBeHCTBO 


fi ads at Ye 2 dx. (7) 
2 


2 


TlonomHeHue MHOxecTBa M no Hope | |,,, coorBeTcrBylomel CKalap- 
HOMy MpousBefeHutio (5), OO6pasyer momHoe TuabOepToBo MpOCTpaHCcTBO 


H (2). Bexropa v us H o6aanator cae yOUIMMM CBOHCTBaMH: OHH MMeIOT 
KBalpaTH4UHO-cCyMMupyemble 10 2 OOOOUIeHHBIC MpON3sBOAHHIe MePBoro T10- 
paaka, paBHbI Hym10 Ha S ui : 


divv = i =a), 
Xj 
i 
O6o6menHbIM pemienvem 3ayauu (1’)—(2’) us Kkaacca H Has0pem 


dyuHKuMio u(x), npHHantexantyio 1 u yROBIeTBOPAIOMLy!O MHTerpabHOMY | 
TOK MECTBY 


| ay,P dx i i Up Ax as \ Bu®dx— —|\ f Odx (8) | 
" a 2 Q Fa 


naa m1060n ® uz M. 


SaMeTHM, 4TO MPH NOMOMWM MHTerpupoBaHuA NO YacTAM (NmpH Hawn- | 
4WHH Y OGOOUIEHHOTO PeWIeHHA MPOM3BOAHHIX BTOPOrO NOpAAKAa), npHXoLHM | 
K PaBeHCTBY | 


{ (a ae 2H Be es Bi) @ ddx==0; 


2 


oTKy Za, m0 Teopeme Beliaa—Co6ouepa, caenyet 


Au — up om — f — Bu = grad p. 


Takoxxe OTMeTHM, 4TO B Cy4yae JMHeapH3HPOBaHHOM 3afja4un MMeeT MecTO 
TeOpeMa C/J[MHCTBEHHOCTH OOOOMeHHOrO pellleHHsA. 


Tak, HallpHMep, B Cly4ae OrpaHHueHHOH OGsacTH, AIA pasHOCTH AByxX 
o6o6mennnrx pemlennh OyleM UMeTb TOK MECTBO 


(wx, (Px,) + (Bu, 6) =0 
npu Bcex ® us M, a Tak kak M naOTHO B AY, TO 9TO TOR MECTBO Gy neT | 


cipaBeIMBO HW JIA BCeXx ® EH. Tlomox« uM b—u, Tora B CHLy (Bu, u)= 
=O 6ymemM umMeTh 


(uw, ) ial = 0, 


oTKya caenyeT, uro u4=0. 


O6 oTHocHTe.sIbHOM CTaLLHOHAPpHOM ABHOKeHHH U3 


§ 4 


JIMHe€APUSOBAaHHaA 3ana4ua (OrpaHu4yeHHad Ob6uacTs, 
OMHOPORHHe rpaHuyHHe ycaosna) 
Umerca o606menHoe pemenne u3 H 3anaun: 


eure Au— Bu—gradp—f, (9) 
divu=0, u |,=0 . 
MuterpatbHoe TOxecTBO AIA 3amauu (9) uMeeT BUL: 
Jig Px,dx + | Buddx =—[fobax. (8’) 
& é 2 


Ilokaxkem, 47o 3amayua (9) uMeeT, MH pH TOM eMHCTBeEHHOe, 0606- 
uleHHoe pemenne u3 7 npn 000% dyHKuun f(x), 119 KOropoli \ F(x) Odx 
2 


> 


upewcraBiaeT coOoh MHeHHbI dyHKWHOHaT Hay ® B npocrpaucrsBe H. 
B pa6ote [1] aaHbt ycnopua, npu KoTopHx f OOnagqaeT 93THM .CBOM- 
CTBOM (HanpwMep, Korga fEL»s,(2)). Tlo teopeme Pucca 


(7, | —(F, ©), rie FEH. 
VMurerpas | Bubdx oupefeasdeT aMHetHEIM dyHKuuonan B H nan © npu 
4 


J4060M 9emMeHTe uw u3 H. 
JleacTBUTeIbHO, 


| Bu ddx = j >. BypltpOwx, | Bip 2): 
2 2 ki 


I Paee iyo el Silt 
QaRsé 2 ki 
1 L 
a 3D (| Nuidx) ([ Lotas) < 
@ Rk Qi 
1 1 


< SDCe| J tas ax). Cno{ | yy Pix, ds) = 
8 


2 R, i 


3DC¢, | u le | ® le 


Tlostomy Ha OcHOBaHMM TeopemBI Pucca cymecrByeT TaKOH 97eMeCHT Fu 
S77, 1TO 


| Bubdx=(Eu, 0). (10) 
Ecan rouectso (8) mepemucaTb B Bue 
[ree FD) 0, 
TO 3alaua cBemeTcaA K pellleHHlO ypaBHeHHA 
u—Eu+ F=0. (11) 
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= q 


HerpyaHO mpoBepxTh moanyio HempepbiBHocTh onepatopa E. YpaBHenue 
(11) 8 npocrpanctBe H c BrOHe HeMpepbIBHBIM ONepaTOPOM E no Teopuu 
@pemrombMa uMeeT peuleHHe B CMY HaMYHA TEOPEMBI CAMHCTBEHHOCTH 
peleHHa. 


§ 5 
Heavnetuan 3afaua (OrpaHu4yeHHaw OOMACTS, | 
OLHOPOAHHEe TpaHH4Hbe yCAOBHA) ‘| 


- > x 
Vissectuo [1], sto J upud, dx olpemeiaeT MHeMHEIM DPYHKUMOHAT B 
2 


_ —> 
H wan ® mpu a060m aaemente u u3 H. 
B § 4 3T0 yxe ObIIO MOKA3aHO OTHOCHTebHO HHTerpaa 
_-—S ‘ 
j BuOdx. 


CneopaTesbHO, CylecTByeT Tako s1emeHT Ku Bp H, uTo 

\ {upu, — Bu} ax= (Ku, ) 

Tox yzectBo (8) mepennuchiBaeTcaA B Bue | 
(u—Ku+F, 6) =0, (12)% 


vu 3afaua onpezereHuA OOOOMIEHHOFO PeWIe€HHA CBOJHTCA K PeWIeHHIO He- | 
JIMHEHHOTO ypaBHeHHA 


u—Ku+F=0 (13) 
B mpocrpanctpe Hf. Onepatop K snowHe Hempeppipex [1]. 
Jin wpumMenenna metogza Jlepe-Lllaynepa k fOoKasaTeAbcTBy pa3pe- 


IuMOCTH ypaBHeHua (13) BKaIOYaeM B Hero BeLIeCTBeHHEIA NapameTp A uw 
N@peMHCbIBaeM B BUTE 


u— dr\Ku + F=0. (13’) 
Jia OKasaTebcTBa paspelmMMOcTH ypaBHeHuaA (13’) ROCTaTOUHO ycTa- 
HOBHTb allpHOpHY!0 ONeHKy B AT yaa BCeX BOSMOXKHHIX ero pelleHuh mpu 


hE [0,1]. Mocaequaa yctanaBamBaetca paccyxKeHuAMH, NpHBeeHHEIMH 
B [1], ecru mpwHaATb BO BHuMAaHHe, 4TO 


\ Buudx =0, 
2 


a UMeHHO: 
jz|<|f}. 
Teopema cyulecTBOBaHHA yCTaHOBweHa. 
§ 6 


Heonvopoanpe rpaHu4unbe ycuosna (OrpaHHyeHHand 
o6OmacTb) 


Hsyuaetca pemienve cucremp (1’)—(2’) B orpaHnueHHow OGnactH c 
rpannyeli S, yqoBreTBopsiomee rpaHHyHOMy ycs1OBuIO 
A. (14) 


ihe 


O6 oTHOCHTebHOM CTall\MOHapHOM ZBHKeHHH 95, 


— 


OTHOCHTeEABHO BeKTOPa @ enaeTCA MpeANOMOXKEeHUE, YTO OH ABAAETCH rpa- 
HHWHBIM SHAYEHHEM BeEKTOPa a(x) = rotb(x), rae O(x)E W3 (2). 
O6o0meHHEIM peutenuem sayauu (1’), (2°) u (14) Hasopem sexTop- 
PYHKMMIO WU, YAOBAeTBOPAIONLyO MHTerpaibHoMy ToxMecTBY (8), T. e. 
£ eam —> > —_ > —- > 
= \ Ux, Px ax — if Upu®,. dx + j Bud = — \ fddx 
Q g 2 


9) 


mpu 1060 © us M, u raxywo, uto U=u —aGA. Ilpeanonoxenus 0 f te xe, 
4uTO H paHee. 
Pemenne sagqaun (1’)—(2’), kak um panee, cBOqUTCH K onpemereHnio 


pelleHua VU ypaBHeHun 
UAV Raa (15) 


C BHOAHE HeNpepbIBHbIM OMepaTopom A, npu4eM pemtenue 3aga4yu (1’)—(2’) 
CBA3aHO C pelleHneM ypaBHeHua (15) paBeHcTs0M 


Pas. 
Bpejem napametp 4 B ypaBHeHne (15). Umenno 
v—hMu+F=0. (15’) 


JloKa3aTeibCTBO HaIHUMA alpHOPHOH OMeHKH BCEX BO3MO%KHBIX ero pe- 
menu mpu AE [0,1] mpopogutca Tak xe, Kak u B [1], ecru sonomHH- 
TCMbHO YUCCTb 
| Bowdx =0 u | Bavadx 
Q 2 


| 


i ss Bucweid | Bae aleaKale 
2 ke 


STO aeT TeopeMy CyLLeCTBOBAaHHA. 


§ 7 
BeckKOH@4YHAaA OOMACTDH 


Ilyctrb 2 ecrb HeorpaHHueHHad OONacTb C rpaHuier S, texaue B 
KOHEUHOH WaCTH IIPOCTPaHCTBa. 


IlycTb BEKTOP OTHOCHTEIbHOH CKOPOCTH 4 YAOBMETBOPAeT yPaBHCHHAM 
(1’)—(2’) wu caenytouluM yCJIOBHAM: 


u|, = 0 u u(x) — a(x) +0 Ip x + oo, (16) 


rie nome BeKTOpa @ ONpesemeHO BO BCeM MpOCcTpaHcrBe. 
O6 9TOM mome ChemaeM cenywoulNe NPeANOMOMKeHHA: 
1) OHO yAoBAeTBOpHeT OAHOPOAHOH cucteme HaBpe-Croxca; 
2) Ba(x)=grada(x), rae @(x)—nOAWHOM BTOpOH cTeMeHu OTHOCH- 
TeAbHO KOOPAMHAT; : 
3) Gir, + Orx, = 9; 
4) a(x)=rot 0(x), 
rae b(x) KBampaTH4uHO CyMMMpyeTcd NO x CO CBOHMH MpOHSBOAHbIMA 10 
3-ro NOpamKa BKNOUNTebHO BOAM3H S. . 
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_B KOHKpeTHOM CaAy4ae JBMKEHHA Tea B WKHAKOCTH, PacCCMOTPeHHOM 
B § 2, BeKTOp @ uMeer BUI 
A(OXz, —X,, A3), As = const, 


> i 


M BCe YeTHIpPe ycoBua OTHOCHT@CJIbHO @ BHITIOJIHAIOTCH. Tipopepum 3TO. 


> Sha w2x7 + w2x5 
1) Aa=0; Apds, = — 02x, f — 0% x,E = grad| — 5 udiva= 


==. CaeqopaTembHo, pe laa Happe-Crokca BbIMOJHeHH. 


9) Ba—grad (— wx? + 2x5). 
Ycenosue ,3“, OYCBHAHO, BbIMOJHEHO. 


> > => 
ett Qiplaee 
a 0 fo) 0 i 
4) rotb = ax? Ox,’ 0x5 == Q, 
By, 0 Daj Oy 
WIN 
Ob: Oby ata (1, 
0X2 0x3 cs 
0b; 0b3 = 
Gag T aeeg tt Tas 
Ohy 0b, bf 
Ot ake 


Stow cncreme yOBAeTBOpseT, HanpuMep, 


_> Fe w D) 
b= & OX, X35 A,X 15 D 23) 5 


IlepexoaumM Tenepb K pelleHHio 3aqauu. O6pa3yem nextop B(x) = 
=rot {b(x)&(x)', rae § (x) — raagqkaa cpesaioulaa PyHKINA, paBHan HY.110 


Ha S uw enunune Aid Oonpuux x. Jia 6onbmux x: B(x) = a(x). Cron- 
cTBa (yHKuun €(x«) OyayT yTOUHeHbI HMKe. 


OG6oOuleHHbIM PeWIeHWeM 3afa4H Ha30BeM (YHKIIMIO LW, yOBeTBOpH- 
IOILYIO HHTerpasbHOMY TOK DecTBy 


J ey Od J upus,de cl Bub =— \ fbdx (8) | 


pu 1060H ® 13 M, u TaKYIO, 4TO v =u —B8 (x) mpHHaniexut (7). Tpe- 
6onanue IIpHHa We *KHOCTH u — B(x) K (7) npuBoyuT kK TOMY, 4TO 


f [a (x) —a(x)]” 


Fesi: dx < const 


3 => 


j I (us, a dx,) dx < const. 


2 k=] 


O6o3HauNM 4epe3s 2p, m=—1, 2 ..., TOCJCOBATEbHOCTh OOacTeH, HC- 
YePNbIBAIOWHX B Mmpegzene Belo 2. B KaxAOH KOHeYHOH OOacTu @,, BCuAy 


§ 6-rO MOXKHO yTBepxAaTb CyWeCTBOBaHHe pelllenna ce ean (1’/)—(2’), 
YHOBIeTBOPAIOWUerO TpaHHYHHIM YCAOBMAM a” |, Se uu! a =0, rae 
2m Tpanuna 2,, He MpHHanmexamaa S. 
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Ecaw yjactca moKa3aTb, YTO HOpPMBI B H(Qm) Bcex 0 = y™ — B (x) 
paBHOMepH» 10 (7) orpaHuyeHb, TO Oy zeT CYICCTBOBaTb 10 KpaliHelH Mepe 
OMHO pelleHue 3amaun (1’)—(2’), (16). 

Hrak, Oyem oKa3blBaTb, YTO HOPMEI B H (2m) scex vo” paBHOMepHO 
orpaHnueHbl 0 (7m). 

IIPGAM@102%KUM MpPOTHBHOe, a HMEHHO, ¥TO 


‘ef | 
Ni == | pm (2,,) 7 CO MPH mM > oo. 


(m) 


Jilin KaxkKOrO u3 V- BeEpHO TOR LECTBO 


\ (o™ +. 6), Ox,dx — J (oK” + 82) (o™ + 8) bax — 
—— \ Blo” + p | ey = — | fOdx. (17) 
Ln m 


— | Bio +6) 0% dx=— | foMax. (18) 
oe 2 in 
Mbi ne elaik HuKaKHX mpesAmonoxKeHHH Oo &(x) Kpome Toro, 4TO 3Ta 
cpesaiomjad @yHKuNA paBHa Hywi0 Ha S wu emunune Aa OompuMX x. 
Bykem npeynomaratTb, 4ro ¢(x, 6) ecTb ABaxKAb HenpepbiBHO Audpepen- 
uupyeMaa dyHkKuus, paBHaa 1 B TouKax &, orcronwiMx or S Ha pacctos- 
uve, OObuIee, 4eM 6 >O H TaKaa, 4YTO DIA Hee CNPaBeAIMBE OWCHKH: 


ae | 
le <C; |e] <- (19) 


O6o3HauuM 4epes 2s nomOGacTh O6macTu 2, TOUKH KOTOPOH OTCTOHT 
or S Ha paccrosHuu, He OombuIemM vem O<O <1, uw uepes 4s uacrb rpa- 
HABE Q;, He MpHHantnexamei S. 

O6nactb @» pacnagqaeTca TakuM OO6pa30M Ha CyMMy OOsmacTeh 23 u 
Qn, 3 = 2m — &s. 

PaccMOTpHM HHTerpalbl, BxOAnmMe B opmyay (18): 

sete Jy (m2)? 
{ (om + Bp) vy Imax = = j (wt” + By) a OXk== 
on m 


0 v(™) (m) 
ey o(o + Be) De" dx 
on 


, 


OXp 


rak kak div (vo +8)=0 u v'™=0 na rpannue Ly,+S o6aactu In. 


{ Bo™o™ —0, 


°m 
[ Bidmae [BM ax+ [Bema 
Coa Si 8 in 


7 Becrunk Henwurpagckoro yuupepcnteta Ne }, 1961 r. 
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B o6aactu &,, — 2s BexTop B(x) copnagaeT ca(x), a Ba(x), mo mpea- 
noAOKeHHIO, ABIAeTCA grad a(x). Takum OOpasom, 


J BBv™ dx = j a(x) div 0 dx + J av ds* = 


2 in @8 2a Sint t8 
= f av” ds 
5 
yl oa ‘ 
j BBu' dx = J Bou dx + j avy" ds. 
on 25 DP 


PaccmoTpHM elle BbIpaxeHve, BxosAuee B (18): 


Jw | ed — { (lO +b) Pope 
a. Qn 
OueBu HO, 
JM = \ o™|—AB + BeB, | dx— | on” Bomdx + 
6 PR Xp a XR 


2 1 28 m 


+ j 0 (mB dx — j Bebv, ax a 


g5 


—-> a _—_-—> ; 
B o6aactu (2, — 23) B(x) = a(x), a a(x), 10 MpezMONO*KeHHWO, yAOBIe- 
TBOpAeT OMHOPOMHOH cucteme HapBbe-CrTokca, T. e. | 


— AB + BeB, =erad g 


j a” — AB x8, | GX = a v™ orad g dx = 


2 —23 3 


— — J gdiv 0 dx + (i que ds = j qu ds. 
35 


Sn 2s 


33 


m ; | 
TakuM OOpa30M, H3 HHTerpaJOB, BXOAMLMX B J™  eMHCTBEHHBIM 110 | 
Oy, OKa3bIBaeTCA 
= ‘i vy Bu. dx. 
g a 
mm 
On MOxeT ObITh IpescTaBeH B BU: 


— j vp Bu Imdx = J oe” B x,0 dx = 
Qn m 2 


m 
= i oe Bx UM dx + J De ULB. Nes 
25 = 225 k 


* SHau0K ,f“ y BeKTOpa O3Ha4aeT, ITO HEpeTCA cocTaBIAWMaA BeKTOpa Il0 HampaB-4 
ACHHIO BHEWHeH K OOMacTH HOpMaan. 


O6 oOTHOCHTeBHOM cTalHOHapHOM ABHxKeHHH 99 


Ho gan o6nactn Q,,— 23, no npemnonoxKeHnw, 


tam a st =, 


1 MOCIe€AHHH HHTerpal OOpamjaerca B HYVIb. 
Bae K TOKZecTBy (18), mpHxounM kK HepaBeHcTBy: 
s” 
“| all <|} ow B B, wr dx ils 


A(e, es 


+|\ Bpo™ax 
£5 


<3 | J sae aE (Mas + 
Qs 


+|{e om bi ds + 


J Babu (md.x | + 


os } av ds +) egbol™ds |. (20) 


aes CAECAYIOULHE OWeCHKH JIA Bbipa 2K eHHH B 1 paBor yacTu 
(20): 


GO dx] < CHB L, coy lO lacey 
2(23) (mn) 


\< < |e leeeos| oo eee )? 


i ‘eae < om | 


8) 4 (3 a)” 


(m) iy 


<¢;|o™ |, <¢,|o|, 


vice) 19 +4 Indo) < 


(2)? 


a Zas| <c,l8™l, 


(2m)? 
Xe 
| 75 


(m) 4 


as <C, Jom en 


i ei Oo )l< ral ay Ihr) j 
2 
m 


Takum oOpa3om, u3 (20) nonyuaem: 


Jo la omy < J PB,” ax | + 


+ C,|2 |e, + lee. ae (21) 


laa pcex v'” cnpaBeaauBo HepapeHcrBo (21) c OHO u TOM 2%e NO- 


t TOAHHOH Cz, KOTOpad, BOOGMe roBOps, KaK uw MocTomHHBIe C,—C,, 3a- 
mBUCHT OT 6 4epes &. 


| IIpowqomKuM Kak oe u3 v(x) uyjaem BHe 2 Ha Bce 2, rae 2— 

eckOHeyHad OOMACTh; TOra OHH MOFyT ObITh PaCCMOTPeHbl Kak 9/eMeH- 

iper F7(2). : 

Pa3ieium o6e yactw HepaBeHcTBa (21) Ha Nm uw 3anvilemM ero kak 
yim) 

| a z 

HepaBeucTBO AIA PyYHKUMA W (x)= Ni, 


100 H. H. Ilocroeea 


I< pce Ele (22) 


m 


We, Wax 


23 


eo ~ 
MuyoxectBo dyHkKuHi {w” (x)} papHomepHo orpanuyeHo B //(), tak 
> 
Kak WL @=1 TO2TOMY OHO CHwbHO KOMMaKTHO B L, (2&3). MoxHo 
CUHTAaTb, YTO MOCMELOBATEAbHOCTh w'” (x) cxonuTca K HeKOTOpOA yHK- 
nun W(x), cuapyo B L,(23) u cna6o B A(). TMpenenpyan yHkuna 
> ; 
WEA(2). HerpyaqHo popepntTb, YTO HHrerpavi 
(m)y y(n) 
J Were, Wax 
25 
CXOJMTCA K 
> 
\ w28,, Wax. 
x5 k 
Ycrpemum B (22) m kK OeCKOHEYHOCTH, B pesy.ibTaTe HaHeM: 
2 > > 
1< | Web, Wade. (23) 
25 
Tipeo6Opasyem uHtTerpal B npaBow yacTu (23) cexyioulHM OOpasom: 
pasy Pp Pp y Pp 


(w,8. Wax= | W,Wi8,, dx = 
Ss e $5 i 
2s if WW, dx 4. J W, W8; cos nxpds; 
25 2 
MOY HM | 


ie WW, dx + |W Wi8; cos nxpds. (24)! 
25 i 35 


BcenoMuuM, 4To BekTop $8 = rot (08), mpuyem 


66 W3(2) u IE <C; [8 | <5 


Bauxy sToro 


|6, bee Cy u |B Ss ek 
Ilostomy 
\ W,W8; cos nxpds < $e f S wids 


Dry a ne 
Mi, CE MOBATe/IbHO, 


| Wed, Wdx 
25 


Ho w3pectHo, 4to 
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HW NOTOMY 


<C, | Widx. 


25 


TakuM O6pasoM, u3 HepaBeHcrBa (24) caeqyer 


*- te ay Wa (25) 
23 

rae Cy3, Tak x#xe Kak C, C’, C,—C,,, yxe ue 3apucnt or 8. SametuM, 
yToO PyHKWUA W ue sapucur or 8. leticTaurerbuo, npencrasun 2 
B Buse: : . 

etm ee ony t 
Nm Ve —Blinogy Lalas) 12 Fie Plo) | 

ace.) 


MHOKUTeAB > 1 mpH m— oo, a cnaraemoe 


jee | 
Ve H (Qi) 


=e) 


, 


Be — ~(m Eee nN : 
BeEKTOP «xe ) He s3apucur or 6. Tora HePaBeHCTBO (25) HEBO3MO2%«KHO, 


fak KaK MHTerpad B MpaB_H uacTH Cc peMuTCA K Hy/lio npu 86> 0. 
TlonyueHHoe mpoTHBOpeyne OKa3bIBaeT PaBHOMePHy!O oO (m) orpa- 


HHYCHHOCTH | Oxo y 4 CleMOBATeBHO, u Cy MeCTBOBAHHe o6o00nmleH- 
=m 
HOrTO pemeHHA 3amauu (1’) — (2’), (16). 


Summary 


It is shown that there exists a possibility of application of O. A. La- 
dyzhenskaya’s method to the investigation “in the large‘ of the problem 


3 => 
An gradp = S) ue 5 +y+ Bu, (1’) 
k=1 
divu =O, (2’) 


where B is the constant asymmetrical tensor. One of the types of the 
relative stationary viscous fluid motion is described with equations (1' ) 
(2’). It is proved that the problem has a solution for bounded and unbo- 
unded domains with unsmooth boundaries and outside effects for all, the 
values of Reynolds nuinber. 
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MW, A. Baromknna 


OBTEKAHHE KJIMHOBHUAHOTO NMPOPHIA SBYKOBbIM MOTOKOM 
PA3A 


PaccMaTpuBaemMax 3af44a B MaTeMaTHYeCKOH MOCTaHOBKe CBOAMTCA 
K CHHryaAspHow sagaue Tpukomu yaa ypaBHenua Uanapiruua. Ilocase 
noaBaeHua pe3ynbratos ®, HW. Ppankaa [1] 3a1aya Opa pemena mpu6- 
JWKeHHO B padotax [2—4]. IIpu 97rom HeTOUHOCTB 3akmio4“alacb HAM 
B 3aMeHe ypaBHeHva UanabiruHa ypaBHeHveM TDpHKOMH, HM B HeINO/HOM 
yYMOBJE€TBOPeCHHH KpaeBbIM YCJIOBHAM 3aj,ayH. 

B uwactosmel paOote mpenmaraeTca MeTOA pelleHHaA 3aa4H B TOUHOK 
NOCTaHOBKe. 


§ 1. Moctayoska 3afa4HK 


KavHosagHbh npoduan BCKC’ c yraom 20) mpu Bepuimue B o6Te- 
Ka€TCA MOTOKOM 3BYKOBOH CKOPOCTH NOX YrioM aTaku @==0O. KapTuna 
reyeHua B (Qu3sHyYeCKOH MAOCKOCTH, H300PaxeHHad Ha puc. 1, xopomo 
usyyeHa (cM., Hampumep, [2]). 3pyKoBpaa snHua S(S’) ucxonuT u3 Bep- 
muHbt C(C’). TipemeabHaa xapaxtepucTuKka R(R’) mepecexaetca c S(S’) 
B O6ecKOHeuHOCTH. CBepx3BYKOBaH 4ACTb MOTOKA, AexKalllad npasee R(R’), 
He BAHAeT Ha CMelaHHylo OGNacTh 2, mexmamtvio cmeBa oT R(A’). Tloato- 
MY JA OOmacTu 2 3afaua CTaBHTCH OTeAbHO. 

BBenem nepemenHple Opankan yu O, rae O — yroa HaksOHa CKOpOCTH 
K OCH X, a WY oNpemerneTca PopMy.ion 


ae ie Ts —T 
bi a5 v 2 


w? x—1 ; 
# 


wo! bo 


CKOPOCTb; * — NOKasaTeb aluadarThl. 
Ha mockocTru nepemMenHHbix 4, 8 OGsacTb 2 mpeobpasyerca B O6- 
JacTb, K300paxenHylo Ha pune. 2. YpaBHenua xapakTepuctuk AD’ (AD): 
a . 


3 = 
: 2 om 3 
oO + 3 (— 0) =0, opaunata TouKH D = — fee 00 3 


lia yHkyHH toKa W na miocKkocTtu 4, © nony4yuM caenyolyto | 
KpaeBylo 3ajauy. 

Samaua 1. B o6nacrn 2 BC’D’ADCB (pune. 2) natitu pemenne | 
1(®, y) ypasuenna Uanapirnna | 


Van + yoo + 5 (7) Uv, =0 (1) | 
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d 

(saecp Di) = a, 1 B(n) MU3BeCTHAA bynKnns), YROBIeETBOpAIOMNee yCA0- 
BUAM: 

a gi. Cy OY 

2. Y (@, = all (230, 4); 

d, VY > + co(—co) mpu (9, 4) > (0, 0) no S(S) w R(R); 

A. EG, 7) HW €@ MPOUSBOANBIe KOHeUHBI Ha xapaKTepuctuKax AD u 
AD’, 3a uck1oueHuem TouKn A 


5. Wieve = 0 Cies.0); 

Dee) 1a CL) GD: 

7. W umem Bp euge dynKuun, nepHoguyeckon no 8 c nepvosom 20). 
Uonoxum (8, 4) = WV, (8, n) + ¥,(8, 4), roe (0, 7) — pemenne 


+ 
r) 


ypaByenna (1), ymoBaerBopsiomee ycroBuaM 3afaun ,1“—,4“ uw nasblBaemoe 
raBHbIM 4IeHOM pelmeHua, a W,(0, 7) gonna ObITS Halimena TaKHM 
o6pa3om, 4uTo6n cymmMa V,+W, napana pemenue 3anaun 1. 


§ 2. Pnapypii unen pewiennsa 


Kak noKkasa1 ©. WU. PpanKab [1], raaBypt awien pewenua 3anauu | 
B OOMACTH AOSBYKOBHIX CKOPOCTeli pa3vlaraeTcA B pay 


= %, @) 
(8. pC n° ——* —_ sinh,®, (2) 
aeCis) 


n=} 
ny 


eis 

rye n= oo} v= 2? F(a, bo Ant 1, t) — bynkuna Uanwbiruua. 
0 n 

Ongnako mupnx 7<O pam (2) pacxogutca u ana W(9, 4) Boobme 

HEM3BeCCTHO eMHOe mpemcTaBleHve BO BCeH cCMellaHHOH OOnacTH @. 

UrcOpn pacmpocrpanuTp (2) u Ha 3HayeHua 7 <O, mpHOerHeM K BCTOMO- 


raTeJbHOH 3aa4e. 
3anaua 2. B oOmactu @ natitn pewieHue ypaBHeHua Tpukomu 


oo + Va, =9, 


“ 


yAROBeTBOpAIOMee yCOBHAM ,1“ — ,7°. 
Apiopamu pa6or [1] u [2] gaa raaByoro ueHa 3afa4un 2 OnIn0 

HalimeHo eMHOe MpemcraBenue B OOsacTH 2 B Buse: 
%o(8, 0) = Vlz(e—1—-x, vs) —-z2(2k—-1 +m, wy], (3) 


k=l 
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rae 
2 


5 
x,=1—%: ywi= 8, 1 Z(%, vs) =le(er, vol “FEC ys 
4 
o= V at tys b=: 


1 1 
f®)=0—)° 043) — Cae 


Pag (3) cxogutca B OGnacTu 2 c BbIKHHYTOH OKPeCTHOCTbIO TOUKH 
A aOcCOJI0THO WM paBHOMepHO, H erO MOXKHO AupmepenuMpoBaTb M0 7. 
Tipu 74> 0 (3) MooxHO npencTaBUuTb B Buse 


co 


2 2 
Ww, (0, 1)=—const- yn) (33,) sin A, (4) 
n=1 
(A (s) = oynxnua Opu, A(O) =F, (+ co) =). 

TlocrosHHpli COMHOKUTeND, cTOAMMi B pafmax (2) u (4), onpese- 
AAeCTCA H3 yYCHOBUA T=t, ph X=), ly) = BC-cos Qo, uv B AawbnehmemM 
Mbl Cro OyeM OM) CKaTb. 

a (t) 


Ta by nk Oo, = a) C. K. Acaanoppim [5] nmoayuena 
acHMIITOTHUeCKand Mopmyaa 
eee 
4, (a) = G (2 ibza) + och, 150, (5) 
us 
(x 4 1)° - TT 
rye G = Fi a - K(t) = aE 
«(1 —*) * 


Ilogcrasiad ee B (2) uw cpaBHuBasd c (4), nOmyyaem, 4TO BCIOAy BQ 
AAA FAABHOTO YwieHa 3agaun | cnpaBeswAvBO npeACcTaBeHHe 


é 


| ¥,(0, )=G(4) ‘le, (0, 0+ do name |. (6) 


Yroont umetb Ooee noypobuoe npencraBaenne V,(O, 4) npn y<0, 
HOAYYHM CjleyloulyIo acHmnToTHYecKy!o dopmyazy mia &(y), 1< 


(cm. § 5): 
0, n=(2) {a(S} 4 
se [f so dn — 2V ae [abea) —20,b (3 nee (7) 


4 2 2 
+ g (nya rarer 0 wali). 


2 t 
Sie £0) = = 
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4 (8) — PyHkuHnA Opu, YLOBIETBOPAIONLaA yCOBHAM A, (O) = 0, i.(0) = 1. 
Irciona npu y<O 


1 
zi +) q 
¥ (9, 1) =a (2) Hr es Ce | 5 ay 
0 


y 
aT iets | eee (2 
—2V — ag (n) | > i . la (3 i — 250, \ hay Fe hn O + (8) 
; n=1 
ate Pid coat, yak Bad aah foe: 
nea g(a) d\n BM OF) sin Hea diol Fa (.3q)) sina,@ 
: n=1 n=1 


Cxofumoctb Bcex pafop B (8) cemyerT M3 acCuMNTOTUKH PyHKWH 
IpK AAA OTPuNAaTebHOrO apryMmenta, T. e. MPH Ooubmux 2 un y»<e<0 


- ih: a ital 2 SN Aes 
iMeeM eeRieeHe 5) 4 Na ) emer eell i O3, — 
ft \ 


=o\n*}. 

OxkpecTHocrh 3ByKOBOH JMHHM uccHemyem, ycrpemannd y K O B (8). 
YUHTHIBAaA, YTO (QO) K HeuHa, yOexkmaemMcA B TOM, ITO HyKHad aHaduTu- 
{€CKaA OCOOeCHHOCTh COMePxXKUICA AVINb B NepBOM CJIaraeMOM, a OCTAJIb- 
ible BCIOAY peryApHHl. 

TakuM oO6pa3om, jaa raaBHoro uieHa V)(O, q) umeem sBciony B 2 
ipeactaBenue (6), a B JO3ByYKOBOH UW CBepxX3ByYKOBOH OOmaCTH COOTBeT- 
‘TBEHHO — Oovlee TOUHbIe mpesctaBleHua (2) u (8). 

Hapsany c (7) B § 5 nomyunm acumntrotuyecky!io opMyay Wa 


1, (1), y<e<0 


1 ine 
somo | (2) adel] abd) () | pen 


(9) 


“ne A’ (s) =V x"(s) +, (s). Orcioga npu »<e<0 


we) 


£ 
Von(0, 0) =G a|(4) ¥, (8, »|-- Be »)() (faba 


15 > o (35 AS (3) sin a 


§ 3. NpnOamxenHoe Bbluncaenne W, (0, 4) 


Herpyauo y6equtpea, uro Y)(O, 4) yaAOBeTBOpACT BCeM yCAOBMAM 
yaua 1, Kpome ycaosua ,6°. Bauay HeyeTHOCTH WM NepvOAMAHOCTH 
r(@, 4) mocraTOUHO OOUTHCA, UTOOLI CyMMa Yo + WV, yaosnerpopaia 
caopuio ,6° «Hub Ha CD, Tem campim 3afaua | cpefetca K cnemyioment 


maue. 
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3anaua 3. B o6aactn 2 nafirn pemenne V, (0, 4) ypaBuenus (1) 
YMOBACTBOPAIOMee YCIOBMAM: 


Me alti 0 = 9; 

2. 0, (8, nN=— ELE 

3) wr (9, Ue Roe A ay: B qe 
4. , @=+8, ) 

Ds cj) Wulens 


6. ¥,(0+ 20,, 4) =U, (9, 7). 
Sayaua VERT TpuKkomu ada ypapHeHua Uannpiruna (2). [lostromy 
3eCb H@Ab3A 34MCHHTb yCIOBHe Ha XapakTepucTuKe CD ycaoBuem Ha 
3ByKOBOH suHan AC Tak, Kak 9TO Jemamocb B [2]. | 
748 IF OyHakO MbI MOXKeCM BOCHO1b30BaTbCA UeeH NepeHo- | 
ca JaHHEIx Ha oTpe3sok DE mpamoh. 7= % (puc. 3.) 
|3|. IeficrButebHO, 3aqanHwe sHa4yeHuA PYHKIMH Ha | 
CD oskpuBaeHTHO 3afaHvio faHHyx Kouwn wa DE | 
uv 3HayeHHIo yHKuMKH Ha CE. Takum o6pa3om, 3aya- | 
ua 3 OKa3bIBaeTCA QKBHBAJCHTHOH ClemyrouleH cMe- | 
manHOH 3azaye. | 
3amaua 4. B nonynonoce BFEB (puc. 3) Hak- | 
tu pemenne VY, (0, 4) ypaBnenusa (1), yaoBeTBopa- | 


RS wmMee yCOBMAM: 
Ik We ele Viigo ; 
tS) 
ne Pol nmr? ac <8< 0, 
2 Ee OO ) 
p(®) , 0<0< 2, 
tS) 
! allele oY < \s) <Oo, 
SA ea 2 C) 
q(8) 5 O = 82 


3nech p(®) u q(®)—HekoTopple cbyHkuMN, nOmexamue onpenene- | 
Huto. Pemenne samaun 4 3anMcbipaeTcA B Bue 


W.(0, 4) = Ss sin 4,0 -U, (t) 


n=1 


I 
Bo) %_ Co) 


% 


a 
vi, (1) is 
i | FeET cosine « 


6 
@, 
ah v(t) sind tat (10 
me far eos | | 
. ! 
Bxowsiat B (10) dynKknua Cae He yMOBeTBOPHAeT ecrect-"} 
$y (7) 


No 
BeEHHOMY TpeOoBaHHi W,-O0O npuw y>+ oun omKHAa ONITD HCKOUeHAa 
3a cueT BbIOOpa Koapbunnetna mpH Hel. B pesyaptate nomyuaeM co- 
oTHomeHne MexaAy p(O)ju g (QO): 


Bo 

Y; 6) 

7 ar ae <(t) sind,tdt — 4 (%) v(t) sini, tdt—0, 
0} 
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| BMecTO (10) uMeem: 


y b 
poor) 1) = = n/ (Tt) sinh,@ = eae a 
0 b(t) 
eM a 


(11) 


@o 


2 Q 
we < X| {9 (d)sindytdt— f Won (t, 1) sin \ytdt 
0 ic) 


2 


SanucblBaa Tenepb Tot dakt, uro WY, (8, 7) B Buze (11) ynoBaerso- 
ACT KPAeBLIM YCOBHAM 3alauH 4, NOYYHM HHTerpambHOe ypaBHeHue 
qian y(O). Ananornunbim o6pa3om nowyyaerca HHTerpadbHoe ypaBHeHHe 
qwia P(®). Tocrato tho pemutTb OHO H3 HUX. 


Bo 

1&3, (ro) 

| q (t) Ieee Cay sin A,8 sin A,tdt — 
=1 ue 


0 n 


C 
= | Wo, (t, No) S Oe nO sin hptdt— W, (8, %), =) <0.<6,, 
iN (%0) 

n n 


Mv, BBO mepeMeHHylo V = 0, — @, 


| G (%o) . ' 
| g(t) Y Sars (—1)""' sinh, vsinh, tat = F(v), O<v< = G2, 
o Yo 
n=1 Z 


rae F(v) usBectTHa. 

| B § 5 momyuuM caenytwoulyio acumnroTMyecky!o opmMyviy 1H 
(to) 
n pu 1060M % <0. 


G (0) 
t (to) Pea Ae ey ee ody 
a oe 
ages K* () 13 
sash Jean, DES ee 


oxpanua B (13) amu mepBbii wien u mupdpepenuupyn (12) uo y, 
OJYYHM ypaBHeHHe, KOTOPOe ReErKO MHTeErpHpyeTCA C MOMOIIbIO Popmy- 
bl 


co 


at: 
sin 
nr i nt t fra i 0 
cos ro C- Sil? Cy 0k ee a a Tee: 
cos Qo — cos ® 
n=1 


HOACTAHOBKH 3 [3] 


TU 1 
cos fei + cosa), COs oa oe + cos 8). 
Jy WA 
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Pemenue MOy4uHM B BHAe | 
Z , 
q (t)= 4, (a) =< >) Rf, sin ka, a4) 
kR=1 : 


cons ¢ 


: e 
re fa=— \ Fi) sin keds; Fy (8)=V — | Fm aes f:l<—p- 
6 0 


Haxoxmenve g(t) B Bue (14) sapepmiaer pemrenue sanauH | B ep- | 
BO.’ apHOmmxenun. He mpnpoma paccy2#xeHHH, OTMETHM, YTO HMECIOMINE © 
3N€Cb MECTO OMepaHu Hal pacxXOMAMMMUCA pxayamM moryT ObITb CTporo © 
ompaByaHbl. 


§ 4. YrounenvHe pewenns 


Jlat yTOuHeHHA pelwienua OOpaTuMca K acHMIITOTHYeCKOH dopmyuze 
(13). llonctapus (13) B (10) u npousBena Te xe MpeoOpas0BaHHa, ATO H 
panee, MpHXOAMM K ypaBHeHUt0: 


i Bp | 
9 op sin a np Af K, (a, 8) das, (8). (15) | 
®opmyaa (13) mo3sBoaneT C TOUHOCTHIO JO BeM4OHH OliGN) mpeLCTa BUTb. 
K, (0, 8) B Bue, yOOHOM AA uccaeqoBanua. OxasbiBaetca, uto K, (a, B) } 
ABIACTCA HEMPePHIBHOM (byHKIHeH @ uM HENpepHIBHO AudepenuNpyemon | 
byukmuen 8B. 

Pemenue ypapHenna (15) umem B Buse pasa MO COOCTBeHHBIM PYyHK- 
WHAM PaBHOH YacTH Apa 


i 


oo 


J, (2) = Dd cp sin Re. (16). 
k=1 


ITocae nmogctanoskn (16) B (15) npHxoauM K HeOJHOpOLHOH OeckOHedHOH 4H 
CKCT€Me JIMHEHHEIX YPaBHeHHH C OeCCKOHCYHEIM UHCIOM HEMSBECTHBIX C;: | 


| 
cr-b . aaviep=epify tee (17) 
pI 
2i 
Shech pv; = irs tra COOCTBeEHHBI€ YHCa PiaBkeCH wacTH apa; 
TT 
2 RLS st 
te [|x (a, 8) sin ka sin iBdad8; |a,p| <5 . 
00 


Coorsercrsyioului cucteme (17) 6eckoHnedHDI ONpeneauTeth 


1+ pay My Qy2 i Qy3 . 
MeQa, 1+ po@y, HoQo3 - 
| 


oo 


6y eT HOPMavibHIM (cM., Hampumep, [6]), ecm CXORATCH psxBI VS | wie |, | 
‘ iq | 


S72 wae) : 
y y) a, y vif;, TO OYeBHAHO W3 UMCIOMIMXCA ONEHOK AAA Qjp UM fp. |) 
J=1h~{ i=] | 
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ee ee ae ee 


Torga npa A+~O umeer mecro cxojuMocTb merosa peyKUMH, T. e. ° 
MeTOJa MOCJeAOBATEIBHOTO PeMIeCHHA CHCTeM BHA 


n 
ej+ SV) invite = vil is ie ae ee 8 
k=l 


H cucy@ma*(17) Meer eAMHCTBEHHOe OFpaHuyeHHOe pemlenne, jaBaemce 
paBeHcTBaMu 


k 
AVES A®) 
ped 


nN co 
SHauok ,k“ yKaspipaer Ha 3ameHy k-ro croa6na na wf; (i= 1, 2...). 
Kpome Toro, pay > c? CXOANTCA H, TeM CaMbIm, cxomutca pay (16). Bon- 
i=] : 


poc 0 co6OsmoxeHnu ycroBun A -¢O octTaeTca OTKPbITHIM BBHAY CO2%KHOCTH 
ucCeROBanHA apa K, (a, 8). 


TaKHM OOpa3oM, pelleHve 3agaun 1 gaetca cbopmysamu (6), (11) u 
(16) u B npHHiune MOxeT ObITH NOCTPOeHO C W1OGOH CTeMeHbIO TOUHOCTH. 


§ 5. Bbisoyq acumMntToTHyueckux opmya 


Ocraetca nomy4unTb dopmy.ip (7), (9) u (13). Jaa sroro ypaBHenue 
T” (9) + 6 (9) T’ () —¥a aT (n) = 0, (18) 


KOTOPOMY YOBJeTBOpAeT PYHKIMA Oe (q), mpeoOpa3yem Kk Buy 
1 


ray 
Ya) + (early =0, Tin) =(R) yO. 
pitt ABYX JIMHCHHO HE3aBHCHMbIX pelleHHH nNocaweqHerO ypaBHeHHA, 
OPC heIACMbIX YCJIOBHAMU 


2 
¥2(0) =0, yO) =A, 


A. A. Hopoguuupinpim [7] nomyyena acuMnTOTHKa, KOTOpad npH 60rb- 
mux 2 u 7<0O 3anacpiBaeTca B Buse 


Vy (1) = Ate 4 — Shy (24) ir :. ie h Le = a he 2 a} x 
n 4 2 2 
x | ee dy—2V—ng o) thn 2g (n) v (2 1] —oh, (v3 1} bs 


0 


n 


x | eh ar —2y ae (| MR ORMCES +0 O27 al? aie 
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Vv, ent fe Lea) ae fa ee ge wae 9) —2¥E ahaa) x 


2 


ee on-2v at] +aeoabt 4) oe 
0 


. | 
+ alia? a’ G2 al), | 


sonePxbtala ic PL eb) uhh 
: ny 3 i ) | : 
| dy —2V ae) + 80% OF a) +o bagtarla al). 


0 


x 


EcrecTBeHHO, 4TO 
1 


oy DOT (1) + Ts (= (E) (Css (1) + e092) 


WM OTCIO/(a 
1 


s(n) =(7) (C, V1 (0) + O25 or al(ny' | (C1 Ys (1) + C292 ()). 


Kos@punnentsl cy WC, ONPeeAAIOTCA U3 CPaBHeEHHA PMaBHbIX 4ICHOB | 
aCMMMNTOTHKH Y, H Vy C TaBHbIM WICHOM YypaBHeHHA (9)—4 (y): 


a(z)" ua Ht ia)" fare - Niales fea ; is i LF all. 


Orcioga c; = G, c, = Co, uw jaa nomyuenna (7) u (9) ocTaeTca aMMb nOZ- | 
CTABHTb ACHMMITOTHKH Y, (%), Yo(q) WH UX MPOHSBOAHHIe B BEIPAKeHHA WA | 
0,00 HS , () pu noryyenun (9) acnoupsyercs ene acCHMMITOTH4ECKOE | 
cooTHomenne 


XV’ (s) — 9a) (s) = — Ye xis), 


BepHoe IIpH OOMbUIMX 3HAayeHUAX |S|, S<O, MH NOMy4aIoMleeca U3 CpaBHe- | 
HMA ACHMITOTHKH PyHKUWH IPH HW HX MPOHSBOAHHIX. 


Jin monyyenua Popmyan (13) ypapnenue (18) npeo6pasyerca k BUY 
S” (t) + [Ma + N (¢)] S (2) = 0, 


| _ 


3 1 
2 = Saks 
re (ae Es i t=+(—7) : a (ee NEC) Ks a 


Ais ByX JAWHeHO-He3aBNCHMBIX pelleHnit ot (t) u Son (t) sToro | 
ypapuenna (Sin(0)=0, S,,(0)=1, So,(0)=—1, S5, (0) =90) moxHo no- } 
CTPONTb aCHMNTOTHYECKOE passoxReHHe NO sind,t u cOSA,t (cm. [8]): 


Saye at + Sr" (0, ‘yes Sint 


[N (0) + N(t)+2H2(0, M432 4 


Sent) == COS at Se H(0, ron “TN ( (0)—N (t)— 2H? (0, ¢)| os oO } 


O6TekaHHe KAHHOBHAHOrTO MpOMWIA 3BYKOBbIM NOTOKOM ra3a Lit 


Sin (4) = cos hat — 5 H1(0, See (N(0) — NE) +2H(0, 1 + 2 , 


S(t) = sin At Cos ht. fT (0, t) — 
— i IN (0) + N() —2H7(0, £)] + oe 


© Me 


1 
rae (7 (0, o=4( mio dt. Orcioga aerko nowy aires acuMIITOTHYeCKHe 


0 
opmyap win pyHKuni 71, (4) un Ten (4), TaK 4TO B paBeHcTBeE 
he (q) =4nT\n(n) +h nan (%) 


KOSPPUIMEHTH Ay u by OnpeAeiAtoTCA ONATL 43 CPpaBHeHHA TaBHbIX W1e- 
HOB OOeHX YacTeH paBeHCTBa. 


OKOHYAaTeIbHO MOAy4HM ) 
ee ee 3 os 
A : 
Sek ” 5 ( ae 
a = |17(0) (—1yte0s [2 IN Whee a sin ae 4)? + | Me 
3 
«[v(G—n? — 5 (— 0) 4 
+2nt(o, $(-o? —2(—w)? + o 


AHaOrv4uHbIM OOpa3oM, 3aMe4yas, ITO 


ce aaR dS, 4S) 
LCase. evr epe rag Gs ent Meet: K* (a, MS 4.5 On ihn 3 


+ 53 
aS = oC ha (— + + 
3 3 
5 ne ; ane! 
Se ees sw) + 
S e 
$2 [cos |2an(—9? +3] [Y=an(2 9? 2a") 4x 
/ 39) S. Makes oo OE Ss 
- ey a aa rN ee tere 
3 
—(= 1)" N(0)V =nsin parenr = “ 2 
Tlonmaraad B pa310x#xKeHHAX SL (y) u ce (n) N= H upoH3sBonA Aere- 


He 5, (1): S (mo), Mpumem K TpeGyemoh dopmyue (13). 


Pa6OoTa BbINOIHANACh NOX pyKOBOACTBOM joueHTa P. I. Bapanuesa 
OTOPOMY aBTOP MH MPHHOCHT CBOIO OarofapHocTD. 


> 


Ee H. A. Baromkuxa 


Summary 


The problem considered is reduced in the mathematical formulation 
to the singular Tricomi’s problem for Chaplygin’s equation 


Dee + F%—_ + 8 (%) vA = 0, 


The solution is nee into a singular part and a regular one. The — 
united form of the singular part of the solution is given in both a sub- 
sonic region and a supersonic one. The second part of the problem is — 
reduced to a solving of the Volterra integral equation of the first kind. 
Its solution is constructed in the form of expansion in the eigentunctiaaa % 


of the chief part of the kernel. 
In the appendix the asymptotic formulae for Chaplygin’s functions 
and their derivatives are given in the supersonic region. 
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A. Il. Akcenos 


O AONOJHUTEJbHbDIX YPABHEHHSX JIA KOMMOHEHTOB 
TEH3OPA TYPBYJIEHTHbIX HANPSKEHHH 


IIpH paccMOTpeHHH JBYKEHHA 2KUAKOCTH MbI CTaIKHBaeMCA C TEM OO- 
fOATEABCTBOM, UTO HAYHHAA C HEKOTOPHIX 3HadeHHH Re, uMeeTCA pacxOx- 
CHHE M@XKAy TeCOPeETHYCCKUMH pe3sy/braTaMH, NMOJYYeHHEIMH B MpesNo- 
OKCHHM JAMMHAPHOCTH JBH2KCHHA, H OMbITHBIMH Pe3ybTATAaMU. ITH Pac- 
OK CHHA OODACHAIOTCA MepeXOOM AaMMHAaPHOrO NOTOKA B TYPOyAeCHTHHIM. 

MuoroaucienHble H3MepeHHA CKOpOCTeH HM AaBeHHA B TypOyAeHTHOM 
OTOKE %KHAKOCTH MOKa3bIBaloT, YTO MOCMeHHE NyAbCHPylOT C HEKOTOPBIM 
a3MaXOM OKOJIO HeEKOTOpOrO CpeAHerO 3HaYCHHA UM 4TO TYPOy1eHTHBIe 
YAbCalHH MaJIbl 10 CpaBHeHH!IO CO CpeHHMH 3HadeCHHAMH. 

TipakTuyecKH HaHOOlee HHTePeCHbIMH H ABAAIOTCA Kak pa3 CpeqHHe 
Ha4YeHHA THAPOMeXaHHyecKUX BeanauH. Ecan & — HekoTopan ruzApomMexa- 
wueckad BeH4uHHa H 7 —nepHok ocpekHeHHA, TO CpeAHHM 3Ha4deHHeM 
eM4nHb! D Ha3sbIBalOT BeJIMYHHY 


lc PD (X;, X, X3, 7) de. (1) 


rae \ 
yheM cuutath D=O®(x,, xy, X3), T. ©. YTO CHPeMHee ABHAKEHHE ABAAETCHA 
TauMOHaPHBIM HM 4TO TepHog ocpesHeHHA T BeauK MO CpaBHeHHlo CO Cpes- 
iM BpeMeHeM OMHOH TypOyeHTHOA My bcaluu. 

 B janbuetuiem onepanwio OcpeHeHHA OyTeM OTOMKMECTBIATH C OMe- 
wuel MaTeMaTH4eCKOrO O%KUMaHuA, Tak Kak @ us (1), cormacHo 3aKOHY 
DJbUIMX UMC, CXOAMTCH MO BEPOATHOCTH K MAaTeMATHYCCKOMY OHA = 
10 clyyaHHOH BeMUMHEI ©. 

Tumpomexannyeckyro BeaMunHy © MOXKHO NpeACTaBHTb B BUILe 


| | b= O40". | (2) 


auunuy ©’ OyeM TpakTOBaTb Kak WeHTPHpOBaHHy!o Culyyalhylo BesM- 
MHY, Jif KOTOPOH, Kak H3BeCTHO, 


M [o’| = M[® — 6] = 0 =0. : 


ech M|’| —o6o3HayeHHe id MaTeMATHYeCKOTO OKUAabMA BeJIH- 
HHEr 0’. oe 
TIpousBona onepauuio OcpeAHeHMA Ha OCHOBHBIMH ypaBHeNHaMi 
POAMHaMUKH, MOyuMM CHCTeMy: 


ecTHHK JleHuHrpaycKkoro YHHBepcHTerTa No £, f96f xr. 


— 


k1i4 : A, IT. Axcexoe 


3 
k=1 i 


Cuctema (3) 10 Buy BeCbMa NOXO2xa Ha CHCTeMy YPaBHeHHH BASKOM 
*KUIKOCTH B TOM C/ly4ae, CCIM OHA BHINMCHIBAeTCA HE MA CPeAHUX BEIM 
quH. Bce oTm4uHe COCTOHT B TOM, 4TO B MpaBbIX YaCTAX MOAYYHANCh LO 
HOJHUTCIbHbIe ClaraeMble. ITH MOMOTHUTEbHbIE CaraeMble MOXKHO TPak-— 
TOBATb KaK HEKOTOPbIe AOOABOUHbIe HAalpAKeHHA, OOA3AHHBIC CBOHM Ipo-— 
UCXOMKMCHHEM IybCalWMOHHOMY BHxKeHHIO (OHH OOpallaioTcA B HyJb, 
KOrAa NyAbCaWMOHHOe ABHAKEHHE OTCYTCTBYeT). | 

YpasByeune (3) He NO3BOMAIOT ONPeLETHTb CKOPOCTH H HalpAKeCHHA, 
CCAM 3aMaHbI CUbI, TAK KaK KOJMYECTBO HeEH3BECTHEIX YyHKIMA TpeBla | 
wiaeT KOJMYeCTBO ypaBHeHHH. | 

UroOn Chelath 3aayy onpenesenHOH, HEOOXOAMMO COCTABUTb LONOA- | 
HHTeJIbHEIe YPaBHeHHa. % 

ByeM TpakTOBaTb KOMMOHEeHTH! TeEH30Pa AOOABOUHBIX HanpAKeHHH 


PU,V3 


P U,V 


Pp a 
9 U3U, PUsV, PU, 


KaK KOPPeJIAWHOHHbIC MOMEHTHI CHCTEMBI CY YaHHHIX BeaN4HH. MmMenHo: |) 

U0, = M [v,0,]=M [(v, 9) (%e—%)]_ (i, R= 1, 2, 3). (DF 
HopMupoBaHHad KOppesAMMOHHad MaTpHla OyweT MMeTb BUT 
1 yo «18 


Poy ] Fog (6) | 
Fy P39 Vn te 


rne 


(Ge aah) (7) | 


, 


ByeM pewnomaratb, YTO CHCTeMa C/Y4aHHbIX BeHYHH V,, Vy, 05 


paciipeeseHa 10 HOPMaJIbHOMY 3aKOHY, TaK 4TO MIOTHOCTH pacnpese.1e- 
HHA 9TOH CHCTeMBI BbIPaxaeTca PopMyaon | 


3 \ 
, , ' ‘es ] \ U- U, il 
f (z,, Vo, U3) —— oa = SS Re Se DA f A ip tes 5 (8) 
(27) /2 nam U,V; ‘ el J OM 
i=1 


Siecb 4 — onpesenntetb, cooTBercTByiomKvi MaTpume (6); A; jk — aureOpa- | 

MYeCKOe MONOMHEHHE S1eMeHTA jp OMpenemuTena A. Tosa C MOMOLLb4O | 

(8) MowHo Halitu M |¢(v), v5, U,)], roe (V;, V5, V3) — MpOousBorDHaA | 

(PYHKUMA CBOMX apryMeHToB, 10 (bopmyvie 
+00 foo +00 


Mt? (ol) 05) of) = fuind j @(U;, Uy, Vs) f(V,, U4, V3) dv dv,dv,. (9)4), 


— 0 —0 —c 


O MONO/JHUTeIbHBIX ypaBHeHUAX JWI. KOMMOHeEHTOB TeH30pa 115 


B YaCTHOCTH, HETPYTHO MOKa3aTb, 4TO 


00,0, = M [v,0,0,) =0 (i,j, -B = 1,, 2,8), (10) 
a TAKKE, TO 


U,Y0;0, = 0,0;- 0,0, +20,0,-,0, (i, j, R=1, 2, 3). (11) 


BpiguTad 3 OCHOBHBIX ypaBHeHuit PHAPOMMHAMHKU MOWICHHO COOTBeT- 
CTBYIOUIHE OCPeAHEHHbI€ YPaBHeHHA, HaXOJUM: 


3 3 
dv — 00, 00, nS Ov; U, ap’ 
we. ee : — ip ' 
p ot +e D(a Teak Un Ox, tee Cun (P OX, a OX, } pAv,, (12,) 
= k=l 
3 3 
dv, = dv, 1 0Ue a9) 7 du, v, ap’ 
— = epee ety Thee ae 5 , 
>i OXR T Up Ox, cm nap se Fae TRA AZ) 
= k= 
3 
8 Wa, 4 0, 4 28) Voom 
Bete > (oe 52+ 0, 2 ro Sty on Ox_) p OX» aaa nOay (2) 
k=1 k=1 
3 D 
Ov, 
k=1 


YMHOuKUB OOe yacTH (12,) Ha vyV,, a OGe YacTH (12,) —Ha 2U,¥, HM OCpen- 
HMB, IIOAY4MM COOTBETCTBEHHO: 


U , OV, = , Uy ’ ' , Uv t () Uy ee 
20. of 1 Up Vq0o 5 Tt Up 25 * Fy, 1 U_V> 2 Ox, 
R=1 
3 ES 
a OU; Up, aes 1 Op’ 
Sy a eres Sra + yu,v,Av., (13,) 


a! 


ay! ’ dv, \ peel? dv, pe ae OV» eRe Ap: a) 
+U1 U9 GE +2 a ae Ee + U,U,V_ “ OXp + U,U,U, xp = 


Noha meine 

Gay ee 2 Up 2 Meet) Op’ See ie ee 

| = 20,U, 0 A |Oo, — ; a 12 Ox, + 2v V,U,AV, ‘ (13, ) 
| k=1 


JIOKVB COOTBETCTBEHHO eBLIe HM MpaBble YaCTH NOAYYeHHEIX COOTHOMIe- 
HHA u IpHHAB BO BHUMaHHe (10), (11), (12,), mocae HeKOTOpHIxX Mpeobpa- 
BOBAHMM HaXOJHM 


Se Ay UD =F avy Uy 7 dv, D 
gd omer Ps T%,% OX pete 0x3, 
dv, Ve ee! 0”, Uy — dv, 4 
on tO) 7 7 Eee Ll ' ’ Pee EIS. 14 
—=—2 (ara Pan ee ae ear? (14) 


MHOKUM Telepb O6e yacTu (12,) Ha V,V;, a OOe YacTH (12,)—Ha 20,v, 


ocpenHuM. ByeM HMe€Tb COOTBETCTBEHHO: 
ok 
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’ , 9 “3 ' tan OO v'U Uv! 0) 
UU, eT Up? U,V, 5 1 U,U,0; 5 1 UgY 1Ox,/ 
fat 
3 —_—_— 
Dr ie ee” vv,v, AY, 
aa OXp po tte 7 RA et) 
foal 
3 — 
’ dv, Vi , , Ov; , , ue Ov, , ’ , Ov, 
2U,U, 5 +2 Zy\ VE Oo axe + Uz 1°2 dx, TH Up, Ds Uo 5 
k=1 
3 —_— 
oat Ov, Up Deh OPT Oy anaee 
U0, Ox, pe 01" 2 ax, VU,;U, 80; - 


k=1 


CO#KMB COOTBETCTBEHHO JeBbIC H MpaBble yacTH CooTHOWeHHH (15,) u 


, 


(154) 


(15,) 4 mpwHaB onsaTb BO BHuMaHHe (10), (11), (12,), mocaze HeKOTOpHXx 


mpeoOpas0BaHH HaXOJUM 


(16) 


Bce BO3MO2KHBI€E KOMOMHAIMH MBI UCYepMaeM, PacCMOTPeB aHaJOPMYHbIM 
o6pa30m copmecTHo (12,) u (12,), a 1aKxe (12,) n (125). 


B pe3syAbTaTe NOMYUHM elle CAeAYIOMWWe YeTHIpe COOTHOMeHHA: 


- 0U30 Ota ——,; 003 Ug 
a dx, ee Ox, ue OXs 
dv, = dv, vu dU, Us 
7 5 1 ’ e438 ’ ' bs 
~—oa, Ox Th guy Ox, a 4 OX, 7° 
ee OU Mes = ov, U =e (OR 
= ent Par Ae Ulpod aR ale 
. - +. v: 
Ua" Toe dase Ons 348 ag. 
Ss us dv, : du, v 
a Nees 7 Les ERE i al 
= — U, += TERME U 
2 bps al OX, ole i 2 OX, +e PSS) 0X5 ’ 
oe dvs U> pe Cas eres V5 Us 
0103 a eat eae Ox3 
ses dv, : occitactnt MOU AE) a Oda: 
ia 2°3 iat 9 U3 7 C8 
Se ) _~ UV . . 
ala, 2° Oxy UsGy | ie 2 Bed xe fe 
Silay 0U3 U3 4 00" O03 Use ey 00305 
12” 0X4 Bee ON 2 COR 
Zi OU Dee te OU = dv, a 
2.28 ee re 2 U3 
= — 2\v'v,-—,.-— + v3” U 
2 | id Ox is 273 Oxo 303 OX : 


(17) 


(19) 


(20) 


YpapuenHa (14), (16) — (20) npeactapasior co6ok onoHMTeAbHbe 
YPaBHeCHHWA IH KOMMOHEHTOB TEHZOPa TYPOYJEHTHHIX HanpsKeHHH. MoxHO 
m0Ka3aTb, UTO H3 HAX HE3ABHCHMBIMH OYAYT TOAbKO TATb. 


a 
| 
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YpaBHeHHA aHaJOrHYHOH CTPYKTYPBI, HCXOAA U3 APyrux mpeznouo- 
KEHHH, Onlin nomyueuH VM. Tl. Pun36yprom B pa6ore [1]. 


Summary 


In this paper the -pulsations of hydromechanical values are treated as 
a system of centered random values distributed according to the normal 
aw. By*means of such probability treatment five additional guueGes 
are derived for the components of the turbulent tension tensor. 
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1961 BECTHHK JIEHHHIPAXCKOFO YHHBEPCHTETA _Ne 1 


b. B. Pycanos 


JIMHEAPH3OBAHHAH YCTAHOBHBLIIASCA SAJAYA OBTEKAHHA | 


TEJIA BPALWEHUA BASKOM HECXKAMAEMOHM KK AKOCTbIO 
MPH BOJIbIUMX YACJIAX PEHHOJbICA 


§ 1. MNpexsaputeibHble 3ameuaHHa 


Uccaeqospanve nopeenva pelleHui ypaBHeHui Happe-Crokca mpu 
6ObIUMxX 4YNCax PehHOmbAca CTaIKHBaeTCA C TPYMHOCTbIO PacCMOTPeHHA 
HeJIMHeHHBIX ypaBHeHHH. J]ia xOpoulo OOTeKAeMBIX TeJl ECTECTBEHHO MIpo- 
BeCTH JHHeapu3zalNio ypaBHeHui Hapbe-Crokxca mpw OObUIMX U4MCMaX 


Pefuompaca cielyIouWlMuM OOpa3soMm: moe CKOpOCTeH UW pe CTaBUTb B Bue 
u=grad¢e-+ vu, roe ¢—noTeHmMal OOTeKaHHA Tela UeabHOH *kUTKO- 
CTbIO, a U— Masible MOOABKH K CKOPOCTH OCHOBHOrO MOTOKa, KBajpaTaMu 


KOTOPpHIX B ypaBHeHuaxX HaBbe-CtoKca mpeHeOperaem. Takada AMHeapHsa- — 


WHA BHepBLIe Oblia mpemwoxeHa, mo-BugzuMomMy, ByccuHeCKOM B ero pa- 
6oTe O mepeHoce Tena B BA3KOH xwxuUAKOCTH [1]. Broprepc [2| mpousBea 


NabHetuee ynpouenne ypaBHennit Byccunecka MpHMeHHTe/IbHO K pac- 4 


CMOTPeHHIO NOrpanH4HOro COA OKOMO MOCKOrO CHMMETPHYHOLO KOHTYPpa. 
B ctatpe [3] paccmaTpuBasacb 3afa4ua OOTeKaHHA CHMMeTPHYHOFO KOHTYpa 
B Clyuae ypaBHeHHH mMHeapH30BaHHHIX m0 Byccunecxy. [Ilorenmnal ¢ 


(PYHKUMA TOKa Y OCHOBHOFO NMOTOKAa HrpaloT POb OGOOGMIEHHBIX KOOPAH- 


Hat. JlmHefHad KOHCTAaHTa, OnpefealoWlad XapaKTepHbI pasmep Tea, 


MofOupaetca Tak, uTOObL! GespasMepHbI MOTeHIMa 9 M3MeHAJICA Ob! Ha 


rene oT —2 no 2. 
Belio HaiweHo, 4TO pH OompmHx uucnax Pefnoapaca R raaBHBE 


41eH B BbIPaKeHHN BUXpA © Ha KOHType (Y==0, —2<9< 2) umeeT Bug 4 


id 
ae R a dt 
(9, R) = — 2a ee \ a 
® E9es Hy Oly Gee 
1 
The LE NOY) rae eles 


nove cKopocteli. B [3] Oblin BEIYHCAeHbI riaBHble YIeHbI COCTAB/AIONUX 


CKOPOCTH Ha OO/JbIIOM PaCCTOAHHH OT KOHTYpa MW NOMyyeHa Popmyaa aa 


CHJIbl, MeHcTBylouleli Ha KOHTYP CO CTOPOHDI 2xHLKOCTH.* 
Hcnoapsya dopmyvnt (2) u (4) u3 [3] u BIlpawxenue aaa ,(¢, R), 
HETPYAHO NOMYUNTh BHIPAXeHNA AA COCTABAIONIMX CKOPOCTH Uy, My 


BOM3H Tela. [aBHBIe YICHBI 8THX COCTABJAIOUMX pH GOombWMX YczaX | 


R ywumewr pu : 
Rw 


a 1 1 Bo Bf 4(9—1) at 
Ho Hie, 0) ae bH (9, o)| H2 (x, 0)(¢ — 1) ’ 
—2 


a IIpu 3TOM BO BTOPOM CJlaraeMOM B BbIDAKEHHH WIA Uy MpOTyMeH MHOMHTeIb a 


@Popmyubt (2) u (4) us [3] coBMecTHO C py Malt | 
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_ 9 te) 
Hit. 0) \e eee 
y H2 (2,0) /o—t 


Se 


1 0 
LC ——— 
% tRH op 


l 
Beymanna H(g, 0) 40 CCTh SHaueHne KacaTeabHOl cocTaBamiomel 


CKOPOCT H@ Tee Mp NOTEHWMaIbHOM OOTeKaHHH. JT aBHblii 4eH B BBI- 
PaxeHHH JIA aBIeHHA OyeT COBNawaTb CO 3HaN@€HHeM JaBJeHHA Ha Tere 
B NOTCHIMaIbHOM NOTOKe, KaK HM B HeJHHeHHOH TeOpHH NMOorpaHuM4HOorO 
CAOA. 

JlerkO BUeTh, YTO HaNHCaHHble PYHKIWH Uy, Uy YOBAeTBOPAIOT 
CHCTeEMe ypaBHeHHH NMOrpanwH4HOro COA, 3aMMCaHHOH B KOOpsMHAaTAaXx ¢, Y 
H AMHCAPH30BaHHOH Tak, YTO Uyg—=Uy + Ve, Uy = Vy, MPH4YeM KBaspaTu4- 
HBI€ OTHOCHTCbHO Up, Vy WICH OTOpaciBaloTca. To ecTb, mpu R-> co 
pemeHua ypaBHenni Byccuuecka BOM3H Tea NepeXOAAT, KaK U CeO: 
BalO OMKHMATb, B PeWICHHA MMHeEAPH30BAHHBIX ypaBHeHU NMOrpanu4Horo 
08, paccmoTpeHuple Bioprepcom. 


§ 2. OOTekaHne Tela BpalleHHA 


PaccMOTpHM JIMHEaPH30BaHHYIO YCTaHOBMBINycA 3afauy oOOTeKaHHA 
rela Bpaujenua. Ilycrb ocs Tena HampaBjeHa 10 ocu z. Bce rugpomuna- 
MMYeCCKHE BeJIHYHHbI OyeM CUMTATh Oe3pa3MePHbIMU, pHyeM AMHeHHYIO 
BeJIMUHHY Q, CBA3SAHHYIO C XaPAKTeEPHbIM Pa3MePOM Teva, OlpeeUM TAK, 
4YTOOb Oespa3MepHEIN MOTeHWMal OOTeKAHHA Tela UeaibHOH *KUAKOCTbIO 
MeCHAJICA Obl BROIb MePvAWaHa NOBePXHOCTH Tela OT HYJIA B HOCHKe, JO 
Tpex B xBocToBOH TouKe. BeawunHa NocaeHuX KOHCTAHT, KOHCYHO, He- 
cymecTBeHHa. B yka3aHHbIxX mpeyedaxX W3MeHACTCA, HallpuMep, NOTeHWMat 
OOTeKaHHA CAMHHYHOFO Wapa, eC CKOPOCTb Ha OeCKOHEYHOCTH paBHa 
€uHule. 

Beemem OG6OOUIeHHbIC KOOPAHHATH: 9,;=%, G2—=%, 9,—=%, THe 9, 
‘)—noTeHwual U PyHKONA TOKa OOTeKaHHA Halero Oe3spa3MepHOro Tevla 
HeCaIbHOH %2KULKOCTbIO pH YCOBHH, 4YTO CKOPOCTb Ha Oe€CKOHEYHOCTH 
paBHa emuHnne wu HanpaBleHa m0 ocu z; $— yroa B UMIMHApHuecKor 
eucreme Koopsunat r, 4, z. Koopausate 7, », d, Tak Ke KaK u Fr, 4, Z, 
oOpasyioT mpasywo cucremy. Koaddunnentn Jlame gaa 9, p, 4 OyazyT 
MMeTb BUI 

| 
= ee 


Gian H, Parr 


— grade! UY’ 


‘Coctapiaioliue BUXpa cKOopocTH 2 mo ocaM 9, » OYAyT HYAAMH, CO- 
craBAlolWlyio m0 ocw % oOo3Ha¥HM uepes ©. Bpesem BeAMYHHY 9g = 


2 2 
uj; +u 
=--- +p, rae p— Oe3pa3MepHoe aBJIeHHe, a ,, Uy — MPOCKIHH BeK- 


TOpa Gespa3MepHOH CKOPOCTH Ha OCH KOOPAUHAT ¢, 4 (uw, =0). 
Ypaspneuua Happe-Crokca uw rpaHwyunble yCcoBuA OyAyT uMeTb BAL: 


Ely sai aos Be dina le 
fe kicisin a Bi Wat saatiea Bima, oa 
2 2 
0 we ) u; | cian é 
3 Ey I Saleisha ea iB = —_~— 2 
orl oy ma MT MOR, Baven\aql 
Ou @) jdiby — al = — 
FeLi at ole Us ee oe t;|,=9, ay|, = 1, Uy |, = 0, | =0 
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BywemM cuutTaTb Pi, =0. Mposenem auneapnsanuio cucrembl (1,2), moma-_ 
rat 2,—=U +9," “Uy = Vr, M OTOPOCHM YIeCHBI, KBapaTH4YHble OTHOCH- — 
TCbHO Vj, Us: 


oq  L. dor ae Og |. leone e | 
ae ee oe ‘ona ae. (2.2% 
pL = Dap CVs 
om i foekauGmey ee Oe eo err 


[pannuuble ycoBua nepefizyT B caexyioume: 
Di) oe U.S 0; | Oa, |;=0, v2|_, =0; 
1 
Take Rak Gl a= Wa O Oia oe 
Ha nopepxuocru tesa S 6yneT ~=0, OX <3. SameTuM, 4TO HB | 
(2,2) cnenyeT, YTO © YAOBIETBOPACT YPaBHEHHIO : 


0 w il 0 61 Oor Our ‘ | 
Fer Roe ae noe (32a 


HaiiqemM BbIpaxkeHva JIA raBHEIX wexHoB (upH Oonbuux R) PyHK- 
WH U,, UV, H © BOAW3N Tena, CUHTaA, YTO 3TH PYHKUHH, KaK H B IIOCKOM | 
cayyae, YOBIETROPAICT YPaBHeHAM ANHEApUsOBaHHOTO MOrpanw4yHore 


c0n. O603Havad yKa3aHHble FaBHble YWICHHI YEPe3 Vy, V2, ©, Oy eM HMeTB 
u3 (2,2) u (3,2) 


@ ©. Jo Ce Oe a ro) Ov; O Tova __ 
Bm ROE BO — > ety + op Ty 9° | 


Ileppoe n Bropoe ypaBHenusa us (2,2) cryxKaT Aaa OnpemenenusA raaB- | 
HOrO 4wieHa g 


0 0 0 | 
tf _2 © f=. (5.2) 


Snmech ro==r(¢, 0) n Uo = Ug, 0) npn OS Gast 
Cuctema (4,2), (5,2) noayuaetca u3 (2,2), (3,2) OObINHBIM pu BbIBOLE | 
ypaBHeHHi NOrpaHH4yHoro COA MpHeMoM, @ HMCHHO: BMeCTO TlepeMeHHOK 


v BBOAMTCA HOBad NepeMeHHad Y= VV R, BeAHYHHE! Vy H © 3AMCHAIOTCH 


u — 
Ha Fi u o* VR. 3atem B ypaBHeHuax (2,2), (3,2) menaeTca npewenbHBIit 


nepexol mph R- oo. Ecam B moayyenHow cucTremMe clenaTh OOpaTHHIit } 


5 * a i 
nepexog K mepeMeHHOH } nH NOAORUTH V3—=YVR V5, ©* = TO Mbt |} 


@® 
a 2. 
wv moayunm cuctemy (4,2), (5,2). 
STa CHCTeMa ypaBHeHHH NOWMxKHA pemaTEca pH O< 9 <3, O<Y< w,, 
rae Yo — 3HaueHHe }, COOTBETCTByIOMee BHEWIHeH rpanume norpaHuyHoro: 
cox. Samevad, OHAKO, YTO petieHnaA cucTembI (4,2), (5,2) GOyayT 3aBHceTb 


He oT Y, a OT y= UVR, M YUNTHBaA, 4YTO mpH Y= %) GymeT Ny 1 

= tho VR CO, MOXKHO CUHTATb, YTO O<b< oo, u rpaHH4Hpe YCLOBHS 

Ha BHeINHeEH rpavHe NOrpaHH4yHOrO COA CTABUTb pu ~ = oo. 
[pannunbie ycioBua OynyT cnenyromme: 


i eee Fife sci 


Yue co 
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px ¢=0 aaa dyukunu v, (9, ¥), aBtniouelica po6aBKol kK cKopocTn 
OCHOBHOrO HaGeraiomero MoTOKA, cieyer MOCTABHTb yCOBHue V,|,)=0. 


o= 


~~ p \ 
a) 
Tlomaraa 7, — WY M BBOAX BMECTO  HOBYIO MepemeHHyio 2=\ de, 
ANeO 1 @ : 
\ w W 
AA Pyexufin ws, ¥) nomyanum ypaBHenne a ous IIpH 2TOM, Tak 
max ©, (0, >) = 0, to's (442) x Wi o,0), oes 0. 
OGOo3Hayad HeM3BeCTHHIe sHayeHHn PYHKWMH W Ha Tee (npu ’—0O) 
yepes W,(s), OyeM, OUCBHAHO, HMeTb: ’ ete beth 


o 


- YR Oy cee a , . 
TN Gey Pl ce ee Ee ee 6,2 
i ve \ yes ; i 
Onpenzeaum wy (€) 43 ycroBHA V ly-o== — Up. Vuntprpaa, yTo 0; (5 =O, 
v3 (4,2) uMeem: i 
= 7; \ wl, Ddn, (7,2) 
d 
TlogctaBiaa no wHtTerpant w u3 (6,2), nonaran b=O u a= oi 
M MHTerpHpyaA NO Y, NpuseM K ypaBHennio AOenaA AIA ONpeReneHuA Wy (s) 
: V=R, ee ee 
OTKY Jia 
S72 
Sat Ee a) Up (=) 
w, (E) oe of oes (8,2) 
9 


) 
(Mat coxpanuan gua U,(¢) u U,(s), rae o= | ride, OJHO HK TO 2#*Ke 060- 
6 


~ 


sHayeHHe.) CocTaBAlolad CKOPOCTH VY, OMpefedAeTCA U3 yPaBHeHMA He- 
PaspHIBHOCTH HM YCIOBUA V2 |,_.==0: 


b 

aA 7s A es 

Ue oo Ua a (9, 4) dy. (9,2) 
0 


®opmyapt (6,2)—(9,2) mator nome cKopocteH BOH3H Teva. 
B 3agquef TouKe Testa (pu ¢=3) 6yzeT, Boob6me roBops, Uy (3)=—0. 


] 
BenencTBue STOTO, BENMYMHb! UV, WH V2, COMEPKAMIMe MHOXKUTEb;—, Oy- 


0 
AYT OOpamarped B OecCKOHeYHOCTh, pu y= 3, Y#O. Sror dusuyecku 
HEECTECTBEHHDIA Pe3yAbTaT NOMy4aeTca 3a cuYeT 4Ype3MePHOrO YyIpPOMeHHA 


cucTemp (2,2) pH HOMYYeHHH ypaBHeHHH AA V,, Vy. JlerkO BUueTb, ITO 
ECM PaCCMATPUBaTb MeHEee YIIPOWLeHHY!O CUCTeMy, 3aMeHUB Ba MOCMes- 
HUX ypaBHeHua B (4,2) Ha caezylome: 


Omaw 6) 
aa eens PS Aid OLE y ye 
oe Wnsicd OVE Ga Gog tune ante Do 8 
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TO PyHKuWHH U1, v, He OyMyT HMeTb YKa3aHHOTO He OCTAaTKa. B 9TOM © 
cayuae Oyler 
7 


ei as y) dn, 
y 
y 
int ed U 0 1 
i eo" RS Go lar dy 


re @ Onpesennerca no-npexkuemy dopmysamu (6,2), (8,2). He mpea- 
CTABIAeT Tpya NoKa3zaTb, ¥TO mpH y #3 HOBOe BbIpaxKeHHe MA 2, Oy meT 
oTmuuaTpen OT (7,2) Ha CaraeMoe NOpsAAKa TR? a fin VU, oT (9,2) Ha” 


| 
; 2 
caaraeMoe nNopagKa =~ (camo Uys B TOM H [pyromM culyyae HMeeT TNOpA- | 


1 
NOK a 
VRE 
MopMyvibl JIA COCTABAAIOWNIMX CKOPOCTH BOAM3H MOCKOrO KOHTYPa, ~ 
NpWBeeHHbIe B § 1, OGanaloT TEM 2%Ke HEeOCTATKOM, CIO/JIb Ke nerKO 


HCI paBHMBIM. 


. i 
‘. 


cae lyer . 


M3 (5,2). u Toro, uTo aie + ; 


+ fave, ndn, te. g=y+U,v, (0<¢ <8). | 
y 


= a 2 = | 
Ho, Tak Kak =e TO p=4-54+%(4%—-VU), ee 


PnaBHbi YieH B BbIPaKeHHN AVIA WaBJIGHHA, TaKHM OOPa3s0M, outa | 
BOJH3H Tela TAKUM Ke, KaK B UfeaIbHOH 2KHAKOCTH. ITO XOPOMIO H3BeCT- | 
HBIM Pe3syJIbTAaT TEOPHH NOFpaHH4Horo cJoR. ie 


yemM NocweqHee ClaraeMOe, KaK HETPYTHO NOKa3aTb, HMCCT NOPATOK —— 


§ 3. Cuna Bpo3aeiicTsua nOTOKa Ha Teo 


HispecrHo, uro BeKTOp cuan F, meficTByiomleh Ha TeAO CO CTOpOHBI f 
noToKa, Maetca PopMywoH 


P= atv \\(— pn + La SS 


3necb @— xapakrepHaa jMHa (0 BHIOOpe STOH BeM4YMHEI yxXe TOBOpH- if 
nOCb Bbiue); V—xapakTepHad cCkKOpocTb (B HallleM cyyae — cKOpocTE# 
NOTOKa Ha Oe€CKOHETHOCTH); p— NIOTHOCTS x%xuAKOCTH. MHTerpupoBaHHe jf 
NPpOBOAMTCA TO HOBeEPXHOCTH Oe3spa3sMepHOrO Tela; M— BHeWHAA nO oOT-} 
HOIWeHHIO K Tey HOPMAavIb. | 

B namiem cnyuae OyqeT AMMIb OfHA COCTABIAIONAA CHIbI — 10 ocH Zi 


VS AO aN Gs pcos(n, z) + Kon) 4S. . | 


Tak KaK BUXpb CKOPOCTH © Ha Teme HaliqeH, TO AerKo Halitu H oe iB 


HerpyaHo Buserb, aro 97a BeMUNHA Ha Tere uMmeer nopanok VR, tare 
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4TO BTOpoe CJlaraeMOe NOM 3HAKOM HHTC€rpadla, Marwoulee CHIbI BA3SKOFO 


~ 


l . s 
TpeHHxA, OyeT UMETH NOpaA OK eye C mpyron CTOPOHBI, Tak Kak p| = 
y Ss 


2 
] Up 
9 ~g» TO MHTerpas OF MepBOoro CaraeMoOro OGpaTHUTCA B HOwb COrmacHoO 
napamoxcy JienamM6epa. Onnako maBrenne p onpefeteHo Ha S anwb c 
ad 
TouHOocthio 0 caaraemoro nopaAyKa TR” IIpH4eM JIA HAaXO#KJLCHHA 8TOFO 
ClaraeMOrO HY2KHO 3HaTb CJIeAyIOMMe NO NOPAAKY YWIeHI B BbIPAKeHHH 
AA ©, KOTOPbIe H3 cHCcTeMbI (4,2) He MoryT ObITD HafimenbI. Takum 06- 
pasoM, mompaBka K CHMe CONPOTHBIeCHHH 3a CUeT AaBeHHA, Uwuelwllad 
TOT 2K MOPAAOK, UTO H CHa BASKOTO TPeHHA, OCTaeTCA HeM3BeCTHON. 
TlonHasi Cua BO3eHCTBHA 2KHAKOCTH Ha TeN0, a Ce OBaTebHO H 


HOOaBOUnHIA WieH OT CHAI WaBAeHWA, MOXKET OITb BHIYNCMEHA CeLYIOULUM 
o6pa30m. _ 


Xopowio M3BeCTHO, 4¥TO HHTerpaa no S B BEpaxeHun jaa F, B Cay- 
yae, KOra CKOPOCTbh “ MW JaBeHHe P YLOBMCTBOPAIOT HeMHEHHbIM ypaB- 
HeHuaM Happe-Crokca, MOxKeT ObITh MpeoOpa3s0BaH C MOMOUIbIO HHTerpH- 
POBaHHA 9THX YPaBHeHHH 10 OObBEMY, 3aKIOUCHHOMY Mex Jy MOBepx- 
HocTbio S Tema u ccepor ie pagnyca K, B unTerpaa mo ccepe ve 


Hf 


(Naot +2 )ase (f(— peek —as,)as 
iS) 


4 


K 


3necb B MHTerpase 10 S HOpMaib HalpaBeHa BHe 71e/la, a B MHTerpase 
mo 2x —Bue cepbl. AHanOrHuHbIM MpHeMOM, B culy4ae, Kora’ uMeem 
JmHeapHsoBaHHy!o cucTemy (2,2), 3amucaB eTy cucTemy B Buse 


\ 


2x U=—gradg + 7 dy, divu=O, aes 
1, 


as 2 — 
rotvu, U= grad ¢, (=p (Ue), 


| 
| 


nomy4unuM opMy.ly 


= 1 ov j ie Nenu Se) ae " 
"\(— pa +R oe) aS= | (—psn4 R An U,v a) aS. 
rate 


e 


L: U? 1 a eae 

Bnecs py =p +> —-5 =9—-5 KY, 2). 

JlerkKo BHeTb, 4YTO HHTerpal cieBa paBeH HHTerpaly, BXOANULemMy 
5 1 Us pee 

iB BLIPAwKeHHe WIA F. JlefictBuTeabHo, TaK KaK P=Pp,; + Shame ee 


= U + v, TO yKa3aHHble HHTEY paJibl OyayT OTMM4aATbCA ABYMA C/araeMbIMu 
ike RB ere 1 f OU 
{\(g~F) Aas « |) Gras. 
S S 


luo tax Kak U —BeKTOp CKOpocTH pH MOTeHUMaIbHOM OOTeKaHUM Teaa, 
fro Kax bi u3 THX HHTerpaoB paBeH Hy, B nalieM cilyyae MA CHIBI 
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Buuucaum unterpar mo ¥,. SameruM, uToO moTeHyMa ~ OOTeKAHMA 


Tema u Bektop U=grad¢ npn VPe+2=1>~ (y— paauyc-BeKTop 
TOUKH) HMeIOT BHI: 


e=z+0(4}, U=k+0(4), (2,3) | 


rae k-opr ocu 2. Baenem yroma y Me#K Ay HampaBJeHHeM PpajWyCa-BeK- 
Topa 7 u ocbo 2. TlomcraBaaa mOm MHTerpat NO L, BbIPaxkeHuA (2;3) 


YUUTHIBad, TO ih v,dS=0, apumem, ycrpemiaa K Kk OeCKOHeuHOCTH, ‘| 
LK q 
K CJELYIOMNLEMY BbIPAxKeHHIO Aaa Z: 
me teers ti yey RG Ger ati 
L=36 ae (lg a+ a cos) dS. bf 
2K 
Hafiqem BbipaxkeHve JIA BeAMUMHEI, CTOAUeH NOM 3HaKOM MHTerpaa 


pH OObWINX 3HayeHMAX Y. 3aMeHuM B CucTeme (2,2) BeKTOp cKopoctn U 
ero rlaBHOA YaCTbIO Ha OECKOHEYHOCTH, T. €. CAMHHYHBIM BeKTOPOM, Ha- 
mpaBJeHHBIM 10 ocw Zz. M3 moyYeHHEIX ypaBHeHHH erKO cCemyeT, ATO | 
dyHKunn ©, g GOYyAyT BbIpaxkaTbcaA yepes HeKOTOPylO *PyHKnHW C, yoB- : 


1 
A€TBOPAIOULYIO YPaBHeHHlo 5 =p A“, 10 PopMy.iaM 
708 6 1 a 
Oar ae ee aaa 


Kak XOpOlIO u3BeCTHO, OG6Mlee PelleHHe ypaBHeHHuA aA ©, He 3aBH- 
caujee OT yrvla X H YAOBMeTBOpAii mee yCJOBHIO [S| | <o, MMeeT BUA | 
es | 


co 


n 


Gee Oh et Ce i 1) Pp (cos x) + const, 
if Ley 
nim 


re K ,—dyxKunn Maxgjonatpaa; Py — nomunompl JlexaHapa; a Cy — | 
+e 

2 
MIPOH3BO.IbHEIE KOSPPUMMEHTH. 


VMmea B Buny dopmysy gaan K , (x): 
n+> 
D 


n 
co: (n+ m)! 
n= VES teins 
Ky a (x) DS. : m! (n—m)! (2x)™ 
2 m=0 
M TO OOCTOATEbCTBO, YTO MPH BHIYMCEHHA HHTerpasa M0 LY, HaM HYXKHO | 


YUMTHIBATH JNM Te ClaraeMble HO MHTerpayiOM, KOTOpPBIe mocae uUHTe- | 
rpupoBanua OyLyT OTMM4HEI OT HYyJA nph K > oc, Hatizem 


R R | 

AR sin'y Bie Ay 1 A ete on , 

o = om e et b—— ys ae é ; (3,am 

rye A — weKOTOpad, MOKA HeHSBeCTHaA, KOHCTaHTa. C MOMOMbIO ypaBHe- | 
HHA HePaspHIBHOCTH UH BbIPaxenusa (3,3) Baa © 6e3 Tpyga onpenenuM Vy f 


R 1 
A cos x A 3 1(1—cos x) 
ST ela Se * 


a aaa teh | 
Tleppoe rapMOHHUYCCKOe CilaraeMOe B Vz NOABAAeETCH 34 CHET YOBJETBO- jf 


PpeHHA YCOBHIO \J v,dS=0. Boipaxkenua aA rviaBHbIx UIeHOB (npH 
y i 
XK 
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1! 2G Ou Ow 

OO1bWAX {) MPOKsBOIY4bIX pie: ‘9, MOlyualoTcA HenocpezcTBeHHO Aup- 
t 

(bepeHIMpOBaHHeM HaNMCaHHEIX BbIPAKeHHH AA Vy Uw, Jlanee, Tak Kak 


~> 1(1—cos x) 


BeMUUHa e pu ¥ > X%o > O Becbma ObICTpo cTpemuTCH K HYsIO 


| 

a dv ou 

mph + Soo, 10 B BbIPaxkeHHAX (3,3) uB a = oi MOXKHO 3aMCHHTb 
2 


i— cos x Ha +, Sinx Ha Y, @ NPM BbIYHCeHHM MHTerpata m0 Y, MHO- 


KUTCb COS ¥ 34MCHUTh Ha CAMHWWLY M MHTerpHpoBaTb NO x He OTO no , 
a or 0 20 oo. OGocHOBaHHe 3TOTO C NOMOMIBIO COOTBETCTBYIONINX ONeHOK 
He MpecTaBAAeT HHKaKOrO Tpya. Takum O6pa3om, OyzeM uMeTD: 


tm [ [iS + (9) con) as = 
2K 


Pp Po eRe ROS cape Oe 
: © : a 4e8 PF me 

= lim 2x | (24. : oe ay. 

) ee aael BL awe mK XOX 

JlerkO BueTb, YTO HepBoe Caaraemoe NOX 3HaKOM MHTerpaia mocae uH- 
3 Boluvcuenne uuTerpasa oT 

4nA 

BrOporo CaraeMOrO AaeT ANA MCKOMOTFO Mpemera BHIPAKeHHe ——. 


TerpHPOBaHHA MacT BeEHYNHY NOPAAKAa 


_ Onpeneaum nocroaHuyio A. V3 cucrempr (2,2) caenyeT, 4TO BeKTOp 
2 YOBIeTBOPAeT CAeLYIOMeMY ypaBHeHHI0: 
| aa ae = eee 1 Aes 
(U, yy2-@, WU =F ae. (4,3) 


YMHOMKHM O6€ YacTH 3TOTO ypaBHeHWA CKaJIAPHO Ha HEKOTOpHI BeKTop B 
M mpouHTerpupyem no oObemy D, 3aKMIOUCHHOMY MeK TY MOBEPXHOCTHIO 


tena S u cdepor ee Tlocae mpocrhix mpeoOpasoBaHuh NOwy4HM 


((lo.2 2) — 2.8, %) — 3 (8, Sle ele S2ilas= 
; =- 
 A(S[se 2)-e. 0-28, Bess 

Ss 


a 


+ {ie (U, y)B)—(, @ vB) +4, AB)| ae 


Bo3bMem Bektop & Tak, 4TOObI B cucreme KOOPAMHAT Pra; 3 ObI10 
a2. — 0, oe Burpaxenue (2, (U,+)B) —(U, (2, v) 8) ee: 


= 
: } , rN BHI.HO 
TaKOM Cjlyyae B CHCTeMe ¢, ), J HMeTb BUHL: Ea ah YTO, OUYeBHAHO, 


paBHO Hyvio. TOUHO Tak xe, AerkO BUseTs, uO AB=0. Takum oOpasom, 
uHTerpad uo oObemy D ucuesaet. Sameuan, 4TO Ha NOBeEPpXHOCTH Teva 


¥—=(0, mpufzemM K opmyvie 
: OF ag ae ie moe Be a8 eye 
alee ta ye R\ ron on r 


lIpu 7 co OyzeT . 8% ; 
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dw 
Nogcrapaaa B MHTerpal nO )), 9TH BbIPAKeHHA, a TaKI«Ke Uns ®; my MS 


(2,3) u (3,3) uw mepexoaa kK npegery mpu K> ~, nalgqem 
\\ Faas 40d. 
AY 


10) 


R a ( Ujl)ae 
a = W) (s) = — — — | ——. 


Vo 


3aTeM 3J@MeHT NOMA moBepxHocTH Teta @S MO2KHO MpeCTaBUTb ; 
B Buge: @S=r,dddl, rye 1—yauna pAyru BO MepHAMaHa Tea, a §¢ 
ro =r, (Zz) — ypaBHeHue 3TOTO MepHynaHa (MBI ocTaBuM ee r,(z) To «eq | 


o6o3HayeHHe, 4TO U AIA 7o(¢)). Kpome Toro, Tlostomy 3ame-— 


9 
Gad, 2 4tO 46 = Wee 6yNe€M MMeTb o as = dds, OTKY 1a 


Oy 
on oor ae 


for 


é : —— ( U? (x) dt 
a iB tds =2n | w,(o)ds = —2VER | eee | 
hy 7 


V % ——-rG 
0 
Siech 3; == j redo 
0 


TakuM OOpa30M, is KOHCTaHTHH A umeem cbopmyuty: 


So 2. A | 
or eae \ = os 5,3) | 


SHaa KoHcTaHTy A C NOMOMIbIO paHee NOAYYeHHEIX OpMy, MOMKEM Ha- | 
MMCaTb BbIPaxKeHHe JIA cubl Z, a TakxKe mowe cKOpocTef u aBnenue | 
Ha OOMBUIOM paccTOAHHU OT Tea. ITpupezem 9TH POpMyuH: : 


Up (* 
Z=2Va%» V2 (#2 dz, R=, 
co 


RW 
A Ama aS 
4, ==,COS ¥ + 33 , 
1 Ry 4 | 
_ RW (6,3) | 
daa Sin ee cee 
21 
— Re 
CU é ‘ ’ 
— AltOSy 
= Re 


Hetpy4HoO BuyeTb, 4TO KOHCTaHTa A MOxerT ObITL 3anucaHa B Gouee | 
VROOHOM JIA BEIUMCIeHHH Buse: 
2 

Oy \3 


=Vz (ae) ro (z) cos (1, 2) dz 


y fe [ Bc) ac 


cf 
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3eCb Zo — KOOPAHHaTa XBOCTOBOH TOUKH Teva, 


op d 


1 0 
iz az? lPo(2), 21 = 


cos?(l, z) oz Pan tl 


Summary 


- 


_. The stationary flow of the viscous incompressible fluid around some 
axisymmetrical body is considered. The velocity of liquid—wu is repre- 
sented in the form u—grad¢ + v. In Navier-Stockes equations the terms 
quadratic in v are neglected. The expressions for the principal parts (by 


great Reinolds number) of u, curl a as well as force of resistance are 
obtained. 
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JI. A. Ky10HeH 


PACYET JIAMMHAPHOPO MOFPAHHYHOFO CJIOA MIOCKON 
MIACTHHbI B AHUCCOUMAPYIOLUEM PA3E 


BBpemenne 


Ileppad nombitKa yuecTb AHCCOMKalHIO ABYXaTOMHOPO fa3a pH pelle- 
HHM ypaBHeHu morpaHM4yHoro con” MmpunagwexutT Mypy [1]. Ho on, KaK 
H OCTa/IbHbIe HCCMeLOBATeH, Mpeknowaras BMCcCouMayHlIo PaBHOBeCHOH. 
Xopouee mpHOwKeHHe K paBHOBeCHOMY COCTOAHMIO TpeOyeT, OAHAKO, | 
BEINOIHeHUA AByX ycaoBuli Bo-neppbix, BCe Mporecchl, MpHBOAAMHe K ~ 
yCTaHOBJ@HHIO PaBHOBeCHA, OKI MpOTeKaTb JLOCTaTOUHO OBICTPO NO © 
CPaBHeHHIO CO CKOPOCTbIO H3MCHEHHA COCTOAHHA B KaxK OM OObeMe 1[a3a. 
Bo-BTOPbIX, ABIeCHHA WepeHoca B ra3se He JOJ2#KHbI UPpaTb 3aMeTHOH POH. 
Bo MHOrHX CydadX BbINMOJHeHMe YTHX YCAOBUH BHISbIBAeT COMHEHHE. 


3 CAELYIONLEM NpHOHKeHHH HY2KHO PaCCMOTPeTb XHMHYECKH HEPaBHO- | 


BecHyIO Auccomualnio. Tak Kak YCTaHOBJIGHHe CTaTHCTHYCCKH PpaBHOBec- 
HOrO paclipewqeienvaA MOJIeKY MO HX COCTOAHHAM ABJIACTCA MPOMeCcOM 
BeCbMa OBICTPBIM TIO CpaBHeHHIO C XHMHYeCCKUMH PeaKWWAMH, BO3MYMlalo- 
UMM JeHCTBHeEM peaKIWH Ha pacipeAeeHve MOJeKY MOMKHO peHedpedb. — 

B HactoauleH paOote faetca cnocoO pelleHua ypaBHeHHi JaMMHap- 
HOrO NOrpaHW4HOro COA MJIOCKOH MWIaCTHHbl C YYeTOM XHMHYeCKH HepaB- | 
HOBeECHOH JMCCOMMAWNH AByXaTOMHOrO fa3a B YCJOBHAX HENOAHOFO TepMO- | 
AMHaMMyecKorO paBHoBecna. YAeJIbHBIE TeNMOCOAepAKAHHA ATOMAPHOH H 
MOJICKYAAPHOH KOMMOHEHT C4YHTAIOTCA H3BECTHBIMH MPOH3BObHBIMH (PYHK- 
IMAMM TeMMeparypbl ra3a. KoasppuwMexTh Mepenoca, YAeMbHOe TeMIOCO- 
epxkaHHe CMeCH aTOMOB HW MOVIeKy.I, AOCOMOTHAA CKOpOCTh AuCCOMMAaluA 


C4UHTAIOTCH USBeECTHBIMH IMPON3SBOJIBHbIMU PyHKONAMU OT TeMMepatTypbl ¢§ 


ra3a HW CTeCNeHH JHCCOUMaAWHH. 


§ 1. OcHoBHble ypaBHeHus WH rpaHH4Hble yCOBUA 


CucremMy ypaBHeHHi, OMMCHIBaIOWIMX TeyeHHe OHNHAPHOH cMecH pea- 
rMpylOUl4X Ta3s0B B NOrpaHH4HOM C1Oe NMIOCKOH NWaCTHHKH, MOMKHO 3anv- 
caTb B Bue 

a) 0 ) 
ae ES 5. (eB at 


Ou Ou 0 Ou 
p(w onal 05] = ay ( By) 
Yj les 
lel OH 0 ss : 0 (1) 
(Olt f ae oT Oz /ou\2 
P (w ap 4 ay) ay oy + (#7, — Fy) pDj» 5| + (35) ’ 


Oe Os ty) Oe 
p [wu presi 5 ay (PDs 5 ital Nas 


pal Papen 
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Ae © — KOOPAMHATA BAOb M1aCTHHKN; YV— KOOPpAMHaTa m0 HOpMadM K 
TOBEPXHOCTH; 1 —TOPW3OHTAAbHaA COCTABAIONIAA CKOPOCTH; UY — BepTH- 
{albHasdt COCTABAAIOWad CKOPOCTH; PY — JaBAeHHe; P — NAOTHOCTh CMeCH 
ITOMOB HW MOJeKYA; § — KOaPPuUHeHT BASKOCTH CMeCH; © —cTeneHb JMC- 
-OUMAIHH, WIM MaCcOBax JOA aToMoB, D,,— KoaspdpunnenT KOHIeHTpa- 
(MOHHOK Luppysun; m,—MOMeKYAAPHBI BEC ATOM@PHOHM KOMMOHEHTHI CMeCH; 
{, — aQeofOTHad MOJApHaA CKOPOCTS O6pa30BaHHA aTOMOB B pe3ybTate 
IpOWeccOB ANCCOMMANHH MOJeEKYA Ha aTOMb! HW PeKOMOMHAIHH aTOMOB 
3 MOJeKyJbI; /7 —yerbnoe Ten1ocoxepxanue cmecu; H, — yenbHoe 
PemMOCOAep2xXaHHe ATOMAPHOH KOMMOHeHTEL CMecu; /7,, — ynenbHoe Tenv0- 
OMe P2KAHHE MOJeKYAAPHOM KOMMOHEHTHE CMecu; A—~ Koasd@iunnerT Ten0- 
IPOBOAHOCTH Ja cMecH; R—ra30BaA MOCTOAHHAA CAMHUIbI MaCCbI MOve- 
<YJIAPHOW KOMNOHEHTHI CMecu; 7 — Temnepatypa rasa. Haxoxjnenue dyuK- 
mu K,(¢, 7) qa AByxaTOMHOrO raza mpezcraBaaer Cobo camocTos- 
PeIbHYIO CO#KHyIO 3alauy. B Hacrosuee BpeMA yCnewHO pa3sBuBaeTcs 
reOpHA AOCOJNOTHEIX CKOpocTelt peakyun [2], Ha OCHOBe KOTOPOH Caenyer 
mpeketaTs PyHKuuio K,(e, 7). 

Yrelbuble Temiocofzepxanua 7, nu Hy MOXKHO BbIpasHTb 4epe3s 
yVACDHBIE TEMMOCMKOCTIT MPH MOCTOAHHOM MaBACHMU Cp, U Cpy CAeLYO- 


MUM OOpa3somM: ; 


H,= | ¢p,-dT+D, 
0 
he D — YHeJbHan 9HeprHnA CHOC OR ATE, 


Hy, = | pu. 
U 
Tlepefimem OT He3aBHCHMBbIX M@PCMECHHBIX X, Y K H3BECTHEIM N@peMeH- 
ibiM KpOKKO xX, UZ, a HCKOMBIMH (@YHKUMAMHM Oy eM CUMTATh HanpAxKeHHE 
(peHuA t, Temnepatypy 7, creleHb AMccomMauMu ¢. SaTeM BBeAeM ce- 
lyioulHve Oespa3MepHble MePpeMeHHbIe: 


6 u 
a =, rae /— quHa miacTHHKH; Ww’ = ig, ? THE Uo — CKOPOCTb BO BHELI- 
Cc 

“ (eens 9 ; yal he ¢ ieee ee ie alg ENE 
JM IOTOKe; tT = V/ Rep pote ae ee 2? te ine 1; OM Cn: 
. 
| H me a) : 
Sa | ee ee eee eee Sc =p, — wucHO 
pa Cpo ? CyoT 9 z M CpoTo 0 0 2 

MUTA. 


Kpome Toro, B ypaBHeHHA BOizyT caenyioulme mapameTpH, onpesze- 
AeMbIC HAOeralolluM MOTOKOM: 
c . ——— 
= pool uucno Petinompaca; Pry = a —yncno Tipawatrasg; a= 
Mo 
é 
(y—1) Mo, rae Ae arte a M,—u4ucao Maxa. 
U 4 ; 
OxonyaTembHO MOMY4HM CHCTeMy ypaBHeHH clesywmero Bus: 


O20! Hie bRPAN 
aa ele j=, 


du!” } 
OT’ [’ OT’ (0 (XN |u.') Pro Oz we é 
ou’? (77) ou’ | ou’ r Sc ou’ (pa a) 7 
Olin ca ; ; ' 9 
a. i ir —Prot (Cr — oh) — Procyye|} (2) 


AT’ pp, ae Rg) opt an see 
oy os u’ Pr, [e (Cee OO.) ) @ Prt, a (H, — H,,)?=0, 
Os / 1 dz fdlnSc  dinv' /1 Oz p'p! Way ean 

wu (Se) a ou’ ja’ (Se! oe gh tA i 
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TipH gaipnefuiem w3i0x%KeHHH ITpMxOB MucaTb He Oymem. Ecan us. 


CHCTeMBI ypaBHeHni (2) C MOMOL[bIO YpaBHeHHA COCTOAHHA UCKJIIOUNTB. 
WWIOTHOCTb, TO Halla 3afaua CBeeTCH K HaXO*KCHHIO TPeHHA, TeMMepa~ — 


¥ 


TYpbl M CTeMeHH AMCCONMaMM B rase Kak PyYHKUMH x, W U3 CHCTEMBI TPex — 


2 

ypaBHeHHii B YaCTHBIX MPOM3BOAHBIX BTOporoO MOpAAKa. 4 
Yxa3aHHylo cucTemy ypaBHeHul Oyem pelllarb pH cme MyouUAX rpa- 
HHUHBIX YCAOBUAX: ‘ 
a) oT’ | 02 — he 

| =o F(T ga), =O. a . ! 

lu=0 \ LaF) u=0 ; (3)— 

t|,-,—9, Ryu ed, Eiice =, | 


‘ 
-=0 o3nayaeT, 4TO MaTepHal MWaCTHHKH He ABAAeTCH 

u=0 > 
-KaTaM3aTOPOM JIA peak WHCCOMMalHH MW pekKOMOMHauMH. Ecan MaTe= 
pvam oOOTeKaeMOro Tela ABIAeCTCH OUCH CHAbHBIM KaTaJM3aTOpOM JA 
OOCUX YKa3aHHbIX PeaKUM, TO KOHWCHTPalMl0 ATOMOB BOWIN3H NOBEPXHOCTH 
oOTeKaeMOro Tela CeMyeT CYHTATb OM3KOH K PaBHOBeCcHOH. Ho 9TO Kpat-— 
HHe Cly4aH, a YCTAHOBJeHHe paBHbHOrO [paHH4HOTO ycuiOBuA AA CTe= | 
N€HH AMCCOMMAIWH Ha CTCHKE e€CTb CaMOCTOATE/IbDHBIA CO2%HbIM BOMpOC. | 
B maHHoH cTaTbe MOBePXHOCTb MWIaCTHHKM CUHTAIaCh HeKaTaJIMTHYeCKOH. 


os 
YcoBHe v7 


{ 


§ 2. Mpu6amkenHoe pewienwe CHCTeMbI ypaBHenHi (2) B O1u3KOH 
OKpecTHOCTH NMepewHeA KPOMKH MWacTHHKH 


Bpela O6o3HaueHHe =) x, mpemnoOnOxXNM CHpaBesMBOCTS pa3sa0-, 
2%KCHUA UCKOMBIX PYHKIMH B PATbI cmeyouero BHA: 1 


to bh tay + tei + tel too. | 
T==1@)-- Tay§+ T(2)8 + ecm | (4) 
@ =e fe y)8 + Eye + rae, 


rye Kos pumnentE t), Ty, &y (i= 1, 2,...) 3aBUCAT TOMDKO OT CKOpOCTH. 
OveBHAHO, YTO IPH MPMHATHIX PpaHHYHBIX YCAOBHAX eq =O. 


Cuntaa pce PYHKUMH, BxXOLAUIMe B ypaBHeHuA cucTeMBI (2), 3aBuca- } 
wuMu OT eH 7, pas102%*xHM UX B PAB, aHaoruyuHble pagam (4), u co6e- 
pem KOas@PuNveHTH MPH OMMHAKOBHIX cTeneHax €. TlocaeqoBaTebHO MpH- 
paBHuBad K Hy0 KOsduunentH mpu &°, &, & wu vr. a, nowyaHM mocie- 
NOBATEAbHOCTb CHCTEM OOBIKHOBCHHEIX LudepenwwaIbublX ypaBHeHUA LAA 
NOCMELOBATEBHOTO ONPeAeCACHUA HYMEBEIX, MEPBEIX H T. J. KoadunHeH- | 
TOB B pagax (4). [panuynne ycoBua tia pyHkKuWA, HAaXOAMMBIX 43 yKa-] 
3aHHBIX CHCTEM, NOy4aloTCA MyTeM MOACTAaHOBKH pxAOB (4) B rpaHMuHBe 
ycuoBua (3) H NpHpaBHMBaHuA Hy10 KOIpPUuMeHTOB pu COOTBeTCTBYIO-| 
mMX cTemeHax § Cucrema ypaBHeHHli qa onpemenenua HYAeBEIX Kose 
(PUNHEHTOB paoB (4) uMeeT CrenyIOMMH BUN: j 


. x 
Tay + To For (4, To) =0, 


Re) Phe.) | , (5) 
To %01,( 1) + [Tol Bog (To) + Ty" P03 (To), Ta» Toy Pro) + a=0. 


Jad onpexetenua mepBplx Koa punguertos panos (4) 6yzem umeTE 
caemylomlyio cucremy ypaBHeHna: a 
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] Ty = Fyn (uw) + T y@12 (4) + & 4,15 (4) = 9, 
Loy Ost) Ty Bra (2) + Tess (2) + & 4) P14 (4) + 5 (2) + 
+ yy big (W) + yy 02() = 0, (8) 
Ea) + €gCu1 (i) oa E12 (uw) = 0. 
Titetinoe YPaBHeHHe WIA ONPeMeMCHUA &,) MOXKHO PCMIMTh OTACABHO. 
Ouesuano, 4TO Tp NPUHATHIX PPpaHHUHbIX YCIOBHAX Fay» Kak H Eo)» paBHO 


HyJlQ, Tora Kak KOIdPunNertH Ey» 23). Say, MT. Z. OTAMYHEI OT HYVIA. 
Torga octaeTca cuCcTeva ABYX AVHeMHEIX OOBIKHOBCHHHIX Lupdepennnarp- 
HBIX yPaBHeHUH AA OMpemerenuA KOsPPunMeHTOB 74) H Ty) 
ay Ta) ay, (i) i Ti) Qi2 (u) =0, 
T 01) (a) + NT: (a) + TO1s a 7116 (@) sue T4017 (4) =0. 
AHaJIOMuyHO MO2%KHO COCTAaBHTb CHCTeMy ypaBHeHHi AIA onpesenenug 
KOSPMRUMCHTOB pH Oomee BBICOKHX cTeneHAX £. 


§ 3. Mocrpoenve pewenus Bo Bcex oOnacTax u3MeHeHUA x 


JionycTuM, 4TO Mbl MMeeM [Ba CELYIOULMX pasIOxKeHHA PyHKONK 
B pagan Tevimopa B OKPeCTHOCTH TOUKH Xp, 1: 


P(x, + Ax, uw) = F(X, uw) + Ax. 2 2 aru oe Pere 408. 
Poe FG, Dok RES | 
Cxsanpipad pant (7) u (8), norysum ~ : 
F(x9+Ax, 2)+ F(x, — Ax, 2)=2F(x,, 4) + 
+ ate |, to (Ax). (9) 


AuajoruuHwo nojdyuaerca BbipaxeHue 


OF (x, 1) __ OF (x, ut) Wor: O2F (x, u) Ot Ase 10 
Ox HX tAL Ox X =X —Ax Ox? 2 eh ( ). ( ) 
| OF (x, 
| Ucxaiouan uz (9) u (10) i , NOY UMM: 
<5 


2 Z a 
re F (Xo. + Ax, u) + F(X — Ax, ii) = 


SC oe el ea a aa 
TCfrofla 
ee cag ae Oot Ax, my + 
+ [ats F (x, u) — 2 F(x.—Ax, u) - 74 ae +0 (Ax). (11) 


Pa300beM IPOM@xXYTOK H3MeHeHHA X Ha M PaBHBIX OTPe3KOB AMHOK 
Ss ONYCTMM, ¥TO MBI Hallin 3Hauenua *, 7, © B unTepBase [0, 4x] 
nt 


% 
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MeTOJLOM, H302%#KeHHbIM B § 2. Torga, 3Had 3HAYeHHA PYHKOMA HW UX Tpo- 
H3BOMHBIX NO X B TOUKAX x =O un x= AX, Mbl MOMKCM BbIPasHTh 4epe3 
HUX WM 3Ha4¥eHHA CPYHKWMA npH x —2AxX npon3sBOAubIe NO X OT HCKOMBIX 
yHkuuh B TOUKe x = 2Ax. 

Ilpoussoga Takyio 3ameHy upH x=2A¥r B cucreme ypaBHeHuii (2), 
HOY4MM CHCTeMY TPeX OOBIKHOBCHHHIX AupPepenWNabHbIX ypaBHeHHi 
WA HaxoKMenuA t(2QAx, wu), T(2Ax, uw), e(2Ax, uw). AnanorM4HO MOKHO 
HalitH TpeHve, TemmepaTypy uM cTeMeHb AuccomuannH4 mpH x«—d3Ax, 
pee A Nee ee a. 

Pemlarb 3ajauy yKa3aHHbIM CNOCOOOM CuleqyeT Ha BbIYHCJINTC/BHBIX Ma- 


oo te 


2 sae 3 oe 


wHHax. (1OBLINIeHHe TOUHOCTH PeWleHHA JOCTHraeTCA 3a CUYCT YMECHBITC- 


HHA WpomexyrKa Ax 
CoBepmuleHHO @HaJOFHUHbIM OOpa3s0M MOwyuaeTCH pelieHHe 3aa4H 


O JIAMMUHApHOM TOrPpaHHYHOM COe Ha TeaxX C MPOMOAbSHBIMH TpaqveHTaMu ~ 


DaBJieHHa. 
Summary 


The laminar boundary layer problem on the flat plate with account 
of the non-equilibrium dissociation of diatomic gas is considered. A me- 


thod of numerical solution of boundary layer equations is proposed. The | 


method can be applied to solving boundary layer problems on the bodies 
with longitudinal pressure gradients. 
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1961 BECTHHK JIEHHHIPAQCKOIO YHHBEPCHTETA Ne | 


ACTPOHOMMS 


MW. H. Munnu 


AUPOY3UA USIYYEHHA B NOJIYBECKOHEYHOHW CPEJE 
MPH HEMSOTPOMHOM PACCESAHUH. I 


B 1951 r. B. B. Co6ozesnm [1] 65a npennoxeH HOBBI MeTon jaa 
PeIeHHA Pa3IMYHbIX 3ajay TeOPHu Mepenoca H31yyeHHA, OCHOBAHHEIM Ha 
MCMOJIb3OBAaHHH BePOATHOCTH BbIXOa KBaHTa U3 Cpesbl. B aibHehmem 
B. B. Co6oneB MpHMeHn ykKa3aHHbIi MeTOR K pewleHHIO paga cnenMaab- 
HBIX 3aa4 TEOPHH NepeHoca H3YYeHHA HU pasBHa OOmee craTHcTHYecKoe 
TOMKOBAHHE MpOO/eMbI NepeHoca u3yueHua [2]. B yacTruocTu, uM NOWHO- 
CThIO pewieHa 3aqayua O ANMPy3HH M31yUYeHHA B MWIOCKOM C0e TPH J1OOHIX 
MCTOYHVKAX U3 yYeHHA, MOUIHOCTH KOTOPBIX 3aBHCHT JIMIUIb OT PyOMHH, 
Wid M30TPOMHOrO pacceauua [3]. B at HOw cTaTbe BEPOATHOCTHBIM MeTO- 
JOM pacCMOTpeH BONpoc O ANddy3suu usiyyeHHa B ToyOecKOHeyHOH 
cpeme mpu HensOTpONHOM paccesauH. 

Cayyat HeH3OTPpONHOrO paccedxHHA B acTpodusuKke BCTpeyaeTcaA mpH 
HCCJI€MOBAHHH ONTHYeCKHX CBOHCTB MVIAHeTHBIX aTMOCHep HM MbWIeBLIX TY- 
maHHocTel. [IpH u3y4eHHH 3Be3THBIX aTMOCdep Tako c1yyaw MMeeT Me- 
TO JIA paccesHHMA CBeTa Ha CBOOOJIHEIX 3/ICEKTPOHAX, a TAKE B YACTOTAX 
IE KTPaJIBHBIX JIMHHH. 


$ 1. Beposruocrh BbIxXoga KBaHTa H3 Cpebl 


Bpegem Benuunny p(t, 7, 4, 9 —¢) do — BepOATHOCTD TOPO, YTO KBaHT, 
IOPIOWECHHHA Ha ONTHYeCCKOHK rayOuHe Tt 3 HallpaBJIeEHHA, COCTABJIAIONWIeEroO 
yO arccos 7 C BHeINHeH HOPMaJIbIO K CAOAM MW MMeIOMerO a3uMyT 9’, 
BHI eT U3 CpeAbl yepe3s rpaHuuy t—O nog yraom arccosy K HOpMaJM UM 
> a3uMyTOM © BHYTpH TewecHoro yraa dw. Hapamy c sTOA BepOxATHOCTHIO 
BBEJEM TakxKe y(t, 7, 4, 9’ —¢%) dw — BePpOATHOCTb TOFO, YTO KBaHT, H3- 
NYYCHHBIA Ha ONTHYeCKON riyOuHe 7 B HalpaBJIeHHH, COCTABAIOINCM yrod 
arccos 4 C BHeLIHeH HOPMAabIO H MMeIOUIeM a3HMYyT %’, BbINLeT H3 CPF AHI 
10, yrviOM arccos } K HOPMaJiv WC a3KZMYTOM ¢ BHYTPH TesecHoro yraa dw. 

YunTbBad BeEPOATHOCTHHIM CMBICA MHAMKATPHChI paccesHuaA X({) M OT- 
1OINCHHA Koap@unventTa pacceanua K KosppunverTy normomenua 4, Ha- 
XOMUM COOTHOUICHHe: 


2n +1 
nN Y A Wf IT 
Bie yA? — ?) =a: | de fea, Wn, # — 9) an", (1) 
) = 
Pits 
cos Y= 4" + Vi —’") (1 — 9°) cos (9” — ¢’). (2) 


Merko Take MouyuNTh BElpaxenne cdbyHKuun g(t, 7, 7, o° —¢) yepes 
2(z, 7, N, & —¢), OCHOBbIBAACh Ha TOM, 4TO BeAMUMHA 


, 
tC— J 
i See) 


pam < mpu 7 >O nu —e * © mpu 7 <0 (3) 
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ompemerser BEPOATHOCTH AA KBaHTa, H3Ay4eCHHOrO Ha TyOWHe tT B Ha~ | 
MpaBAeCHHM, COCTABAIOMIeM yrod arccos 7’ C HOpMadbIO, ObITh MOTMOMLEH- 
HBIM B coe OT t fo t+ de’. VimMeHHO, uMeemM: 


tis G(s 1 F 8) = 

RM Rea Se ce ; Ric aye 
=\e V psa, — 9) or +h = 0) Ole 9) 2 a ae 
: | 


, 


Wb te ee 
rena e—)=—le * pene —oS Oi <0).  - ©) 


43 


B (4) 6—dyuxuua Jiupaka, a BeanunHa @ 1 onpeseiaetT BePOATHOCTD 
BLIXOMa KBaHTa C riyOuHbl t 6€3 paccesHHH, U38My4eHHOrTO Ha 9STOH Tay- © 
Ouke NOX yriom arccosy K HOpMadH. Menompsya (4) u (5), HaxOnMM ypaB- | 
HeHHe 


1 OF (8, 1, @ — on ¢ ji | 
i oo Maglev, 4% —9) +01, % % — 9). (6)— 


Hanuune cooTHomennui (1), (4) u (5) yKa3bIBaeT Ha TO, 4TO JOCTATOUHO 


M3Y4MTb AMI OfHY us ynKkunit p(s, a, 4, o —¢) u g(t, 1’, 4, & — 9), | 
Toraa Kak Apyrad clpemeavuTca v3 NpMBefeHHbIX COOTHOMeHHA. B Manb- | 
HeluleM Mbl 6yHemM, B OCHOBHOM, paccmMaTpuBaTbh (yHKuuIO p(t, 7, %, i 
pe) 5] 


§ 2. Ypasnenua aaa p(c, 7’, 4, 9’ —¢) 


Tloncrapaaa cooTHomenuua (4) u (5) B (1), HaxoduM: 
an 71 £ tT! ‘ot 
Ui ’ iN "7 ” , a " ry “a as! 
p(y 1 o— e)=4 | de \eQ@an'le@ ins ne =p NE ee 
0 0 0 


0 co tT! t 4 
Y he y ee ee A eet 
— xtra love ss 2 . S| teetne on (7) 
—1 < 
rye | 
, i 5 oe f ~ i 
| cosy, = yn + V (i — ) (1 — 1°) cos (9 — ¢). (8) | 
Ypapuenne (7) erkKO MOAYYHTb TaKKe, OCHOBDIBAACh Ha COOTHOUIeCHHH: 


/ te B +: aoe eaiNs ‘_ | 
2,1 ay =) = (9) | 


HalimenHom B. B. Co6omesnm [1]. B (9) B(t, —7’, 4, e — 9) —byaKkuna | 
HCTOUHMKA B 3afave O CBCYCHHM CpeAbl, OCBEULLCHHOM MOTOKOM Mapadieb- | 
HBIX AyueH; TS — BemM4uHa MOTOKA Namaionlero u31y4ueHHA Yepes eAMHU- | 
HyIO MMOWaNKy, NePNeHAMKYApHYy!O K JyuamM M pacnOwsOxKenHylo Ha rpa- | 
Hue cpegpt t—=0. OTmeiuM Tak2Ke, ITO MMeeT MECTO COOTHOMEeHHe: 


" ; La, ae | 
gq ue 9) = (10) | 


rye /(t, — 7’, 7, ¢’ —) —MHTeCHCHBHOCTh U3y4YeHHA B 3amaye O cBeue- 
HMM CpeAb, OCBELICHHOH NOTOKOM MapaJebHbIX AyueH. | 

Bpipefem Tenepb Apyroe ypaBHenve Ain *byHs nun p(t, 7’, n, o’— 9), | 
UCNOMb3YA €€ BEPOATHOCTHHIK CmpIca. Hatem BepOATHOCTb BbIXOMa KBaHTA | 
C ONTHYeCKOH ryOuHb t+ At, CunTaA, UTO BeEPOATHOCTH BHIXOMa C ray- | 
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OMHbI t H3BeECTHA. Jaa 3TOTO Oy eM C4UNTATb, UTO KBaHT BbIXOZUT C ONTH- 


4eCKOH P1yOuHbI tu 3aTe€M MPOXOAMT yepes MONOAHUTeAbHbIA COM TOA- 
wmunn At. Torna umeem: 


| p(t + At, w, 0, o — 9) =p(s, 1, 4, ¢ — 9): Ge \4 
1 2n yy 
| a+| |r, n, he o’ ee. °”)-p (0, *", N Ge a) a dade", (11) 
6 0 


Ae nepBbit WIeH MpaBOH vacTH YUHTHIBACT KBAaHTbI, NpOXomAuLMe yepes 
AONOAHNTCIBHBIA COM O€3 NOPIOMeHHA, a BTOPOH 41eH YUUTH BACT KBAaHTHI, 
HOTIOMCHHBI€ B JLOMOJHHTCIbHOM COe€ H BbIXOAAUIMe 43 CpeAH mocae 
“paccesuHi B JaHHOM HampaBenun. M3 (11) mpu At +O Haxogum: 
Op (t, 9’ 1, e’ — #) 1 , 

, nas. es tA 

Ot 4 P(t a, a 9’ —9%) + 
12k 


ae | Je, ies nS ¢ 
06 


A UY iy da ‘ A 
9”)-p(, 7”, 1, &” —9) 7 de". (12) 


K @yhkKaMOHaILHOMYy ypaBHeHnio (12) HeOOxOnZNMO AOGaBHTb COOTHOMeHHe 
1 


; 2 
A ; 
=a [200 +3) de" (xe. nee) dr]. (3) 
0 


0 


p (0, 7, Yj, 9p” 


KOTOpoOe serKO nomyuaetca “3 (7) pH t=O. OTmerum, 4TO 37eCb 


cosy = — an” + V (1—9")(1— 9”) cos(e’ 9"), 9” > 0, 


a e(y, 4, o — 9)— Koaddunuent oTpaxeHua AA MaHHOH cpegbl. Pop- 
Mywy (13) MOxXHO Take NOyuMrh v3 (u3zsn4yeCKHUX COOOpaxKeHHh, yuH- 
THIBaA, 4TO Pi0, y, 4H, ~’ —¢) CKaNbIBaeTCA U3 BePOATHOCTH BBIXOja 
KBaHTa HeMOCpeCTBeEHHO 43 MOrpaHH4sOro COA MU BeEPOATHOCTH pacceAHHA 
KBaHTa 3THM CJIO€M B CTOPOHY cpeAbl C nOcTeAyIOulMM AUupPy3HbIM OTpa- 
*”KCHHEM KBaHTa cpenoh. IIpu nomyaenun (13) 6b10 ucnOmb30BaHO COOT- 
HOWEeHHE: 


o(’, Wo’ — 9): =n- lec — 7", 7, ¢ (14) 
0 


KOTOpOe JErKO HaXOWMTCA C YYCTOM BCPOATHOCTHOFO CMBICa BXOAILHX 
B Hero BeJIM4EHH. 


§ 3. CBeyenne cpebi, OCBeEMICHHOH NapatedbHbIMH Jy4YamMH 


Ilycrb cpeja OcBelleHa MOTOKOM MapaeAbHHIX Wy4eh, Mawatouux Ha 
rpaHuny cpemb mog yraiom arccos€ K HOpPMasJIH M C a3MMYTOM % , KOTOpbIe 
CO31@l0T OCBELCHHOCTb MepmeHAMKYAAPHOH K HUM DVOUARKH, paBHylo TS. 
Tora, YYHTHIBaH, YTO BeM4HHA 


Tt 
nSe ‘dt 
OUPeACAAeT KOMMYECTBO ZHEPPHH, MOTAOMEHHOE B 3ICMeHTapHOM OODEMe 
c¢ cegenuem B 1 cw? vu onTHyecKou TOAMMHOA dt Ha ONTHYeCKOM rayOuHe 
< 3a 1 cek “3 HanpaBaenuA, CO’TaBAAIOWero yrou arccos (— ¢) c HOpMabIo 
HW HMECIOWErO a3HMYyT $, HAXOUM: 


(15) 


tT 


(ee d 

10, 7,6 9—%)= 8S: (e "PG, —4 a 9) 5, (16) 
d 
0 
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rye /(0, 4, ©, ¢ — ¢o) — HHTCHCHBHOCTD M31 yY4eHHA, BLIXOAAWerO H3 CpeAbr 
Ok yrioM arccoS] K HOPMadH uM C a3HMyTOM 9. C Apyrou CTOPOHH, 
KaK H3BeECTHO, MOXKEM HalHCarb 


oo Tt 


1(0,6, %, eo —#)= le * BCs, %, 4, 20 #)F- (17) 
0 

Toap3syacb coorHomenvem (9) u conoctapaaa (16) u (17), umeem: 
T(0, 0, & @—%)-2=/(0,5 1, ?0—9)°6 (18) 
Tlepexoaa kK pee ieee OTPaXKeHHA B COOTBETCTBHH C COOTHOINCHHEM 
T(0, 4, & & — 0) = Sp(a, 5, 9 — Fo) © (19) 

OKOHUATeJIBHO HaXOMM: 

e(n, ©, p— oo)=P(S, M Po — 9): (20) 


CootuHomenne (20) moKasbIBaeT, 4TO KOSPDUNNeEHT OTPaxkeHHA ABAACTCA 
CUMMeTPHYHOK CPyHKuMeH OT yrAOB MaseHuaA UM OTPaxkeHuA. OTO CBOHCTBO: 
BLIPaxKaeT MPHHUHN OOpaTHMOcTH fA MaHHOTO clyyad. JoKa3aTe/bCTBO 
cipaBewqiuBoctnH cooTHomenHua (20) B cryyae cibepwueckoH MHANKaTpHCbL 
pacceaHua Onlio panee nmpuBemeno B. B. Co6omesrim [2]. 

OrTmMeTuM, 4TO 3feCb MBI paccmMaTpHBaem BOmpoc Oo Au@dy3uu usy- 
4YeHHA B TOMyOeCKOHEYHOM cCpeme Mp MOMYUIeHUH, YTO BeJIMYHHBI A H 
X(Y¥) He 39BHCAT OT ONTHYeCKOH rayOnuHH t. OWHaKO, CCIM OTKA3ATbCA OT 
3TOrO AONYUEHHA HM MpOBecTH paccMOTpeHHe, AHAJOFHYHOe H3AOKEHKOMY, 
TO MBI CHOBa NOJyYHM COOTHOMeHHe (20). Takum oOOpa3s0M, NpHHHN OO- 
paTHMocTH B (dopme (20) uMeeT mMecTo B nOmy6ecKOHeyHOH cpene npr 
MIPOHSBOuibHOH WHAMKATpHCe pacceaHuA uM MmpH MPOUSBO/BHOM H3MCHEHHHK 
ONTHYeCCKHX XapakTepHCTHK C ryO6uHon. 

JjonycTuM Tenepb, YTO HHAUKaTpuca pacceaAHHA pa310%KeHa TO MOIH- 
HOMaM JlexKaHypa: 


_X (1) =  x;P; (cos +). | (21) 
t=0 


Ilomb3syacb TeOopeMOH CiOKeHHA AIA NOAMHOMOB JlexaHaApa WU YIHTHIBAA 
COOTHOUIeHHEe (2), MOY UNM: 


x(q) = x (2 — 80, m) cos m(e” —¢) Serene ") Pi (9), (22) 
rye 7. 
Ll mpH 770) 
i m4 npu m > 0, of = x (d= t lye en, yey) Ore 
<m <n), 


Fi” (q)— upucoegunenvan cdbynkuua Jlexangpa. 
Jia HaXO%KACHHA BeAMUHHE Ki obpunuenta OTPaxkeHUA HCTO/Ib3yeM 
ypapuenue (12), noaraa B HeM Ww =—, rae C>O0u o’ =. Yunoman 


ykasaHHoe ypaBHeHHe Ha e Sat y MHTerpHpyA 10 t B Mpeszemax oT 0 WO 


oo, HAXOJIMM: 
(15 6) 0. (ie Get a 
12k 


=p(0, —6, 4, %—%)+6 i: ‘ p(7",6, % — 9”) X 


~ POS ine ee o) dx’ dg’ (23) 


fe 


= 


_—.- mer ~~ 2 
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Ipu NOJYYeEHUH COOTHOMeHHA (23) MBI BOCNOAB3OBaIHCh opmywok (14) 
| CBOHCTBOM KOSsPpunHeHTa OTpaxeHus (20). 

aa MBAMKATPHCbI paccesHMA BHA (21), Kak caeqyeT u3 ypaBHenua 
12), dyuKumio p(t, 7’, 4, y —¢) MoxHO ipeACTaBuTb B (opMe: 


P(t, 1,9, # —9) = Yi Dm(%, v, 1) cos m(9’ — 9), (24) 


m=0 


We BEMYHHE Pp (t, 7,1) YLOBeTBOPAIOT ypaBHeHuaM: 
1 


09m (t, 1’; l fe j fo) 
ener eR! Sag He (7) Pad Bo, m)- | Pal, WX 
2 0 
an" 
Xx Pm (0, | ’ n) 7 ) (25) 


AAA Pm (0, 4, n) u3 (13) caenyer: 


Pm (0, N= E E — bo,m) SV MPP (YPM (1) + 


n 1 ‘ 
+ 2n Si cP (!)- ao 0) em C0", 0) wn (26) 
i (0) 


seMMIMHE p, (4’, 7%), BXOAAMIMe B (26), ONpememmloTCA u3 PasnOKeHHA: 
PO a, e —o) = 5) p, (1, 0) cos m(¢’ — 9). (27) 
m=0 
TlogctaBiaa B (23) cootHomenua (24) u (27), HaxojquM: 
(1+ Dem(n, SS Pi (0; == G4) + (1-0 OX 
x j Pm (1, ©)-Pm (9, 4", 0) an”. (28) 
0 


Icnomb3ya (26) u BBO_A BCMOMOraTebHbIe yuku 9” (y), onpemerae- 


[bie COOTHOMCHHAMH 
1 


m m 2 m da YT i 
a(n) = PP (n) + yy | PM 0") em (a's 0) a" (29) 
» ae 
OY4HM 
h : S em mh 97 O) 
Brel tieacin leer: emda paler) nn Sinan EEaN (30) 


i=m 
‘PaBHeEHHA JIA BCMOMOrAaTeAbHBIX CyHKuWHA gy” (y) Werko HaxOmATCA mpH 
omctanoBKe (30) B (29) u uMeloT BH: 
n 1 
m m A i mom Ph (1) Le ede 74 
ef (a) = PR (a) + 5 aS) (1 eg (a)- (or PP (al) dy" (31) 
k=m 0 
(Cin nel... 24 ty OS MSN): 
Pe3ybraTbl, mpescraprennple bopMyviamu (27), (29), (30) u (31), Oban 
onyueHbt BuepspEie B. A. AmOapuymanom [4] mpyrum nytem. Ilpopenen- 


pI HAMM BbIBO, 2THX COPMY C MCNOAD3OBaHHeM NOHATHA BePOATHOCTH 
\ a KBaHTa M3 CPC/bI MOSBOMAeT, B YACTHOCTH, BCKPBITh BEPOATHOCTHHIM 


| 


Se 
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CMBIC BCHOMOraTeJbHBIX (yHKUOHA 9” (4). MMenno, ucnob3yA (26) u (29), ) 
HaxOJMM: 


Pm (0511, =p ~ (2 — 80, m) Voter (1) ¢7" (a). (32), 


i = 


TakuM o6pa30M, Kak ClegyeT u3 cooTHomeHHA (24) u (32), (pyHKuMK 
o™ (7%) ONPeCAAIOT BEPOATHOCTH BbIXOMa KBaHTa M3 CPeAbl MPH MOPTOUe-— 


HHH €rO B THOBCPXHOCTHOM CJI0e. 


. 
§ 4. CBeyenve cpeabl Np pa3AH4HbIX HCTOYHHKAaX H3Ay4eHHA | 


Vimea byuxmuro 9g (t, 7, 4, 9 —) DAA WaHHOH cpefb, MerKO naire 
MHTCHCHBHOCTh BHXOAAMerO w3 cpembl usnyueHua /(O, 4, ¢) Mp 11000M— 
pacnOO2%XeHHH HCTOUHHKOB. OTa WHTCHCMBHOCTh MOXKET ObITb ONPeweaeHa- 


10 dopMyvie: 
co +12x eT | 
10,4, ¢)= \ 2, (TA 5 OG (i 5 eS -ae S) o dv dg’, 33) 
0 “10 


rae By(t, n, ¢) dtd — konuuectBo aAyuucTon 9Heprun, HCMYCKaeMoe uc 
TOUHHKAMH H3/yYeHHA, HAXOMAWUMUCA Ha ONTHYECKOH PvIyONHe Tt B o1eMeHae 
TapHOM OObeMe c ceyeHuem B 1 cH? uw ONTuYeCKOM TOAMMHOH dt, On | 
yIrJIOM arccOs 7] K BHEINHeli HOPMA/IM HM a3HMYTOM ¢ BHYTPH TeeCHOrO yrua- 
dw 3a 1 cex. Tak, HallpuMep, ecu cpeqa OCBellleHa MOTOKOM Tapalesb- 
HBIX JyueH, TO MOKeM HalucaTb 


x 

Bo (ts 1M P= ZSK(H)e *, (34) 

rye | 
COS Y2 = — 4. + V (1 — 7?) (1 —@) cos (¢ — 9). | 


Mogzctapaaa (34) B (33) u yuuTerBaa (1), nomyuuM cbopmy.ury (16), ucnosae 
30BaHHYIO HAMM B pesbiyuem maparpade. | 

B pale clyyaeB OKa3bIBaeTCA BO3MO%KHBIM TOyuuTh J(0. 7, ¢) 6e3} 
NpeABapuTeAbHOrO HaxowRKAeHHA PyHKuuU g(t, 7’, y, — — ¢). PaccmoTpuM |} 
NPHMepH ONpeeNeHNA MHTCHCMBHOCTH BHIXOAAMErO U3 CpeAbI H3sTyUeHHA | 
IIpH HEKOTOPHIX HCTOUHHKAX H3Ay4eHHA. | 

1) Ilycrb MOmHOCT HCTOUHUKOB M3 YYeCHHA, PaCNOJO#KeHHHIX B Cpese, 
onpenersetca (OpMyoH 


Bo(t, % 9) = O(n, 9)-e™. (35) | 
Torjla [dt WHTCHCHBHOCTH BHIXOMAMerO U3 CpeMbI U3yueHHA UMeeM Cop-} 
MyJAY i 


I(0, 4, 9) = 


i ie / ive / / ’ / 
a Jor. #9 (sv, 4 e — 9) dat de’, (36)) 
0 (¥I 


KOTOpad NOMyyaerca pH NoLcraHoBKe (35) B (33). B ato dopmyue 


q(s, 7, 1 ¢ — ¢) = J e"g(t, 1, 2, ¢ — ¢) de. (37)! 


Jina onpemeaenua Beauunnn g(s, 7’, 7, 9’ — ¢) HCTIOb3yeM y paBHeHHE)) 
(6). YmMnoxwan OO6€ yacTH sTOrTO ypaBHeHHA Ha e~S*dt uw MHTerpupya NO * 


oT O WO oo, HaXODHM: 
) 
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q(s, 1, 7, eo — o) = VIO a a oe — 9) +0, 1 o'—9) (38) 
rie Nie ) 
Dp C5, 7, Y; 9” 9) ts Jesp (t, nS 1, p" int ¢) dt. (39) 


+ 


- 
Micnoabp3sya cooTrHomenua (4), (5) uw (14), umeem: 


1 / , _ 
qg (0, att 7, go’ — ”) — Pilz 7 ? N, Y al o)-7 TIpu a] = ), (40) 
8 (7 — y)-0(9’ — 9) mupu 4 >0. 


- 


Alia omupewenenua BeM4HHEI p(s, 7/, 7%, 9’ —¢) MOXKeT GLITh uCHOAB30BaHO 
ypapuenve (12). Takum nytem 9Ta Beauuuna OyseT HaligeHa BO BTOpoO!i 
yacTu Halle padotn. J[pyro# cnoco6 nomyuenua sTOM BeAMYHHEI COCTONT 
B HCHOb30BaHHH OOOOMeHHOrO KOIadduunenta sapKocru F(n, —17/, ©, 
9 — >), BBemeHHOro B. B. Co6ouesnm [5] u onpegensemoro cooTHome- 


HHeM: 


co Tt 


SFin 1,5 ¢—w)t=(Bioa.5e-e)e SF. GA 
ve 4 
0 
M3 (9), (89) u (41) Haxogunm: 
faa , , I 4 eg! / / 
PIS, % —9)—— 9 F 151,92 — 9). (42) 


B pa6ore [5] yKa3aHbl cnocoOn nomyyenua sHayenuh F(7’, 1, n, 9’ — 9) 
nupu 0O<7" <1. Ilia gpyrux 3HayeHnfi yf” BerMunHa OG6OOLIeEHHOrO KO- 
adunvewta APKOCTH Takxe AerKO MOXKeT OBIT BHIUHCMeHAa NO MpHBeeH- 
HbIM B [5] dopmy.tam. 

Jia HaXOK MCHA MHTCHCHBHOCTH BBIXOMALIerO H3 Cpesbl u3s1yYeHHA 
KpomMe (36) MO2xeT OBITh HCNOMb30BaHa Apyraax PopMywa, KOTOpaA erKo 
noOmyyaeTca mpuH mogcraHoBKe (40) B (36). Sta dopMywa umMeeT BU 


+1 2n 
. 1 LX CA ees / f / / 
/(0, m, = adler 2 1, 1, ¢ — 9) dy! de’ — 
ere 
i 12e yess , a b( ' 
pag \ioop aaah api n, = 9) a dxf del FE (43) 


2) PaccmoTpuM Tenepb Cayual, KOrja MOUHOCTb MCTOYUHHKOB H3/y4e- 
HUA, PacOJO%#KeHHEIX B cCpese 6, (t), 3aBMCHr TOKO OT ONTHYECKON ray- 
OMHEI M He 3aBHCUT OT HanpaBaeHua. Tora Jad MHTCHCMBHOCTH BBIXOJsA- 
wero W3 Cpesbl H3Ty4eHUA, UCMOAB3yA (33), HAXOMM Caemyloulylo Pop- 
MyJY: 


110, = 7 {BOQ 0 as (44) 
0 
rae 
; +1 2n 
OG) =a. f (g(x, nf, 0, 9 — 9) dy de’. (45) 
=10 


Beauunua Q(t, 4) ONpeweaaeT BEPOATHOCTh JIA KBaHTa, H3/y4CHHOrO Ha 
rayOune 7, BHITH M3 CpeAbI MO yrOM arccosy K HOPMAaJIN. Anasornunad 
BeEJMUMHA JWIA MOrAOWeHHOrO KBaHTa ONpesersetca POpMy.10H: 
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+1 2x : 

P(e, n= ag) leat. ne —9dn'dy’. (46) 

“15 | 

Ms coornomenua (1) nyTem wHTerpupoOBaHUs 110 7 Mp HaXOJMM 4 
P(t, 4) =4Q(*, 9), (47) 

a v3 ypaBHeHusa (12) crenyer y 
Pi) — 1 pie, a) +28 (PU, 1), 1 De. 8) 


0 


Oco6eHHO werKo Haxogutca /(0, 4) B cayyae, ecu By {t) aBaaerca 
nowMHOMOM. Ilyctb 


By (@). = Doak Oye Oe ae (49) 

{ 

Torga u3 (44) u (47) Haxonum ! 
1 (0, 9) = 5 [BpAg (0) + Ay (4) + B20 (0) + «1, (50) 

rye 5 
Am (=| PO, wane. (Bl) 

0 , 


YKaxKem Tenepb cnoco6 HaxowweHun BemuaHH A, (y). YMHO Kad ypaBHe- — 
Hue (48) Ha *” wu unTerpupya mo t oT O O oO, a TakxKe CUHTAaA, 4TO 
m> 1, No.y4unM 


1 } 
— HINA =1 (9) == Ag) es i Am(1') Po (0, 0’, 4) ar’. (52) 
0 


Ecau Bocnob30BaTaca opmyon (32), TO Halinem 
— mAm—1(4) = 
1 


=—Am() +> Y xe? (1) | Am Cl) Pili) ay’. (53) 


i=0 0 


Coornomenne (53) aBAHeTCA PCKYPPCHTHBIM H MO3BOMHET HAXOAUTH Ap (y) 
M0 H3BeECTHOMY 3Ha¥eHHIO Am—.(). Jia ompemereHua BeAHUMHEI HHTe- 
rpasioB, BXOAAMMxX B (53), ClelyeT PellMTb CHCTeMy ypaBHeHH, Nomy- 
YeHHYIO MyTeM JLOMHO*KEeHHA (03) Ha P;(q) M HHTerpupoBaHuA NO y OT O 
no 1. Jlia naxoxgenna Ay (4) npounTerpupyem ypapHenne (48) no t ot 0 
2O 0, STO Maer 


n 1 

AOS 0 / ' 

SAO) ee AO) ae x x9 (1): | 40 (1) Pi (a) dy’. (54) — 
i-0 0 . 

Jia HaXO%#KMeCHHA HNTePpasioB, BXOAAWNX B (54), cremyeT BOCHOMb30BaThCA 

CNOCOOOM, H310%KeHHBIM BHIMe, a BeHunHa P(O, 4), KaK MeETKO NOMYUUTS 

u3 (32), uMeeT BU 


P(0, 1) = 4 ¢9(x). (55) | 


Ormetum, 4To Aa cepnueckoli HHAMKATpHCcbI paccesnua pH yewo- 
Buu (49) 3aaa4a O BbIXOJAINeM H3 CpeAB M31y4eHUH ObINa paHee pemena 
B. B. Co6o.esnm [2] u Yauo [6]. 
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PaccmoTpum 6onee nmogpo6no cayuat B, (st) —=1. Pas3ymeertca, 3/1eCb 
AOWKHO BOCMOAb3OBATECA ChopMvviamu (50), (54) u (55), momaran b)=1 un 
, = b,=...=0. OnnaKko mbI pemum sanauy apyrum nytem. Tlogcrapaas 
3 Popmyay (43) sHayenna O(y, 9) =1lus =O, uto cootsetctByetT By = 1, 
1aXOJLMM 

12x 


© 4n 5 | 
MO) = FPO, —T\ leci.ue—e)wdi' de +1. (56) 
0 0 
do, ¢ Apyro# cropoun, u3 (44) u (47) caenyer 
lL 4r5 
(0, y=4-~ PO, ». (57) 


JoacraBasaa (57) B (56), noay4uu: 
12x 


1 
oy x) jet epee Phan ae 
0 0 
remk ee) 


/(0, q)= 


{pome Toro, Kak H3BeCTHO (cM., HampuMep, [2]), mpn ocBemeHun mowy- 
NECKOHEYHOH CpeAbI MapaieAbHBIMH JIydaMM, NMawaioulMMuH MOM yrsioM 
wCcCOS 4 K HOPMAaJIH, albOeno sTOH cpenab A(y) MOxeT OnITh HaMeHO 110 
popmy.ie 


12k 


] i ty / / / iv: 
A(n) ==) lect, a — 9) a dif de’. (59) 
0 0 
SonocraBaas (58) u (59), OKOHYaTeABHO HAXOJUM; 
1—A 
10, 1) ==. (60) 


JTMeETHM, UTO PopMy.wia (60) HMeeT MEecTO AA KOOOH UHAMKATpHCHI pac- 
-esHua. Ecw HHIMKaTpuca cdepnyeckaa, TO 


A (a) 1 Sak, (61) 
1 u3 (60) nomyuum usBectTHylo cdbopmyay (cm. [2]): 
© a4 (4) 62 
1(0, 7) es (62) 
lycTb Tenepb MHAMKaTpHca paccedHHA HMeeT BUA 
6 (yeas ey cosy. (63) 
Naa sToro cay4an 
Ge ae 1); (64) 
i u3 (60) cnenyerT 
1 ¢f(a) 
(On SD apo (65) 


3) Hafimem renepb yraoBoe pacnpesemenne HHTCHCHBHOCTH U3/ly YeHMA 
'(n), mupbby3Ho-nponyuenHoro cpexoH ovenb SoAbWIOH ONTHYeCKOH TOM- 
unin. B stom cay4yae caemyeT CUnTaTb, YTO MCTOUHHKH U3/lyueHuA pac- 
IOMOMWEHBI HA OCCKOHEYHO-6OMbWIOH rayOuHe. 

TloayuuM cuHayasa BbIpaxeHHe MA BePOATHOCTH BbIXOAa KBaHTa C 
YeHL GoAbWOH ONTHYeCKOH rayOuHE (t > 1). M3 dusnyecknx cooopaxe- 
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HHA clemyeT, 4YTO 9Ta ae OyeT 3aBHCeTb TOKO OT t MH YH, 
KpoMe TOrO, BbIpaxeHne jad P(t, 4) CnemyeT UCKarb B ope 


P(, ue C(n)-e, (66) 
rae k — HeuspecrHaa nocrosHHas, a C(y4) — HensBecTHad” PyHKuUNA. 
Tlonctapaaa (66) B (48), HaxoquM 


1 
7 / an x ’ 
RE (1) = — 5 C (a) + 28 (CO) Po (0, (67) 
0 
Vis (67) u (32) caenyer 
a 0 
Is CiXi9; (1) 
C(n) = za ’ ENE a (68) 


HALE 


~ 


ei | Cn) Pin) (69) 


®Popmyaa (68) onpenenner tyHkunio C(y). Tlocroanuple cj, BxOAAmMe | 
B (68), HaXOMATCH W3 CHCTEMB JMHCHHEIX asreOpanyecKuX ypaBHeHui 


= + XjCjQjj; (70 


£ 


n 
. 
| 
=0 


rye 


99 (n) Pj (1) | 
oy (EP i Bey ee an. “a 


Cuctema ypapHeHul (70) nowyuena my tem JOMHOXKeHUHA (68) Ha P, (1) = 


v HHTerpHpoBaHHna no q OT O fo 1. YcnOBNe paspemmMMocTH 3TOK cea 
onpeweineT 3HaveHHe MOCTOAHHOH &. OTMeTHM, TO H3102KCHHBIM CIIOCO-— 
60m C(y) onpemerneTca C TOUHOCTHIO JO MOCTOAHHOTO MHOMKUTEAA. 
Yuntpipan cooTHomeHHa (66), (68), (33) u (47) aan yraosoro pac- 
npeee@HuA HHTCHCHBHOCTH ee rae MIpOMNyMLeHHOTO H31yYeHUA, MOTYUMM | 


i049; (1) 2 | 
I(4) = Ay Soe (72) 
i=0 | 


PaccmoTpeHHad 3afaua panee Obivia pemena B. A. AMOapuymanom [7]. 
PpasBHTbIM HM MeTOJOM CO*KeHHA coOeB. IIpoBeqeHHOe 32eCb pelmenne 
BePOATHOCTHBIM MeTOLOM MPHBOAMT K Wein ObicTpee H, MOITOMY, MOMKET 
npeACTaBuTb HHTepec. 

B maHHow craTbe pelliena 3aja4a O HaXO2%KACHHH WHTCHCHBHOCTH H3- | 
JYUeCHHA, BLIXOAAMLeErO M3 MOAYOeCKOHeYHOH CpeAbl C NPOM3BOMbHOK HH AU- 
KaTPHCOH PaCCeAHHA, IPH JIOOOM paciOO2%xXeHHH MCTOUHHKOB, MOLIHOCTH | 
KOTOPbIX B OOMIEM CAyyae MOXKeT 3aBHCeTb OT TAYOHHEI UM HalpaBvieHuA. 
Pemenne NOyYeHO C HCMOMb3O0BAHHEM NOHATHA BEPOATHOCTH BHIXOa KBaH- | 
Ta W3 CpeAbl B 3aJaHHOM HalpaBJeHHn. 

Kak 6pi0 noKa3aHo B. B. Co6onesnim [2, 3], OCHOBLIBaach Ha Bepo- 
ATHOCTH BbIXOJa KBaHTa M3 CPebl, MOXKHO ONPeAeIMTS TakxKe Oe u3uy- | 
YeHHA BHYTPH cpeabl. Haxoxenve CBeTOBOrO PpexXHMa BHYTPH Cpenb 6y- | 
jleT ChemaHoO BO BTOpoH uacTw padoTh. Tam x#xe OyzeT MaHO mpHMeneune | 
npeoOpasosanuna Jlanaaca K pacCMaTpHBaeMbIM 3ajla4uaM. 
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Summary 


The problem of diffusion of radiation in a semi-infinite medium with 
ion-spherical indicatrix of scattering is considered with the aid of the 
robabilistic method. In § 1 the probability of emergence for a photon 
rom a medium in a given direction is introduced. In § 2 the equations 
or the wroBability of emergence for a photon from a medium are given. 
n § 3 the intensity of radiation emerging from a medium illuminated by 
yarallel rays is derived. The expressions for the intensity of radiation 
merging from a medium for different sources of radiation are derived 
n § 4. 
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1961 BECTHHK JEHHHTPARCKOLO YHHBEPCHTETA Ne | 


A. A. HakKWTHH 3 


MCCJIEMOBAHVE PEKOMBHHALMOHHOLO CHEKTPA TS KEJIbDIX 
3/IEMEHTOB (YTOUdEHHE CHEKTPAIbHOM CXEMBI N II). I 


Bspeneune 


B cnextpax 3Be34 Bompda-Patic a30THOH mMOCAeOBaTebHOCTH, a 
raKoKe WB CMeKTpax Apyrux TOpAuMXx 3Be3, HaMZeHO MHOFO 3MHCCHOHHHIX | 
JMHMH, IpuHanqnexamux NI [1]. pu oromgectaiennu MHME NIIl w ux j 
TeEOPeTHYeCKOH UMHTepMpeTauuH HeEOOXOAWYMO HMeTb B BUZY, TO YPOBHH, 
TepexXOAbl M@XMY KOTOPHIMU OOYCMOBIHBAIOT NOABJeHHe TOM HIM WHOM 
JMHHM, MPHHaWexkaT Pa3IMUHbIM ZICKTPOHHbIM KOH@UrypallHAM. | 

K neppomy Tuny oTHocaTca KoHiburypauun 2s°n, spd, y KOTOPHIX 
BO3OYKACH BHEIUHHH 31eKTPOH 2p, KO BTOPpOMy —Te KkOH®urypauun, 
y KOTOPHIX BO36y2xX eH BHYTPeHHUH 2s sneKTpoH {2}. 

Jla6opaTopHpre jaHHbie |3, 4| nO3BOAa1I0T HaZe%KHO OTOXKACCTBUTH } 
auHun NII] pugqumMoh uactu cnektTpa, a Take H JaleKoro yAbTpaduowe- 
ta B L —S cxeme, Tak Kak BCe HHKHHE YPOBHH AOCTaTOYHO XOpOWO NOZ- 
YHHAIOTCA 9TOH CXeMe. 

OroxmectBieHHe auHHa NII] wndpaxpacnow wacTu cieKTpa ropa3zo | 
MeHee HaexKHO Kak 10 TIpuyHHe HeMOCTaTKa AaOOPaTOPHBIX JaHHbIX, Tak 
MW BCIeACTBHeE MIOXOH mpumeHumoctn L — S CXeMBI AAA NepeXOMOB MEKLY 
BbICOKHMH 9HEPreTHYeCKHMH YpOBHAMy |O}]. : 

PaccMOTpHM JIA MpMMepa OTOXKAeCTBICHHE HEKOTOPEIX VJIMHHH B 
MHpakpacHOH wacTH CMeKTpa 3Be3z peeve Palie, JaHHoe B [6] (cm. 


Ta6a. 1). } 
Taodauya 1 


Viuteu- Ipeqaaraemoe B [5} 


hnab An1a6 CHBHOCTb Spesza oTOM Mec TBAeHHe 
6642.6 42,7 l HD 193077 (WN5) 4d ?D —3d’ 4D 
6767.4 69.8 1? HD i 163 (WN6) 3a’ *F—6d ?D 
7410.8 10.3 1 5 163 3s’ 4P—4s 2S 
7859.9 68.3 2 193 077 (WN5) 3d’ 4F—5g 2G 
7970.1 — — ImuccusA, HaOMONaemaa 
7983.3 — — B HMC ‘I€QyYeMbIX 3Be3 ax 
8003.1 oa a HD 11932 (WN6), | 4d 2D—3d' 4F 
8005.7 = a 192 163 (WN6) Ww | 
8025.7 — — 193 ut (WNS) 
7967.1 — — 
7989.7 ~- — ' 
7999.5 be eg To xe 3s’ 2P—3p’ 4D 
8039.5 = oe 
8062.5 9.7 2? HD 151 932 3s’ 2P—3p' 4D 
8738.3 Al).7 0 HD 151 932 4p2 P—4d’ 4P | 
6965.4 | .65.4 2? HD 192 163 (1P) 3p’ 2D—(8p) 4d’ 2F 
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Bee oroxgecrBienua Tab. | CBA3aHbl C YPOBHAMH 9/e@KTPOHHBIX 
cOHury pawn WBYX THNOB, ykasaHHEIx BEIMe. Mccenyem Gomee MOApO6HO 
leKOTOPHIe OTORMECTBAeHMA: Halpumep, 4 7859.9, mpunucbiBaemyio mepe- 
‘ony 2s2p (*P) 3d4F — 2s*5g°G (pu o6o3naueHuH Mepexosos B HHTepecax 
(PaTKOCTH OMYOLeCHbI KBaHTOBHIe uNCa 7). O6a ypoBHA OTHOCATCH K KOH- 
purypauMam, KOTOpble xopomo onmucbiBaiorca L —S cxemot (B pabueli- 
Hem 9Te#*OYTeT MOKasaHO jeTabHO). IIpeamaraemplii mepexog B Cxeme 
JIHOKOHULYpalMOHHOTO MpHOIMKeHHA 3alpeuleH MHOFHMH rpaBHami 
TOOpa (lO reHeanoruyecKOH mpupoge Tepmos, no J, S), B stom npHoaH- 
KCHMM 3alIpelleHbl BCe NepeXOfbl, CBA3SAHHBIC C H3MCHCHHEM KBAHTOBBIX 
iucel Ooee YeM OWHOTO a1eKTPOHA. EcAu CHUTATH 3TO OTORMeCTBAeCHHE 
eaIDHBIM, TO TOA HEQOXOAMMO HCHOMb3OBaTh MHOFOKOH@Ury palluouHoe 
IpHOuMxeHue [7]. B arom mpHOauxKeHMH JLBYX9eKTPOHHHIe mepexosEl 
yKa3aHHOrO BBINIe THMAa BO3MOKHE (CiemyeT OTMeTHTb, Y4TO B HallleM 
“yuae mpHMenumoctu L—S cxembl paccmaTpuBaempi nepexog 6OyerT 
‘HOBa 3alpemjen, Tak Kak ALm, #0 [8]), OgHaKO BepoaTHOCTH TaKHX 
lepeXOOB HAMHOrO MeHbINe BePOATHOCTeH OOBIYHBIX MepexogsoB (Tuna 
\d?D — 5g°G u T. 4.) H MO9TOMY B 39MUCCHH Takwe JMHUH HaGOLaTECH 
i@ MOPYT. 

Hs0%KeHHbI€ COOOpaxeHHA OTHOCATCA KO BC€M JIMHHAM, yKa3aHHbIM 
3 TAO. 1, 3a UCKIOUeHHeM Tpynnb AMHHM c A 7967.1... u 4 8062.5 mepe- 
coma 2s2p (?P) 3s ?P — 2s2p (*P) 3p 4D. Stor nepexogx 3anpemjeH CpaBHu- 
'eIbHO CJIaObIM WpaBHom s3ampeta ASO; Tak Kak ypoBuu ?P u *D 
conurypannn 2s2p(°P)3p pacnosoxeHbI CpaBHUTebHO OH3KO pyr 


¢ apyry (AE=530 ca’), To scnegcraue CNMH-OpOuTaAbHOrO B3aHMOeH- 
‘TBHA OyeT HMeTb MeCTO HeOOAbDUIOe HapyuieHue L—S cxempl. Sto 
dapylleHve MO2XKeT OOYCAOBUTh TOABIeHMe CabOh 3ampelleHHOH sMHuN, 
jepexofa YyKa3aHHOrO BBIUIe, HO, HECMOTPA Ha 98TO, OTOMMecTBIeHHe 
ABJIACTCA COMHUTCJIbHBIM, TAK Kak Cc ypoBHa *D (BepxHero) HMeIOT MeCTO 
‘WJIBHbIC PaSPeIUeCHHble WepeXOAbl, IPH ITHX YCOBHAX 3allpeWleHHad MHHA 
> aTOTO YPOBHA B 2MHCCHH HE O/MKHA HaAOMIOMATHCA, CCAM TOMbKO HE 
IPC AHOJOKAT AHOMAJIbHO OO_,UIOH HaceweHHOCTH ypoBHa 4D. 

Bpicokwve 9HepreTHuecKHNe yPOBHH, NepexOAbl MeKAY KOTOPbIMH 
OyYCAOBIUBaIOT MOABAeHMe AMHuH NII] B undpaxpacHoH uacTu cneKTpa, 
3 pamke cayyaeB UyBCTBHTeAbHEI K addexry Lltapka. JleficrBue sroro 
pdekTa MPHBOAUT K NOABJeEHHIO B CIICKTPe 3aNPeW{eCHHbIX AMHHM C WaM- 
10H BOJIHBI, 3aBHUCALeH OT HallpA2KCHHOCTH 3MCKTPHYeCKOTO MOVJIA. 

CnemmalbHpx Ha6miomenuh addexta Lltapxa B cnexrpe NIII ner, 
)HAKO PaCCMOTPeHHE CHEKTPOB U303eKTPOHHOH NocaexoBaTerbHocTu C Il, 
NIH, OIV B ucxpe [4] u ana CII, Kpome toro, B momom xatose [9] 
1O3BO/IACT BbICKAaSATb HeKOTOPHle cyxKAenHa O BAUudHuH LlTapK-spdexra 
ia BepxuHue ypoBHu NII]. (B atom paszeze MBL He KaCcaeMCA BaxKHOTO 
30Nmpoca MHTepmpetTauun cmeKTpa 3Be3q, W—R, fannoro BbHlile; uMeeTcHA 
SObIIOe YHCIO 3Be30 C ,OObINHBIMH” aTMOCHepaMH, B CNeKTPax KOTOPbIX 
MOryT Obith auHuu N III, o6ycnopnennpe ssdextom Lrapxa.) M3yuenue 
‘HEKTPOB YKa3aHHOH U3029/IEKTPOHHOH MOCeMOBaTeAbHOCTH MO3BOAAET 
BBILCIMTb «,aHOMAJIbHbIC“ YPPYMIIbl JMHMH, MOJHOCTbIO HAM, BO3MOXKHO, 
1aCTHYHO CBA3aHHbIe c sdextom Illtapka. Otu ,anHOMamMu" aHbl HWxKEe 
3 TaOu. 2—5 (xapaKTepHO, TO BCE OHH CBA3SAHbI TOKO C AyOeTaMH, 
‘BaPYMWIeTHBIX YPOBHeH BO BCeX CAyYadX He HalifeHo). d u h — o3na- 
alor u@dy3uoctb AMHuU; 2 — CABUHYTOCTb; MHTCHCHBHOCTH JaHbl B Mpo- 
Peeion tikame H He cCpaBHUMH! Apyr c Apyrom. Kak ormeueno B [9], 
SHAUMTEIBHAA YACTb yPOBHeli Tab. 3 NosBepxena elictBuio sppexra 
lrapka, 8TO yCTaHOBJeHO MO pa3MBITOCTH JAMHHH, HX CABury ApH W3Me- 
CHMM HalpsxKeHHOCTH MOA B KaTOAe HT. O. j 


Q Becrnux Jlenunrpagckoro yHusepcuteta Ne 1, 1961 r. 
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Cpapuenne Ta6a. 2 uv 3 noKa3biBaeT, UTO B CeKTpe HCKPbI JAMHHH, 
NOABEPHReHHEIX eficrBuio LlrapK-addekta, MCHbINe H OHH OTHOCHTEABHO 


cia6ee, 4eM COOTBETCTBYIOWUIMe AHHH B KaTose. IIpupesem Te xe AAHHbIe 


mia NII u OIV B uckpe. | 

Ta6auya 2 Tadauya a 

Hicxpa [4] C II Noapik Katong [9] C Il 2 

| 

Vureu- Vuteu- x 
CHBHOCTb A KomOunanna ene d KomOnnauna 


0d 5037.0 2p3 2P,\—3p?D» 5 8696.7 4s? S,—2p8 2P, 
la 5033.2 P,—Dsz 8 8682.6 S;—P2 
1 4744.9 2p’ 2P,—3pP» 2nl 7505.3 5p? P2—3p’2Ds 
0 4738.1 P,—P, SAL 5121.8 4p2 P2—3p’2Ds 
y) 3871.6 2p3 »P,—3p? S, 2 4747.3 2p’ 2Py—3p? P, 
1 3868.8 PSs, 5 4744.8 2p’ 2Po—8p® Pz 
ld 3836.1 4p? P,—3p’ 2De 3 4737.5 PP; 
2a 3832.1 P,—Dsz 2 4735.5 P,—P» 
3 3168.0 2p? 2De—3p?P, 2h 3836.7 4p? Py—3p! 32Dz 
1 3166-0 Dya—P» 8hl 3831.7 P2—D3 
4 3165.4 jp aa) 28 6hl 3835.7 PD; 
7 2837-6 op’ 2S, —3p2P, 18 2837.6 2p’ 2S,—3p? P, 
8 2836-7 -- 20 2836.7 S,—P2 
1 1988.1 3p? P—3p’ 2P 0 2556-1 Ap? P,—4p! 2P, 
B 1760.8 2p’ 2D» —3p"P, 1 2555-7 PiePe 
4 1760.4 wed 3 2554.5 Po 
2 1141.7 Do—4p?P, I 1988.5 3p? P—3p' 2P, 
3 1141.6 DyeoPy 2 1988.6 Pray 
Od 1063.3 D3—4f2F 3 1984.8 P2— Pr» 
1 1984.3 Pee. 
Oh 3142.0 4d2 Dy—3d’ Fe 
1h 3137.9 Door 
Tabauya 4 Tadbauya 3} 
Hcxpa [4| N Il Uckpa |4] OIV . 
Mutex- h Kom6 VMureu- F 
CHEROCTE oMOnHaLs easese A KomOnnauna 
| 9714.4 2p3 2P,—3a2D» 0 442.9 2p’ 2S,—3p?P, 
3 2714.1 pPeatyp® l 442.7 Sa 
4 2714.0 P>—Dsg 3 379.9 Da—P, 
Od 2937.2 3s’ 2P,—5a2Dz A 379.8 Dele 
0 EM a P, —Dzs le 295.1 2p 2D.—4f “Ps 
0 871.9 2p’ 2S—3p2P» 1 295.05 Dg—Fy 
l 691.4 Do—P, | 294.9 D2—Dz 
Z 691.2 D.—Po be 294.7 D3—Dg3 
I 456.1 2D—4f2F ld 269.6 2D—4p2P 
6d 252.6 21) —4f2F2 
3 235.0 2D—5f2F? 
Jo neanunn~1900 A WaHoO JIA BO3TLYXa, . ae 5 ae 
HHKe—B BakyyMe. Mnjekcbl ,+* un ,—* xa- od 9126 2p SPF? 
PakTepH3yloT CMCHICHHOCTb COOTBETCTBY10- 
IHX HHH. 


Conocraplenne Tada. 2—5 moKaspBaetT, uTO B CHEKTPe, BO3MOXKHO, I 
MMeCTCA Tpyiia JMHUM, OOASAHHBIX CBOHM I1povcxoxmenuem LlrapK-3¢- 
(bexry; ypoBuu, yuacTBylouMe B Nepexomax, MOryT ObITH Kak HYDOKHMMM, |) 
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K HW BEpXHHMM SHepreTHyeCKUMN ypOBHAMH. HanOouee xapakrepHod Aa10 
€X TPeX BICMCHTOB ABACTCA Tpylila MHU, HMeIOUaA CBOMM BepXHUM 
OBHEM 28°3p* Pi.2. BOSMO%*KHO, YTO H3-3a MEXKKOHUTY pallHOHHBIX appex- 
B HaC@ICHHOCTh 9TOTO YPOBHA OyeT YMeHbIMATBCA HE TOABKO BCeL- 
Bue MepexOf0B Ha ypoBenb 2873s 7S, HO H BCAeACTBHE NepexosoB Tuna 
2p? "Dee 2873p °P uv. 0. Cnekrpaibuble MH, KOHYAIONIMeCa Ha 9TOM 
)OBHE, HalIpHMep MHMM THMa A 4640 (2s°38p ?P — 2s°3d*D), B npuHMne 
OryT MMETb TeHACHIMIO K NOABJCHHIO B 9MHCCHH (OCOGeHHO 3TO MOXxeT 
feTb MeCTO jaa CII). 

Jiunun 4640 aBasiotca OHOM U3 Han6oee 3aMeTHBIX sHHH coeK- 
ya NIII; B cmeKTpax pxqa 3Be31 C BeECbMa Pa3/IMYHHIMH (bu3su4yecKuMU 
1PaKTePHCTHKAMHM OHA MOABAeTCA B 9MHCCHH. HackoO“bKO BeuK BKal 
NOAH TEbHIX MEP XOMOB B BEAMYHHY HaCeICHHOCTH YpoBus 3p 2P, cefiuac 
(azaTb HEJb3A, OLHAKO 9TOT BONPOC HaM MIpelcraBAeTCA 3acTyxXUBAIO- 
MM BHMMAaHHA. * : 

PaccCMOTpeHHBIe BbILMe IPHMEPbI, YHCAO KOTOPHIX MOXKHO yBeMuNTD, 
)Ka3bIBalOoT, UTO WIA HHTepMpeTayHH MoBezenunA muHHH NII] B 3Be3qHBIX 
lekTpax HeOOXOJMMO YTOUHEHHE HM HCCIeROBAaHHe CHeKTpaIbHOH CXeMBI 
Il]. Dro yrouHeHuve AOKHO HATH MO AMHMM HaxoxKenuA (MyTeM 9KCTpa- 
AMM) HEKOTOPBIX HEM3BECTHBIX YPOBHeH, MPeCHMYLIECTBCHHO BepxXHUx 
WeHKH mpHmMeHHMmoctu L — S cxembl, yyeT MEX KOHuUry paHounHoro B3al- 
omeuictBua, yueT yelictBua LllrapK-sddexta u T. Oo. 

B wactoamei paOoTe MbI pacCMOTPHM, HCHOb3yYH TOAbKO HabslIona- 
JIbHbIe JAHHble, [Ba BOMPOCa: HAXOMKMeCHHE HEH3BECTHHIX YPOBHeH M OeH- 
A upHmMenumoctu L—S cxemp. J|pyrue Bompocn 6yayT paccMoTpeHbt 
HOCAeLYIONLHX CTATbAX. 


§ 1. Hccneqopanne 9HepreTH4eCKHX YPOBHeH OCHOBHbIX 
KOHq*urypaunn N Ill 


Ws wa6m0jeHui Y3BeCTHEI Cle TyIOULWe YPOBHH OCHOBHBIX KOH@urypa- 
wu (2s°n, spdf...) NIII: 
| es is NAPA (aed 2? Ws28*0d 742 
MP n==3— 161324 cu ' 136 942 115385 
1) n=4— 81538 70 922 64861; 7 =6— 28 109 
— n=5— 48913 — 40 680 
| eosin 1 Vo 25°72 7 
| n=4—61 338 = 
n= 5 — 39 874 39 510 
| n= 6 — 27 670 27 412 


KM3BeCTHDIMH YPOBHAMH ABAAIOTCA OSS. OL, OF Pld Di aa'D, IieL, 
pbaee BEICOKHMH YPOBHAMM OyeM MpeneOperats. 
| Pacuer yposueli 6y eM MpOM3BOLUTH C NOMOMIbIO POpMy.AbI (9: 


Ta nes Beas Zo) 
[atyetealya t+ B(Ta— To) /? 


je 7To—TepmM B3auMOxeHcTByIOMeH KOHurypaunn; p, %, 8 — nocTosAH- 
ile, KOTOPHIe HY2KHO OMpeAEMUTb C MOMOMI[bIO HAOAIONeCHHEIX ypOBHelt N III. 
In HaxoxKgenua 7) MIA KAKO rpynmbl ypoBHeHt OyeM caeqOBaTb 


* Tlo muenuio mpodp. Bb. IameHa MOABACHHe «aHOMAJbHbIX» IMHuM TepexojoB 
p2 2§ —2523p2P u 7. 1. CBASAHO C MeXKKONUrYpalMoHHbIMA addekTamu. 
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— 


padore [10]. Han6onee cunbHO B3aMMOeHCTBYIOINMMU YPOBHAMU OyAyT 
YPOBHU TeX 9J@KTPOHHEIX KOH@urypauni, KOTOPble HMEIOT Te Ke TaBHBIe 
KBaHTOBbIe UuCa, YTO HW uCCAeMyeman KOHurypauua (pH sTOM yCOBuH 
HCDMarOHaJbHble MATPUYHbIe 3ICMCHTHI B BEIPAKeCHHH JIA QHEPrHu OyAyT 
3aMCTHBI) H, KpOMe TOPO, PasHulla B 9HEPrHAX He JO2#KHAa OMITh 3HAUMTC Ib 
Holi. TlomuMo 9TOFO YPOBHU WOKHbI COBNasaTb MO yeTHOocTH, 10 L u S. 
JletanbHo 9TH BOMpoch u3s10x%xeHHI B [10]. 

Ha OcHOBaHHM H3vIO2%KCHHEIX COOOpaxeHHh u padoTH [11] MomwHO yKa-" 
3aTb OCHOBHBIC B3aMMOeHCTBYIOWUMe KOHurypalnu Aa rpynn ypoByeH | 
I—V: : . 

I, 2s2p ?P)3p?S — 122912 ew-!; Il. 2s2p(?P) 3p?S — 151763 cum 
Ill. 2s2p(®P) 38p?S — 128947 cw'-; IV. 2s2p(?P)3p’?S — 110170 cum 
V. He nafigeno B3anmMozelcrByiomux KOoHdurypanul. Mower B3aHMo- § 
qelictBoBpaTb KoHdurypannn 2s2p (°P)5f?G, Ho Ona 9KCNEPHMECHTAIbHO He | 
HaOi0 aac. 

Crporo roBops, Md KaxLOrO yPOBHA MOMKHO HaliTH COOTBeTCTBYIO 
wu ypOBeHb B3aHMOJeHCTBYIOWeH KOHPUrypayHn, OAHAKO JIA Halwux 
meme JOCTaTOUHO OFPaHHYHTLCA OAHAM B3aHMOMeCHCTBYIONIMM YPOBHeEM.  j 

Vicnhoub3ya WpvBeseHHble BbIMIe HaGOMaTeABHHIe WaHHbIe eTKO MO- | 
AYYUTh CeLYIOUMe PesyIbTAaTHI: 


| 


| 


2s*ns*S | 
» = — 0:50012; «= — 0.02128; B=0.00176. To strum jaHHbIM Haxo- | 
JWUMin Deteiouno! Cian: > 
2s°np*P i 
p == — 0.30070; 8 = 0.13709. M3-3a HemoctTaTKa Ha610NaTeAbHbIX [aH- | 
HbIX 3HAUCHHA &% HaliTH He yazocb. C NOMOMIbIO ITHX NapaMeTPOB BHIYMC- } 
JI@HLI 3HaYeHUA HeM3BeCTHBIX TepMoB 7; u T,: TT; = 47574 cue 
T=2l710.cw | 
2s°nd?D 
w= — 0.01574; «= — 0.14339, B=—0.01484. 7.—27751 caamee 
Ha6stonenHoe 3hayenue 7,—=28 108 cm’. 3Hauenua HeMsBeCTHEIX TePMOB 
T, wu Ts taxosnt: 7,= 20302 cu’; 7T,=15506 cw’. 
2571 oe ii 
»==— 0.02731; «=0.01027; 8——0.00018. Henszecrumii repm} 
f= 20 288 cm‘. 3Hauenne 7s; IpHMepHO TO 2%Ke, 4TO HW WA TIpe BLL =), 
wei KoHdurypauun. 
28°72 "°G 
= 0.00307; «= — 0.00748. Heussectupe tepmp 7, u Ts; OUCHB 
OM3KM K 3HAYCHHAM pedi yuen KOHdurypawun. 1k 
PaccMOTpeuHbie BBILMI€ HEH3BECTHKIE YPOBHH MAOXO Hab6monaloTcal) 
B H3091CKTPOHHOK noceqoBatTebuocTu BI, Cll, NIll, OIV..., nostomy) 
MX 3HAaYeHHA MyTeM HWHTepNOdAAMM HaliTH BO BCeX cayyaax He ymaerTca,|) 
B ofHoM cayuae ia yposuel 7df, 8df sto caesar Moxno [11]. 5 
Tina OW: = 7f?F = 36547; 8f2F = 27045 cau): | 
mid. Na VII: 7p = IAP O01” 8/7 ea 9. 


IIpegnomaraa auuelinyio 3apucumocts V Ty ot Z MOxKHO HaliTn Hen3BecT4} 
Hble ypopuu 7, u 7, ana NII: 7,=20905 u 7,— 14873 cu!. ahi 

IlpuHumMaa BO BHHMaHHe rpyOocTb NpvOaMxKeHUuA, cormacue Mexazy) 
AaHHbIMH, NOJYYCHHBIMH BBC HM MPHBeJeCHHBIMH 30eCb, cemyer cuntarel 


y TOBJICTBOPUTeABHBIM. | 
i 
| 
| 
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OcraHopumcs KOpoTKO Ha KoHNdurypanun 2s2p2. Ona umeer yeTbIpe 
ypopya: *S, ?P, #P uw *D. Bce onn na6miogaiorca wu 9Heprum UX M3BeCTHH. 
3 OMHOKOHuUrYpanHOHHOM npuOranxeHnu B L—S cxeme BLIPaMKeHHA MIA 
HEPTUM ONPeReAIoTCA PopMyviamu: 


*S=F,+10F, —G,; *P=F, —5F, + G,; 

Sey Ore. 1 eed ie Gy 
Mo fs, Gy — pannanpupre MHTerpadbl, oOlpemerteHHpe B [12], ux O6Oygem 
‘MHTaTb WapaMeTpaMu, TOAMeKAWMMU ONpesetenuio. Jia sTOrO BOSbMeM 
ypopHu *D, *P, *P. Ypopenb 2S Oymer ABAATHCA KOHTPOMbHEIM. Mmeem: 


peel 443 Pe 138054, Pe 0.52906... 2D ==. 99113. 


JHepruu B Ry OTCUNTHIBAlOTCA OT HWKHErO ypoBna. M3 stax sKcnepuMmeH- 
faJIDHEIX JIAHHBIX HaxoMuM fo=1.16902; F,—0.02160, G, = 0.26949. 
SHIYMCICHHBIC 3HaYeHuA BHeEpruH ypoBua *S papunt 1.11548. B mpenenax 
JMHOKOHQ@UTY palHOHHOTO UpHOsMxKeHUA COrmacne cleLyeT CUMTATh yOB- 
[€TBOPHTeIbHEIM. BOSMOXKHBIC NyYTH YTOUHCHHA 3HAaYeHMA 9sHepruM pac- 
‘MaTpuBaioTca B [10] H CBxA3aHBI, B OCHOBHOM, C MHOrOKOH@UrypalHOHHBIM 
ipHOAmxXeHHeM. Jina acTpopusuyeckux pacueTOB mpHOAMxXeHMe, PaccMoT- 
JeHHOE BHIME, ABIACTCA TOCTATOUHHIM. 


§ 2. WccneqoBanne 9HepreTM4uecKHX ypoBHeh KOHdurypaunh 
2s2p (°°P)n, spd... 


HaxomeHve HEKOTOPHIX HCH3BECTHBIX YPOBHeli yKa3aHHbIx KOH@ury- 
pANMH, a TAKE CNPaBeJIMBOCT HCnOMB3OBaHHA L —S cxemb 6yseT Mpo- 
3e7eHO DBYMA MWYTAMHM: UCCACOBAHHEM COOTBETCTBYIOWUX U303ICKTPOH- 
ibIX MOCETOBATeAbHOCTeH, C OAHOH CTOPOHHI, U, C APyrok, ucCnOAb30BaHNeM 
reOpeTHYeCCKUX MOPMY AA yYPOBHeEH TOH HAM HHOH 21eCKTPOHHOM KOHU- 
‘ypalluli C pajlMaJIbHbIMM MHTerpasaMH B Ka¥eCTBe HCKOMBIX [apaMeTPOB. 
YPOBHH paccmarpuBaeMbIX KOH®urypanuh, Hauvnaa c 2s2p(3P)4d u 
s2p (P)3d, nexaT B OOACTH HeMpepLiBHOTO CHeKTpa OCHOBHOM KOHdH- 
‘ypalluu, MmOsTOMY 3eCb, B NPHHIWNe, JOJ2KHbI MMCTb MeCTO ABJCHHA 
IBTOHOHU3alMN, OMHAKO, Kak ye OTMeuaocb B [2], B paccMaTpHBaeMOM 
IPHOM2KeHMH JIA MaHHOTO cCmeKTpa 98THM addeKTOM MOXHO TpeHeOpe- 
‘aTb, MpH Oomee TOUHDIX pacueTax B AaIbHeHUIeM 2ZTO OyMeT MPHHATO BO 
3HUMaHHe. 

O6paTuMcaA K PaCCMOTPeHHIO TEPMOB H3091CKTPOHHOH MOCIeMOBATeJIb- 
ioctu BI, Cll, NII, OIV... Ha6mogaterpunie manupte mo [11] coOpans 


3 Tad. 6. 
Tabsuya 6 


IAeMeHT Oni; | Je WW | Na VII Mg vu Al IX | Si X | P XI 


(tP)3s2P 


Tepm | 264 505 | 38550 | 726015 | 930 371 | 1158720 | 1408510 | 1 685 300 


/T,=AZ-+ 8. Tlapametpp: Au B nenspectubl, ucnoub3sya TaOAMNy Haxo- 


um, uro A = 0.3340; B = 0.2227. C nomompio 2T0f opMyab MOXKHO 


alitTH pwOAMKeHHOe 3HayeHHe 3HePrMu AAA HeM3BeECTHOTO YPOBHA 
1 


52p (P) 3s2P NII]. Z=3. Umeem (P)3s?P= 165712 ca. . 
A = 0.3371; B=0.1001. JIna N HI 282p (1P) 3p 2S = 135474 cu’. 
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Tabauya 7 
rr 
SaemeuT | OIV | AV | Na VII | Mg VIII 

( Eysp 2 5 | 228 734 | 347 949 | 666 024 | 860 749 
Tabauya 8 

Qnement | O IV | rN | Na VII | Mg VIII 

(3P)4s 2P 133 165 a 375 867 — 

(3P)4p 2S 116 890 179 215 ex “< 


Aina (@P)4s?P A = 0.2497; B=0.1031. Suauenve sHeprun HeM3BeCcT- | 
Horo ypoBusA B NIII 6yner pasuo 79648 eu, | 
Tas (?P)4p?S A=0.2461; B=0.0479. B NII] sHeprun HeHa6l0- | 


HaeMoro yYpOBHA pu6HKeHHO OyeT paBHa 67 792 cm. 
Tabauya 9 4 


JeMeHT | O IV | je WW | Na VII [Me VII 


Al IX Si X | P XI 


(P)8d 2F | 212404 | 324641 | 632569 | 819897 | 1030690 | 1266940 | 1528520 
(@P) ?D | 207359 | 320548 | 621358 | 809142 | 1020060 | 1256070] 1517885 
GCP) %P | 201963 | 314983 | 618434 | 906697 | 1009030 — — 


Tua 2s2p (3P)3d2F A=0.3023; B=0.1177. Sueprua yposua 2F gaa | 
NIII papya 115140 cu—'. CooTsercrBeHHo ia 282p (1P)3d2D: A=0.3351; | 
5 =0.0332. Baruvcaennoe sHayenne gaa NII]: 27D0=118288. Stor tTepm 
B cnekTpe NII] wa6mogaetca c sHepruefi, papHow 116741 cm’. Coraa- 


cue B HCNOMAb30BAHHOM NpHvO1H2x« eCHHU Y LOBJICTBOPHTECIbHO. 


2s2p ('P)3d°?P A =0.3375; B=0.0127. Jaa NII: ?P= 114602 ca7?. 


Tabauya 10 
OeMeHT OIV | Na VII | Mg VIII | Al IX 
(3P)4a2P 109 165 334 294 = iss 
(1P)4d2F Sas 347 089 453 063 i 
(1P)4a2D 114.657 a 448 672 569 880 
2s2p (?P)4d?P; A=0.2494; "B=0; min NII: 2P=61398 ca’; 
2s2p (P)4d?F; A=0.25351; B=0,00437; ana NII: ?F=64 169; 


» » WD; A=0,25270; B= 01002307 nama N Wie) =a 


O IV (P) | F V (3P) | Na Vil (3P) | Mg VIII (3P) 
5p2P —78 965 5p2D—115 561 5p? P—230 10 = 
' 27767170 5d4D—1 1] Jey gee 2 P D204 ae aT aa at 
| 5d4D—73 065 4P—110746 + x 5d4D—-218 981 
| aren : “ 5 : 4P_218 229 
is 100 a 2R_ 
saa ye +100 cu : F—215 097 
| 5p2P A = 0.20087; B=0.04232; nna NII]: ?P=45618 ca7}; 
| *D A=0.19830; B—=0.03700; ao | 29=43794 , ; 
Werod*D ~A=0.19542.- B=0.08778-  , ., 49 —41354 , ; 
‘P A=0.19740; B=0.02053; ,_, PPE A627 pe ee 
oF A= O20055-) 6 0 WUR7 24 (ty, P3034) ee 


IlpH pacuerax caeqyeT UMeTb B BHLY, 4TO NOTEHWMAa MOHM3AaNHH 
NII] c o6pasopanuem NIV 8B coctoanuu 2s?’S papen 382625, c o6pa3o- 
BaHwemM NIV B 2s2p?P nu 2s2p?P cocroaHMaAX PpaBeH COOTBETCTBEHHO 


449 969 nu 513321 cm‘. Tpopegenunie pacuersl Mo3BOAIOT NpHOH2KeHHO 
OWeHHTb 3Ha4eHHA 9HeprHh Aaa 15 HeHa6mlomaembIx ypoBHeH NIII, npu- 
Haiexalux KOHdurypauuam Tuna 2s2p (1P3P)n, spdf..., n= 3,4, 5. 
Ana Oonee BLICOKHX 3HaYeHHH M HaOJIOMAaTeIbHBIX J@HHbIX B PpaCCMaTpH- 
Bae€MOH H3031EKTPOHHOH MOCECMOBATEMbHOCTH HET; Wd acTpoPu3snyecKHx 
pacueTOB 3HaHHe TOUHBIX 9HeEprHh TaKHX BbICOKHX YPOBHeH He HY2KHO, 
Tak KaK HX BKJla B HHTCHCHBHOCTH HaOJI0aeMbIX JHHHH HeBeIHK (HHa¥e 
OHH Obl HaGOMaHCb B abOpaTOpHH), CaMH YPOBHH BOAOPOONOAOOHH, u 
CYMMapHBIH BKJIa, BCeX BePXHHX YPOBHeH MO#KeT ObITb AerKO y4UTeH 
C MOMOMbIO H3BECTHBIX POPMY JIA aTOMa BOMOPOa. 


§ 3. PacueT aHepreTH4eCKHX YpOBHeH 9eCKTPOHHHIX KOHurypalnh 
2s2p(}°P)n, spdf... 


Jia 9THx Konury pana MOXKHO HaHTH TeopeTHyecKHe POPMYVIbI LA 
sHepruii ux ypospHe B L —S cxeme. 3Hanne 9THX MOPMyA MO3BOMKT 110 
HaOAIOaeMbIM YPOBHAM HaHTH SHeEprHH ypOBHe ihe eset pha oy Kpome 
TOPO, pacueT NO3BO/IAeT OMCHHTh CTemeHb mpHMeHumoctH L—S cxembl u 
HEKOTOPHI€ OTKOHEHHA OT Hee. 


@opMybl, noyyeHHHIe c MOMOMpIO [12] u [13], umelor Buz: 
2s2p3s, 
‘P= Fo+ Fo + Fo — Gi— Gi — Go; 


YO Say Bi ewygt hays I [a pean he ON CHEN er 5G eaten (1) 
c.. ets . ABASIOTCA PaWaIbHbIMM HHTerpasamu TNA, ompeze1eHHOrO 
B (12). Hanpumep, Fo u Gi ABAAIOTCH HHTerpasaMu a1eKTPOCraTHyecKOro 
H OOMeCHHOFO B3aHMOJeHCTBUA JIA 9ameKTPOHOB 2s u 2p. TlocKoabKy G 
6O1bUIe APyrHx OOMEHHEIX HHTerpaOB, TO, pasaraA B pA, MOXKHO IO/y- 
UHTb BHIPAKeHHA JIA 9HEPrHH B AMHEHHOM, YaCTO HCHOAb3YeMOM, IIPH- 
OJIM KeCHHH: 


12) . A. A. Hukurur 


4 <a dll - - ti r 
Ee ets Go, ~P=A+ GF 5(Git Go). (2) 
A =for-foa- fo, 
Crporo paccyxgaa gua NII, xondurypayua Koroporo 1s?2s2p3s, 
MBI JOJDKHBI ObIIM Ob TOOABMUTb HEKOTOPHIe YICHbI, CBASA@HHbI€ C HaJi- 
4uveM 3aMKHYyTON 1s? O6o70uKH. OHako BCe 9TH YICHBI MOUTH HE Me€HAIOT- 
CA IPH HM3MCHCHHH KBAHTOBbIX UHCes BaJIEHTHOTO 3/IEKTPOHAa HM NMOTOMY 
OyAYT LaBaTb BKIa B 9HeEPrHvlO B Bue HEKOTOPOH MOCTOAHHOM, KOTOPY1O || 
MO2XHO MNPOCTO BKIO4aTb B 


2s2pnp 
1S SA OP SG 0G | 
‘P= A 2 5F,— Gi Gy Ga 6G" (3) 


‘Da: A+ F,— G, Gp G, SG, 
§— AL 10F, + (|G; 4 Gp(Gy-— way 


— G,Gi— Gi (G, £ 10G;) — G; (G, + 10G,)]*; 
2P—A — oF, =F 


+ [Gi 4G) 4 (G.— 6G.) AG, GG, Gy Gene 
2D A+ FIG) 4G) + (G, 8@)* GG, (Gr Gi (Geen 
B AHHeEHHOM Ipu67wKeHUM BbIPAKeHue MIA SHEPrHH MMeeT BU: 


aS SA 10h, Gee (Gs ee 


T 


*?P—A—5F, 4G, 5 (Gi G, + 5G), (4) 9 


D=ATRFEG+5G+GQ4G). 


Y paBHeHHa AIA KBAaXPyYMWJICTOB OCTalOTCH TEMH 2XKe CAaMbIMH. 


2s2pnd 
tPA OF a OG ne | 
‘D=A—TF,— Gi — G, + 3G, — 21G,, (5) J 
‘Pe Acts] Fy == Gre Gas = 630s x 
Co ih = A ale 2h te 
cy ' ' 1) 
+ [G; + G+ (6G,'+ 36)" —'G,G,;= (G74 Gy (6an4 say)= 
2D=A —— if, ae 
+ [G?-+ G4:(3G| 216)" = GiGy+ (Gj + G,) BG, 2149} % 
2P— A+ 7F, + 


+ [G+ G+ (G, + 63G,)? — GiG; —(G; + G,)(G, + 63G,)]". 
B aMHeHHOM HpvOsMxXeHUM OyeM uMeTD: 
°F — A+ OF, + |G-3G: “Gq 36,)|, 


‘D=A—TF, +|G\— 7 (G,—80, + 21G,)|, (6) | 


spay ee. |Gi— 7G + G, + 63G,))) 
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2s2pnf 
_ = A TOPs G G, eed OG. =a SUC. 
‘P= A—15F, —G, —G, + 15G, — 9G, (7) 


‘G=A ap F's ae G, Fe G; — 45G, —G,, 
"D=A+12F, + 
+ [Gis G+ (3G, + 366,)"— GG, —(G, + G,) (3G, + 36G,)]"" 
"F=A— 15F, + 
+ [Gi-+ G3+ (15G, — 9G,)? — G,G; + (G+ G,) (15G,— 9G,)}"", 
—— -£ (Gi+ G+ 5G, +46," — G,G, — (G, + G,) (454, + G)]". 
3 IMHeEHHOM TIpHOAMKeHHA YPOBHH AAA MyOeTOR TaKOBH: 


*D= A+ 12F, = G, + 5 (Gs + 3G, +-366,), 
°F = A — 15F, ¥ G, + 4 (G,—15G, + 9G,), (8) 
2G AP GF, eG, (6, + 456,44). 


3 NabHeHIMMX YHCMOBBIX pacueTaX BEIPaxKeHne Wiad ‘aHepruu jAyOserTa, 


cya BxomuT G, (B nocmeqHeH KkoHdurypamuu mpocro G,) co 3HaKOM 
MMHYC, OyeM OOo3sHayaTb yepes 7D, 7F, u tT. a. DyOnerunie mpotinne 
repMbl UMEIOT PasIMUHbIe TeneaorMyeckue xapakTepucTuKH 2s2p (3P) 3sP, 
s2p('P)3s?P ut. T., pasHula B UX SHeEpruAX 3HAaUHTebHa VW, B OCHOB- 
10M, Ollpememserca OOMCHHEIM HHTerpasom Gy. 
O6patumca Tenepb K pacueTaM KOHKPeTHHIX KOHdurypanun. 
2s2p3p 

Ha61ofatebuble faHHpie, corsacuo [11], raxopp (B pum6eprax): 

€S 12 5094964 SP Re==2.81879% 57s 2:99094- 

4P ==) 89340} Pp BA42808 2D yS=3. 404138. (9) 

41) == 2'82427; 285 == 298197: ; 


4Jeu3BecTHBIM TepMoMm saBaaeTca 2S, (2s2p (1P)3p?S). aa kouTpousa pacue- 
rOB HE BKJIOUHM B HUX YpoBeHb “P,. TlomcraBaaa 9KCNepNMeHTa/bHble 
jaHHBle (9) B PopMyut (3) u (4), MoAyyaem u36EITONHYyIo CuCTeMy JI1MHeL- 
IBIX YPaBHeHHA OTHOCHTEIbHO HEM3BECTHEIX NapameTpoB A, Gi, /, UT. Z. 
_Pemasa sty cucremy mo cmoco6y HaHMeHbUIMX KBafpaToB (c mpesBa- 
YUTCIbHBIM MCKIIOUCHHEM CaMOrO OO”bUIOrO MapameTpa A, BxOAWero BO 
sce ~ypaBHeHHA OMHAKOBHIM OOpasoM), HaXOJMM CJefylommMe 3HayeHHs 
IPE MeMAHEMEIX TWapaMeTPOB: 

AS 3155793 G02 75945 Gs = 0100888; 

G, = 0:05856; F,=0.00663; G,= 9.00106. 


2 STHMH 3Hau4eHHAMM apaMeTpOB BeAMYMHA KOHTPO/bHOrO Tepma “P, 
44001; naGmiogaemoe 3HayeHne 3.44280. Bemu4nna sHeprHuu HEM3SBeCTHOrO 
‘epma 7S, paBua 3.45902. OxctrpanomupopaHHoe 3HayeHHe sTorO TepMa, 
yaimenHoe B § 2, paBHo 3.44504. Corsacue yOBJeTBOPHTeJBHOE. Pac- 
‘MATpHBaeMad CUCTeMa ObIta pelleHa TakxKe B HCMHEMHOM NpHuOAWKeHUA 
ITepalMOHHEIM MeTOJOM. Halinenst cneqylomine MpHOAMKeHHHIe SHAYeHHA 


1apaMeTPOB: ; | 
A=3.15974, Gi=0.28903, Gi=0.03510, Gy = 0.05447, 
G,=0.00127, F,=0.00579, 2S, — KOHTPOJIbHBIM TepM. 
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BuruvcaeHHbEIe C MOMOMbIO 29THX MapameTpoB *S, = 2.98109. HaS.110- 


menHoe 3HaueHve gToro TepMa 2.98197. BeauuwHa 9HeEprHH HeH3BECTHOLO © 


vepma *S, = 3.45086. CosnageHne C 9KCTPanOJIMpOBaHHBIM 3HaYeHHeM He- 


MHOoro aAyule. 
2Qs2p4p 


Tlopamok pacnosoxeHHA TeEPpMOB B KOH@urypalMax 2s2pnp MOAKeH 


ObITh OLMHAKOB, HaOMOAeHHA, OMHAKO, MOKAa3bIBaloT, YTO B KOHQ@Hry palyu | 
2s2p4p NopaOK TepMOB HHOK, yeM B 2s2p3p. YpoBeHb 4p*D pacno0x*xeH ; 


HuxKe ypopHel 4p'S u 4P. BBugy Toro, ¥TO B aTY OOaCTb YacTOT, O1H3- 
KylO K rpanune cepHu, monalaeT MHOrO ypOBHei (HalipuMep, 9kCTpano- 
JIMpOBaHHbI ypopeHb 2s2p (1P)3p?S umeer sHepruio ~ 377 800 cm, B TO 


BpeMa Kak paccMaTpwBaembli yposerb 4p7D ~ 377 900 cm"), mpeacta- 

BIACTCA IeeCOOOPa3sHbIM MPOBePHTb paciOOXeHHe ITOTO YPOBHA B H30- 

3IEKTPOHHOH MOCACMOBATeJIbHOCTH paCCMaTPHBaeMOH HaMM paHee. 
Ha6s1olmaTebHble JaHHble coOpaHbl B Tabu. 12. 


Tadauya 12 
3 eMeHT Galt | N Ill | O lV | FeV | Na VII | Mg VIII 
Suepruan2D| 0.2925 0.6572 1.1150 1.6739 3.2434 4.2261 


VD | 0.5408 0.8007 1.0559 1.2938 1.7008 2.0557 


H3 Ta6OJIuIbl BHAHO, 4YTO Pa3HOCTb KBapaTHBIX KOPHeH H3 9HeEprHuu 
ABYX PAROM pacCnOMOX#XeCHHBIX IICMECHTOB MOCTOAHHa: HampHuMmep, aaa CII 
u NII] — 0.2599, naa NHI uv OIV —0.2552 uv. a. 

TakHM O6pa30M, OTOXKMeECTBACHHe ypOBHA, ManHHoe B [11], nozKpen- 
JIA€TCH €FO NOJO#KXCHHEM B H303CKTPOHHOH NOCAeOBaTebHOCTH. Ero 


ib 
MarHHTHoe paculenmenne 87.1 cm  cCooTBeTCTBYeT pacleneHHiIO yPOBHA 


2s2p (*P)3p2D (88.4 cm‘). Bee ato roBopHT O TOM, 4TO YPOBeHb OTO-- 


2K WecTBAeH BepHO. Bo3sHuKaeT Bompoc, NoyemMy B KOHdurypaunu 2s2p *P 
ypoBeHb 7) pacnom02%xeH ,aHOMA@JbHO‘. 

Kak HaM IIpeCTaBAeTCA, TakOe pacnowoweHHe CeyeT OTHECTH 3a 
‘C4eT MEH KOHMHYpawHOHHOrO B3aHMOeHcTBHA. PaccMaTpHBaeMBI yPpOBeHb 
*D MOKeH B3aNMOZeCTBOBaTh C ypoBHem 7D Kondurypamun 2s74d. Pas- 
HOCTb 9HeprHit 9THX ypoBHeli paBHa 7224 cm~', npHuem ypoBeHb 2D KOH- 
urypaunn 2s74d nexuT BHIIMe (Ha A3HIKe TEOPHH BO3MYICHH B KBaHTO- 
Boh mexannKe [12] on 2OmKEH ,OTTAaIKHBaTb“ ypoBeHb 7D Kondury paluu 
2s2p (*P)4p*D, yMenbulaTh 3Ha¥eHHe S9HEpruu sTOrO ypoOBHs). 

Ecam paccuntatb mo dopmystam (3) u (4) 3nHaueHua napamerpoB Go, 
G,, Gi wu T. W., HCHOAB3SyYA CTeEAYIOMNe HaGOLATeIbHbIe JaHHble: 

‘$= 3.450472, 2P,—= 3.41705,’ 
+Prs= 345970, 4) My bea 457 Si 
*‘D = 3.43591, 


TO G, OKaxKeTCH OTPHNATeIbHBIM, 4TO IIpOTHBOPeynT Teopeme Paka [14], 
sakoyalomenca B TOM, 4TO BCe NapaMeTpH Gp ROKHH ObITb NOAOKU- 
TeJIbHBIMH. ITpoBpewenHoe HCCAeROBAHHE KOHMUrypawun 2s2p4p noKasblBaer, 
yTO 9Ta KOHDurypayuA B NepBOM npHOmMKeHHH OnUcHIBaeTca L —-S cxemoit 
¢ yyeTOM JIA AyOneTHDIX ypoBHeH oddexta mMexKON@UrypayHOHHOrO 
B3avMOMeHCTBHA (HaOMoaemMB NopsgoK *P, 4D, 4S, *P vw aKcrpanoupo- 
BaHHoro TepMa *S = 3.48452Ry), 
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YkasaHHb MOpAOK TepMoB Aaa KOHurypaunh 3p’ u 4p’ He coor- 
BereTByer NOPAAKY, HaXOAMMOMY M3 npaBu XyHwa (repm 4D yomxen 
ObITb HMKe 7P), ONHAKO WIA Apyrux KoHpurypanul 3d’, 4d’, 3s’ nopsa- 
KOK TEPMOB IpaBUJbHbii. OTMeYeHHBIC OTKIOHCHMA JIA LYOeTHBIX yPOB- 
HeH MOryT ObITh OOYCAOBACHEI MEXKKOHQHFYPAaMOHHLIM B3aHMOLelCTBUeM 
MH, Kak Aa KONpurypayun 4f’, orKmoHeHuamu or L —S cxemul. 
| oe ~ 2s2p3d 
Pe eorescit Mauuple, corsacuo [11], cnaexyiomme: 

*F= 3.01162; ?F,=3.09815; 2P,—= 3.12485; 
‘D= 3.03459; 2D, = 3.05033; sKcrpanonupoBannoe 3nauenne: 
| “P= 3.06590; ?.D,== 3.61585; °P,—= 3.63535; °F, = 3.63044. 


Heuspecrubie napamerpn A, F,, G, u T. A. HaXOAATCA H3 peUleHHA MHeEAa- 
H30BaHHOH CHCTeEMBI 10 CNOCOOy HaHMeHbIIHX KBawpaTOB (HCMOAb3yIOTCA 
opMyvibt (5) u (6)): 


| F,=0.00373; G,=0.00513; G,=0.000061; G,—0.02748; 
| A=3.35920; Gi=0.29560. 
C MOMOUIbIO HaieHHbIX NapaMeTpOB ObIN BbIUMCeCHbI 9HeprHn ce- 
HYlouwMxX ypoBuei: 
) °F, = 3.63219 — axcrpanoaupopannoe 3HaueHne 3.63044; 


: =P 866272: — E iy 3.63535; 
2F, = 3.10037 — na6a1romenHoe 3HayeHne 3.09815; 
2P, = 3.10790 — 4 : 3.12485. 


Cordacne MexKy TeEOPpeTH4YeCKHUM 3HAYCHHEM Z9HEPruH UH HaOMIOACHHEIM He 
Mi BCX YPOBHeH LocTaTOuHO xOpomlee. OAHaKO NOpAAOK pacmonox*xeHHA 
€PpMOB, HX OTHOCHTeIbHOe paccTOAHHe C AOCTAaTOUHO XOPOWHM NpHOmH- 
*KEHHEM yOBeTBOpseT L — S cxeme. HaOatwsaemple OTKOHCHHA OT Hee 
MOrYT ObITh Pa3yYMHO OODACHEHHI B3ANMOJeHCTBHeM C ypoBHeM °P KOHdu- 
rypamnu 28°3p, a TakxKe u APYrHX KOHurypaluh, O1M3KUX NO 9HEprHH 
x PaCCMaTPHBaeMOH. 
2s2p4d 


SHEpruv HaOJIOMeHHBIX ypoBHef no [11] TakoBnI: 
OF 300182: ga) == 38.01523;, “Pi 2 5.02163; 
2F, = 3.53489: *#D,—=—3.51142; *P,—3.54283. (eaxcrpanozauua). 


Ha6mi0qeHHbxX ypOBHei MATb, HeM3BeCTHBIX NapameTpoB wlecrb. [lapa- 
etp G, HeEOOXOAMMO HCKaTb, HCMOAL3yaA Apyrue cooTHOMeHHA. Tak Kak 
PTOT MapaMeTp XapakTepu3yeT OOMeHHOe B3aHMOselicTBHe 2S H 2p 91eK- 
TPOHOB, TO MOXHO MpeAMOAOXKUTH, YTO CFO BeMMYHHA CYUCCTBEHHO He 
3MCHHTCA OT 3€MCHH 3d aeKTpoHa Ha 4d. lIpeanoaarad 9TO, MOX%KHO mped- 
NOMOKHTh G; = 0.29560, ucnomb3ya ero 3HayeHHe, MOMYYeHHOe AIA KOH- 
burypanun 2s2p3d. Torga wa Koncurypanuu 2s2p4d umeem caexyoune 
BHaYeHHA TapaMeTpOB: 


F, = 0.00132; G, = 0.00259; G,=0; G,= 0.00654. 


IpHHATHIM 3HayeHHeM G;= 0.29560 cpeqHee 3HayeHHe A, HalijmeHHoe 


43 Tpex KBapyneTosB, Oyzer paBHo A = 3.81695. C nomombI0 Hai teHHBIX 
lapaMeTPOB MOXKHO OWUCHHTh TEOPeETHYECKHE 3HAYCHHA SHEPrUH YyPOBHeH 
eTOH KONdurypanun: °F, = 3.53501. Ha6mogenHoe sHayenne 3.53489. 
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O6Oparumca Telepb K HaXOWUKCHHIO 9HEPrHn y popuelt iy °D,, 2p 5 "Pe 
(nocneqHua HaligeH SKCTPanONANMOHHO, Takxe Kak u °F, u *D,). YpoBenb 
2P, B M309/ICKTPOHHOH MOcTeMOBATeMbHOCTH He HaGMofalcA WH NOPAKOK 
ero sHeprud HeN3BecTeH. CreqoBaTebHo, HMeeM: 


*P, —= 3.53514 — axcTpanomupoBanHoe 3nayenne 3.54283. 


6d a 3 : Rete; 
"De A NUbo , Z 4.10204; 
Pr 4 104b a 5 : 4.07695. 


OTKAOHEHHE BEIUMCICHHOFO 3Ha4eHHA OT BKCTPAaNOMMpOBaHHOTO B NOCLeT~ 
HEM Cayuae BHOJHE OOBACHMMO, Tak KaK 9KCTpanOANMA Wa BCero 10 
BYM TepMaM, IIpH4¥eM UX OTOH MeECTBICHHe HE OYeHb YBEPeHHO, Ha 4TO 
oOpaillaerca BHuMaHHe B [11]. — 
IlpopexeHube pacueTbl moKasbiBaloT, 4TO KkoHndurypanua 2s2p4a 
B JOCTATOUHO XOpOMIeM upuOAMxeHUN ONUCEIBaeTca L — S cxemoh. MoxHO 
mpe@nomaraTb, UTO HaleHHOe 3Ha4eHHe Ja BHEPrult ypoBHeH HeHaO10 
maemplx 7P,, °D, u 2F; 10 NOpsAKy BeAMUMHbI OYAYT OM3KM K UX HCTHH- 
HBIM 3Ha4eCHHAM (BeCbMa OM3KHe COBNAACHHA BHIYHCMeHHOrO HW 9KCTpano- 
JMPOBaHHOFO 3HaveHHA AIA 9HEpruM TepMa 7D, 1O-BUAMMOMY, B H3BeCTHOH 
Mepe culy4aitHo). 
282p4f 
Ha6OalofaTebHbIe ZaHHbIe TaKOBEI: 
*Di== 3.54005; dE 2=3.02874;. *O,;esisraieee: 
* Ds = 3.541362" APS 882817 IG; = Siedon 


q| 
Pemaad ypaBHeHua gaa aHeprun ((7) uw (8), § 2), HaxonumM caenyroulne j 
3HAYeCHHA JIA TapaMeTpoB: na) 


A* = A— Gp==3.53614; -F)=0:00048-  G2=_ 0-00002; 
G; = 0.00005; G,=0.00001. 


OTH NapaMeTpbl NpeACTaBAMIOT HAOTIOMCHHbI€E 3HAYCHHA SHEPruH COOTBeT= 
CTBYIOMMX YPOBHeH ceqyIouluM oO6pa3om: | 


'G — 3.53757 — na6alogeHHoe 3HayeHHe 3.53866, i 
2G, = 3.53895 — y pif 85398: e 


Bd 
Yposun *D,, °F, u *G, ne Ha6tofaanch HW He akCTpanomupoBatuch. Ecan 
NOMOKUTE G, = G; = 0.29560 (u3 koncurypanun 2s2p3d), ro 6y mem uMeTb 1 
A = 3.83174, wu torga ?D, = 4.13286; *F, = 4.12034 u *G, = 4.12935. OTH 
YPOBHM acTpOPusSH4eCKH HeMHTePeCHH, TAK KaK BePOATHOCTH OOpasoBaHnA | 
NI B stHx COCTOAHUAX HHUTORKHO Mala, HM NOSTOMY M3 jaibHemero — 
pacCMOTpeHHA 9TH YPOBHH MBI OMYCTHM. | 

Pacuer kondurypannn:2s2p4f noKa3bipaer, YTO B NepBOM UpHOaMxKe- § 
HHH BeCbMa rpy6o 3yecb umeeT mecto L — S cpa3bp. PpynnmuposKka TepMos | 
(B3aNMHOe PacnOOKeHNe KBapyeTOB Hu LYOMeTOB) COOTBeTCTByeT STOH 
cBa3H. Ofnako paculenienve, O6ycAOBIeHHOe cCnuH-OpOuTabHBIM B3aM- 
MOMCHCTBHEM JIA HEKOTOPBIX TePpMOB 9TOH KOHurypaluv, cpaBHUuMo 
C PaCCTOHHHeEM M@KY TePMAMH, OOYCAOBJICHHEIM 97CKTPOCTATHUeCKUM 
B3avMOyercTBHeM. Tlostomy cnuHoBHte uncia S sapasiorca ,naoxumu“ 
KBaHTOBBIMH YMCaMH, pasqeseHve ypOBHel Ha AyOMeTHbIe UM KBaswpynser- 
HBIC B OTCbHBIX CLYWaAX AMMeHO CMBICAa. OTH COOOpaxeHUuA OTHOCATCA, | 
B uacTHOCTH, K TepmMam “G u .°G,, 4D wv 7D,, B MeHbIeH cTeneHu K 4h” 
u*F,. HaOmogareibube AaHHble Mit WepBEIX AByX Tpynt TepMOB jaHEL 
HWKe B TaOsulax. : |! 


a 
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Ta6auya 13 
a a eee 
4G 2G 
uv Y poBenb Muteppar || df | Y poBeHb Mutreppaa 
I 
| 5/28! * — 388039.9 7/2 388190.3 | 
a 9 c 
1 388089 a 9/9 388290.0 aes 
11/2 388198.0 68.2 
a ee 
1D? a, 2p 
| sh Y poseub VMuteppaa a Y popeub VMnreppaa 
| | | 
| 7/2 388273.4 | 7 5/2 388376.9 
) 5/2 3883109 aii 2) 388442.4 ae 
| 1/2 388386.6 ear 


JlerKO yYCMOTPeTb H3 MPHBeeHHEIX TaOAHM, YTO YPOBHU KBagpynae- 
TOB HepeMeHlaHbl C YPOBHAMU yOMeTOB Tak, 4TO KaaccuduKanuto no S 
IPOBOJNTb Heb3A, XOTA uncto L ABAAeTCA ,XOPOWIMM“ KBAaHTOBbIM 4HC- 
JoM*. Jia TOUHOH Kiaccupukaluu yYpoBHeH 3eCb, MO-BURMMOMY, HeO6- 
XONMMO HCNOMb3OBATh NPOMe@HKYTOUHYIO CBA3b WIN We Kakylo-1HO0 HeOL- 
-HOPOZHYIO BeKTOPHyIO cxeMy Cc y4yerom ,xopomwero* uncna L. Bonee 
‘TOMpPOOHO YpPOBHA STO KOHdurypannn OyLyT paccMOTPeHHI B a bHeHIIeM. 
“OTO TeM Gomee HeEOOXOAUMO CieaTb, TaK KaK BePOATHOCTH NepexoOB 
‘M xapaktep PCKOMOMHAWMOHHOFO CHeKTPa CYULECTBEHHO 3aBUCAT OT TrITa 
-BEKTOPHOHM CXeMBI, B KOTOPylO yKJaqpIBaloTCA H3yyaeMble YPOBHH. 
| 


2s2p3s 


Ha6s10faTesbHble JaHHbIe MO ypOBHAM 9TOK KOHurypaluv TaKOBL!: 
4P == 2.62220; ?P, = 2.70975; 2P, = 3.16023 (exctpanozuposaHo). B dopmy- 
Jax (2), BbIpaxalom{Mx sHeprvio ypoBHeH sTOM KOHurypauun, HeM3BeCcT- 
HEIX tapaMeTtpa Tpu. Jl1a rpy6olH omenKH nosoxuM G; = 0.29560 (KaK 
B KOHurypamun 2s2p3p). Torga 6OyzeM uMeTb culefyloulwe 3HadeHHA 


nmapametposB: A = 2.97616; G;+ Go = 0.05836. Ja HeusBecTHOorOo ypoBHA 
2P, naxonum 7P, = 3.24258. B npemeiax ucnoAb3syemMoro mpHOsMxKeHuA 
8TO 3HaueHHe 61M3KO K 3HaueHHIO *P; = 3.16023, HalimeHHOMy 2KCTpano- 
JagweH 10 U309IeKTPOHHOH mocesqopaTembHocTu. Mccaeqyemaa Kond@ury- 
palua MMeeT yPOBHU, yKAaqpIBaloulMeca B L—S cxenmy. 

PesyaAbTaTbl MepBbIX Tpex Maparpados NO3BOAHIOT MONOMHUTE 9Hepre- 
Tuyecky1o cxemy NIII, ganuyto B [11], caexylommmu TepMamu, KOTOppIe 
@KCHCPHMCHTAIbHO He HaGOLaqMcb. STH TepMbl TaKOBbI (3HayeHUA SHep- 
ru OyyT mupuBeseHb! B OOMeH TaOAMNe ZSHEpPreTHYeCKHX YPOBHeH AA 
Billi 25769257 OS bpe. 25-07 Psues(GSaeD. 2831 f 2h, . 280). CP) 38 72; 
2s2p.(1P) 3p 7S; 2s2p (?P) 4s *P; 2s2p (?P) 4p °S; SOD) OG be) 
2s2p (2P) 4d2P; 2s2p (1P) 4d 2F2D; 2s2p (2P) 5p?P*D; 2s2p (?P) 5d*D*P°F. 


* HekoTopble BeCbMa I[eHHbIe JaHHble aBTOp NoAyaA UpM OOCyKTeHHH MpoOseMbI 
c npop. A. 1. Onncom uc Hay4HpimMu cotpyauuxamn AH JIut, CCP kanauqatom ¢pus.- 
mat. Hayx U. B. JieswHcoHoM HW Hay4HDiM coTpyqHuKom A. I’. [yrmaHom. Asrop moub- 
3yeTca CiyyaeM NoO2aroqapuTb UX 3a BECbMa L[eHHbIe YKa3aHHA H COBeTHI. 
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Virax, cxema TepmoB NIII gononHena 21 HOBbIM 9HepreTHYeCKHM 
ypOBHeM, UX 9HeEprvA HalieHa U3 UCCeAOBAHHA H309EKTPOHHOH MOcvie- 
TOBAT@AbHOCTH, MOMOHEHHOM TeOPeETHYeCKHM HCCAeAOBaHHeM IMPHMeHH- 
moctu L—S cxembl K paCCMOTPeHHBIM KOH@HrypaluaM; NomAyasmMmupuye-— 
CKHM MeTOJOM B OTACAbBHBIX KOHDUrYPauHAX YUTCHO MEKKOHMUTYPalHou- — 
Hoe B3auMOelictBHe. YcraHOBAeHO, 4TO BA KON@urypanuu 2s2p (?P)4f — 
umMeeT MecTo HapymeHHe L—S cxema, mpuyem uncno S B orauyuun or L 
ABJIACTCA ,IVIOXUM“ KBaHTOBbIM 4HCIOM. a 

Ha ocuose [11] c yyeTOM HOBBIX YPOBHeH, MePe4HCJICHHBIX BBILIe, — 
IpHBeeM CXeEMY CIeKTpabHHX tTepMoB NIII (ana yo6cTBa pacueToB — 
9Heprun ypoBHei OyAyT OTCUHTHIBATbCA OT OCHOBHOrO ypoBHa N III 
282075). 


§ 4. Paccmotpenue HaOstomaembix aAMHHH NII] B yabTpaduoneToson, 
BUIMMOH HW MH*pakpacHon uacTAX CheKTpa 


JIunun NII na6mofaiuch B Wa6opaTOpHEIX YCJIOBUAX B yaAbTpaduo- 
JeTOBOM WM BUAMMOM uacTax cmeKTpa. HaOm10qeHHH B MHpakpacHoH wacTu 
He Obl0, H MosTOMy 9Ta yacTb cmeKTpa NII] gomKHa mpeackasbiBaTbcaA 
TEOPETHYECKH H3 PaCCMOTPeHHA CXEMBI YPOBHEH B NPC ANOMOXReHUU Cpa- 
BeIMBOCTH TOH uM MHOM cBA3H. PaccmMoTpuM HaOslogqaemblH cnextp N III 
BO BCeX O6MacTAX CHeKTpa, WpHyeM GyeM PacCMaTPHBaTb JAMHHM, acTpo- 
(DU3HUeCKH MHTepecuble B NpewqNoMOxKeHHU cupaBenuBocth L—S cxempl 
(OHH HMeeT MeCTO Bese 3a HCKIOYeHHeEM TepMOB KOHdurypauun (*P) 4f, 
KaK OTMe4aOCcb BbIe). AcTpodusuyecKHe MpPHAOwKeHHA 9YTOTO pasjqena 
6yyT fanbt nwxe. HadsiomatenbHple maHHble mo [3—5] mpuBeeHH 
B TaOa1. 1O—16. 

OOdcy xX eHHe ITUX TABAUI, OCOOCHHO BOMPOCH OTORKTECTBCHHA JIHHHH, 
aTakxKe paccMOTpeHuHe ,aHOMawnu“ B creKkTpe N III, npuBezeHHbIx B Tau. 4, 
6y eT MpoBezeHoO HWE NWocMe TabO. 17, B KOTOPOH COOpaHh mpezcKa3au- 
HbIe JVIMHbI BOJIH, HaMMeCHHbIC C MOMOUIbIO JaHHbIX Tad. 14. 

Kak BYJIHO W3 JaHHbIx Ta61. 16, HEOTORKAECTBICHHI CE MyIOUMe JIHHHH. — 

1. Ppynna aunnh oT A 4294.76 no 4284.51. Stu aAunHuN ca6H u AHd- 
(Py3HbI, HAMOObWAA HHTeCHCHBHOCTH A 4290, —3 2. 

V3 taOm. 17 BuAHO, 4TO yKa3aHHaA Tpynna AHHH Onu3Ka NO W1HHe 
BOJIHBI K JIHHHAM CJIEMYIOUIMX TpewcKasaHHbIX mepexoyos i 4226 
4f’°F — 5d’*F uk rpynne 3anpeljeHHblx mepexosos A 4226 4f’ 4F — 5d’ 2F. 
To uro Ofna H3 Ppynnbl AHHH CYULeECTBEHHO CHIbHeH APyrux, BO3MOXKHO 
OObACHHTh TCM, YTO 9TA AHHHA OGYCIOBAeHa TEPBLIM MepeXONOM, KOTO- 
pp ,paspemen“ B L—S cxeme, ocTamtbuble 2%X€ OTHOCATCA K 3alpellen- 
HBIM TlepexojlaM (HMe€A, KOHEYHO, B BHAY OTHOCHTCABHOCTb 3THX TEPMUMHOB 
MO OTHOWEHHIO K KoHdurypaunn 4f’, Wa KOTOPpOH MMEIOT MeCTO OTK.IO- 
Henua or L —S cxembl, kak OHIO OTMe¥eHO paHee B § 38). 

2. Jipe WMHMM, TpHhaniexamMe myOnetry A 2696.64 u 2696.19. Hs 
TaO. 17 BUAHO, UTO STH ABE AMHHM NO WIMHe BOJHBI 6OH3KH K MpescKa- 
3aHHOu sMHuM A 2618 nepexona 4p?P —6s?S, koTOpHIt saBaaeTca nyOnerT- 
HbIM MepexOOM. OHako y6eTHOe pacienmenue HaOmIonaeMOH AMHUM 
OYeHb Malo, TOpanKa 6 cm, 3Ha4vTebHO MeHbINe Ha6mlozaemMoro ay6- 
JleTHOro pacuenvienua ypopua 4p°P, paBHoro 24.8 cm". Tlostomy ato 
OTOKACCTBACHHE COMHUTEIBHO, CCH CYHTATb, YTO QIMHbI BOAH JlaHbl mpa- 
BUbHO. ConocraBuTb yKa3aHHble AMHHM C aAMHMeli 42944 nepexona 
4s*S — 5p?P TpyAHO Kak BCAECTBNe OObINOH Pa3HHUb B JWMHaxX BOAH 
(XOTH HalllM OWeCHKH SHEprHu ypoBHA sp?P BecbMa rpy6pl), Tak u BCeL- 
CTBHE TOFO, 4YTO AYONeTHBIe pacwlenmeHnA ypoBHa Op*P, Kak 9TO caenyer 


M3 3aKOH@ PeryJAPHBIX AYOETOB, MOA2KHO OBITh Mano, NOpamKa 1 cw. 


Uccneqopanne peKOMOMHaWHOHHOPO CHeKTpa TAKEMbIX 971eMeHTOB 159° 
Taobauya 14 
Kouqury- Sueprua,| K - ; 

ae Tepm per a ladeny Tepm ete IIpumeyanna 

2522p <2P 00 (8P) 3d 4D 332 824 | 1. B ra6anye ypoBun Kou- 

259p% | ap 57 259 25°55 2S | 333713 \purypauun 2p3 i yka3aubi, 

— 2D 101 028 (3P) 3d 2p 334 556 |rak kak OHM acTpodu3nyuecKH 
— 28 131 004 2825p 2p* | 335052 |HewHTepecubl, xoTA pH pac- 
— we! 145 931 (8p) 3d 4p 336 262 ;cmotpenun LlrapK-addexta 
25235 eS. 221 302 as 2F | 339799 Jux yueT MoxKeT 6bITh HEOOxO- 
3p 2P | 245 684 2s25d 2D | 341948 |qum. Sueprus yposueit atoii 
3d 22) 267 242, (3P) 3d 2P | 342728 |konpurypayun 1exNT B O61a- 
(8P) 3s 4P 287 616 2525 f 2F | 342752 |cru yposueli 2s2p2 u 2523p. 
| — 2P | 297 207 5g 2G 343 116 
— -2s?4s 2S | 301088 (IP) 3s 2P* | 346 608 
(8P) 3p 2P | 309159 2826s 2S* | 349 895 
— 4D 309 744 6p 2p* | 350856 | 2. B ta6anue yxKaspiBaetca 
2s24p 2p 311 704 6a 2D 354517 jaHeprua, cpeqHaA aaa Bcero- 

(8P) 3p 4S 314224 6f 2F | 354956 |MyabTumieta; B oT ebHDbIX 

— 4P | 317 38 6g 2G | 355 214 |cayyaax BcaeqCTBHe HEMOMHO- 
2s24d 2D 317 766 Td 2D* | 362 324 |rpt Ha6ml0qeHHii— 3snHeprna He- 
4f 2F 320 288 ie 2F* | 362338 |momHOoro MyJbTUNMAeTa u ake 

(3P) 3p 2D 321 021 8d 2D* | 367120 |roabko ogHOro yposBHA B je- 

Le 25 | 327057] (3P) 4s 4P | 368606 |ranax (cm. [11]}). 

(8P) 3d 4F | 330308 4s 2P* | 370320 

GP)3p | 2D | 373359| (3Py4f | 4G | 388113 

(3P) 4p 2P 374 776 2G 388 240 | 3. 3Haukom «*» oTmMeyator- 
4D 376 844 4D 388 332 |ca ypoBHH, HaliyeHHble B mpe- 

(P) 3p 2p 377 599 2D 388 409 |abiqyuux maparpadax. 

('P) 3p 2S* | 377 846 (3P) 4d 2P* | 388 571, 

(3P) 4p 2 377 928 GP) 3d 2D 396 580 | 4. Tlorenuuant nonn3ayun 
4S 378 441 2F* | 398180 |N III c o6pasosannem NIV 
4P 379 354 2P* | 398718 |B coctosHun 2521S papex 

2S" | 382 176 (P) 5p 2P* | 404351 |389 626 cum. 
 Tipenea 382 626 5d 4P* | 408 342 - 
| (@P) 4d 4F 384 073 4D 409017 | 9- B aaabHeHiem paccmort-. 
| 2D | 385 126 2F* | 410 626 |PeHHM Kondurypauun OyaAyT 
4D 385 323 5p 2p* | 418939 joOo3HayaTBCA = CMe NYOMI M 
4P | 386246 | (IP) 4d 2F* | 447 152 |oOpasom: (3P) 3s, 3p, 3d... 
 (P) 4f 2F | 386963 2D | 449904 |xepes 3s’, 3p’, 3d” uw T. 2. 
4F 387 019 (P) 3s, 3p, 8d—3s’, 3p’, 3d’ 
| (8P) 4d | ap 387 770 UT. 0.; Kon*urypauna 252p2— 
| wepe3s 2p’. 
\(Pacujenuenue ?P B CII pasuo 7:3 ca ‘) Takum o6pa30M, oToxzecTBIe- 
Hue 3THX JBYX JIMHMA OCTaeTCA NOL BOJIPOCOM. 
| 3. Jipe .HHMM, 0-BuYAUMOMY, AyOneTH ) 2035.62(2), 2035.02(3). Vis 
a6. 17 MOXKHO yCMOTPeTb, 4TO K 9THM JIMHHAM JLOCTATOUHO OIM3KH M0. 
Hou BoHbI A 2009 4s?2S — 6p?P u i 2026 4d?D — 8f?F. Ito conocrTasB- 


a6. 17 mpoBecTH He yAaeTCA. 


eas NII] owm6ouno. 
5. Jipe, BO3MOKHO, 


eHue 6oee HH MeHee O6OCHOBAHO Kak MO xapaKTepy AyOueToB, Tak u 
ne MOCTaTOYHO OH3KOMY COBMaeHHIO JVIMH BOJH. 

| 4, Cna6aa ofnHouHad annua A 2151.61(0). ConocraBneHne c JaHHbIMu 
Bo3MOXKHO, 4TO OTHECeHHe STOH JIMHHK 


myOnerHbe anHun } 1923.86(2) wu 1923.11(2). 
CKoabKo- HHOYb YBEPeCHHOFO COMOCTABACHHA MpOBeCTH HE yMaeTCA, BO3- 
MOXKHO, YTO 3TH AMHHM OTHOCATCA K ,3aNpeUleHHbIM” MepexoaM, CBA3aH- 
IHBIM C konurypamnent 4f’ (B 9TOH OOACTH AMH BOJH HaXOAUTCH MHOTO. 
VHHH aeKTpOHHOrO mepexona 3a’ —4f" [4]. 
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Tabauya I 
Ha6sa@enHble JMHHH KBagpynuetos N III 

) Murencus- K VUnTex- K 

ha6 eee aaccu@ukanua huao ets jaccnupukaluad 
6487.55 0 3p' 4P.-+3d' ‘Ds | “ 1845.80" 4 3d’ 4D,—4f’ 4Fi 

78.69 2 Pep, | 1845.64 5 Dye 

68.77 00 P>—D, 434.280 (1)* 6 2p’ 4P,—38" 4P,_ 

66.86 4 ebb | 11.246 Oe es 

ees ; P,—Dz | 129 5 PoP 5 

. P,—D. | ) = 

50.78 2 per | i o Pop 

ale : tae 433.911 6 P,P 
5314.45 Z 3p’ 4P3—3d’ 4P3 | 369.985 6 2p’ ‘P,—3d" 4D, 
9298-98 l Ps—P» 946 8 P3—D 

97.86 1 P2—P3 881 g- Po2p 

82.52 00 P,—P, ees 

72.60 1 Pa Py a 7 Pi. 

70.59 1 Ps _ 358.578 6 2p’ sP,—3d! ‘P34 

60.91 i jen | 509 5 P3—P» 
4896.71 0 3p’ 4D,—3d’ 4F, |i 469 3 P2—Ps 

84.14 1 Dix Fi, | 358.401 3 P2—Ps 

81.81 0 Ds 356 5 P.—P, 

73.58 m2 D3—F3 327 37 Beet 

67.18 3 Dyo—Do.9 278 om Pits 

61.33 4 DaxFy 321.270 ld | 2p’ 4P3 5—48’ 4P, 

58.88 3 eS 161 2 pee 

58.74 2 Deo. 071 1 =P, 
4547.34 0 3s’ 4P3—3p’ 4Dz |) 304.912 3 3p/4P—  Ad'4D? 

46.36 3 3p’ 4S,—3d’ 4P3 874 4 P3—D, 

B54 2 Ps 818 4 P,—Da, 

34.57 3 P3—D3 304.032 Q+ | 2p’ 4P3—4d' 4P5 

30.84 1 Po—D, 303.981 2 on 

27.86 0 So—Py 891 2 PPS 

23.60 4 Po2D3 it aa SOD 

18.18 3 Po 284.346 y) 2p’ 4P3—5d’ 4Dy 

14.89 7 PP 284.296 i Pyi—D3,2 

10.32 6 Py Ds, A os 3d’ *Fy—4p' 4Py 
4353.66 2 SW AD, Satue, Won 1 3d’ 4D,—4p' 4Py 
4348.36 5 De Di 48.47 . ie 7 

39.52 2 Ds—Dp 2147.9 3 Do—Pr 

35.53 4 Dy 41,79 2 Dies 

30.44 2 D,—D, 2147.32 _ D;—Bs 

30.14 2 DD) 47.27 4 FD} 

28.15 3 DL= Ds 2146.86 = £,— Ds 

23.93 2 Ds, =Da4 46,59 00 DP: 

D137 1 Biyesbe 2145.74 1 i). 
1471.69 2 Na pe 45,52 = Dy—P; 
1471.60 af Pye 2144.07 a Fo—Ds 
1471.02 1 Dep 43.96 0 nD, 
1470.68 0 PD, 42.67 0 — 

1348.45 ee. 3p’! 4D4—4Ad' 4Fs || 2141.60 eis Fs—Ds 
1347.56 = Ras ot 2148.09 3 Fi—D, 
1346.70 Je Dee 2079.86 6 = 

1346.27 = pur 74.74 2 3d' 2F,—4f' asm 

45.69 oa Dag pee 1 Fi—G; 
1325.10 = Qh AT), dit B se D) = 
1324.40 3 iP Do, Ds 70.63 5 FG, 
1323.89 an Dobe 2035.62 2 ag 
1323.42 ae DoD, set 02 3 = 

2.90 = a5 BakYyM : 

22.80 be aoe 1953.80" S 3p’ 4Py—4s' +P, 

22.33 me Dione 53.66 3 a Pp 

OPT: peo Depe 52.20 1 PAP, 
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ITpodoAsenue maba, 15 


MuTencus- < ‘ 
Ana6 HOCTb Kaaccudukannsa Ayab aris bi dee Kaaccudukayusa 
oe 2 Pe—Po 3754.62 = Py S5 
4 P\—Po» 3752.63 ae Dar 
49.22 6 P,s—P, 3745.83 = Piss 
46.99 5 Pa-P; | 3374.06 6 3s’ 4P3—3p’ 4P, 
1923.86 2 = 67.36 7 Po 
23.11 2 neh 65.79 3 pep 
21.49 4 3d, *P,—4f! 4D, 61.90 2 Pe 
19.99 2 P3—D, 3358.72 1 P\—P, 
19.71 2 Pad, 54.29 4 Pa 
19.44 1 P.—D» 53.78 4 Pee, 
19.06 0 Ps—Ds 2696.64 1 ; : 
18.69 0 P,—D,; 96.19 5) 4p2P—6s?S? 
09.12 1 2D ,—2Fy 2453.85 4 3d’ 4P5—4p’ 4D, 
08.11 7 3d’ 2D35—4f" °F, 3 59.26 0 P,—Ds 
07.28 4 3d’ 2D s—4f’ 4Fs || 2462.56 l P,—Ds 
06.89 1 pany | 63.04 00 P3—D> 
06.22 1 DoF; | 66.24 1 P,—D, 
1841.68 1 3p’ 185 —48/ 4P, | 68.36 0 P=) 
39.59 2 SP) | 2469.10 jas 9) 
35.58 3 Sys-P, wio4 00 Bp: 
1730.04 8 3q14F— 4f4G 2372.46 2 3d” 4P. 4p 48, 
1699.95 4 3p’ 4D3—48' Pp, 70.49 3 Po—So 
99.32 5 DP T5490 7-48 4 P3—S2 
99.00 2 DEP, 2324.76 oe 3a’ 4P,—4p’ 4P, 
98.16 2 Deaae, fe 3)) I Pak 
SEI9 0 DP; a 22.23 0 P,P» 
99.54 3 De_P, | 2320.33 00 P,—Py 
94.79 0 Da-P, 2317.35 0 P3.—P 2, 
1472.88 ~ 3p’ 4P,—4d’ 4D, || 2314.56 I 3s—Ps 
1472.30 be P,—D, | 2274.81 _ 3d’ 4D,—3p’ 4D, 
4294.76 On = } 74.12 0 yee) 
90.80 3n = | 73:01 1 Ds—D2 
90.55 In = i 72.42 0 D,—Dz 
88.72 In - xe TOS) 0 D4,—D39 
88.21 On 70.43 2 Dyed 
84.51 In = 69.30 0 Ds=De 
3792.87 1 3p" 41D,—3d" 4P5 67.28 3 D=p, 
3779.23 = Dep, 65.87 ) Ds=D), 
3771.45 = Ds—P> 2192.52 1 3d’ 2P,—4f" 4D» 
3771.08 au 3s’ 4P5—3p' 4So 91.39 3 iB IO 
3770.36 ee Dok. 2151.61 0 BN 
3762.62 = OP: 2149.96 0 3d’ 4D,—4p" 4P, 
3757.65 at D2—P, 2149.4 = eyes 
3757.59 = 16 oy 


s OtoxqecTBIeHHA M JAMHbI BOJH, WaHHble DyneHom. Haaunan c A 434.280 wikana 
HHTEHCHBHOCTeH, HCMOJb30BaHHaA 3anenom, apyraa. 3Ha4OK WITpHx O603Ha¥aeT KOHury- 
pallvi0, UMelOMLy10 BO36yXACHHLIM BHYTPeHHHM aieKTpOH 2s; HanpuMep, 2s2p (3P) 3p = 3p’ 


u T. 4. Vnnexcot y P, Du Tt. 4. paBubl f+ oe Hanpumep, 4p, umeet j = ike 


6. Umeetca Be HEOTOXKACCTBACHHEIX HHH A 3172.97(2) u 3171.14(1). 


Bo3MOxKHO UX COMocTaBeHHe c Ay6neTom 3201 nepexoga 3s!2P — 3p'?S. 
OynHako BechMa 6Oubuloe paccTOAHHe M@X Ay HaOOAaeMbIMH JIMHHAMH, 
oxono0 16 cm ', nenaerT 3TO COMOCTaBeHHe HHA Ae xKHEIM, (Ypopenb2P umeer 
OUCH Mal0e AYOMeTHOe paculenieHnne. ) 


1] Becrnux JlenuHrpagckoro yHueepcuteta Ne |, 1961 r. 
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Ta6auya 16 — 
HaOntomenuble 2yOseTHbIe AHHHH N Ii] 
\ iz | 
Muteu- | i - ae 
MAG Ahern Kunaccudukauua ; Rea en Kaaccupukannsa 
4641 90 | aI 3n2P>—3d2D 686.335 14 2p?P,—2P’ 2P; 
4640 64 10 Z Db: : 685.816 16 P2—P» 
4634 16 9 Paap 513 15 Pees 
454480 0 4p?P,—5s2S 684.996 14 shige 
4379.09 10d 4f2F—5g?G 601.878 0 2p’ 2 —35'-2P, 
4215.69 3 3s! 2Po—3p’ 2Do 468 1 S—Po . 
420002 6 EBs » 530.268 3 Qp' 2Pr—3d’ 2D, 
4195.70 5 P,—Dz 037 2 P,—Dz 
4103.37 9 3s2S—3p2P, 509.897 4 2p' 2De—3s’ 2P, 
4097.31 10 SP, 586 5 Ds—P 
4003.64 Ad 4d?D,—5f?F, 472.392 5 2p 2S —3d! 2P, 
3998.69 3d Dear 233 4 SPy 
3942.78 1 3p’ 2P,—3d’ 2D, | 456.078 1 2p’ 2D—4f2F 
38.52 4 Ps=D3 452.226 11 2p2Po—3s2S 
34.41 3 P.2=Ds 451.869 10 P.=S 
3355.47 2 3s’ 2P,—Bp' 2 428,244 5 2p’ 2D,—3d' 2Dz 
42.77 1 P,— 180 6 D;—D 
2983.58 5 3p’ 2P>—3d' 2P, |) 418.910 6 2p’ 2D y—3d’ 2Fs 
78.87 3 Pp, 705 7 DF 
77,32 3 P,—P, 413.797 0- 2p’ 2D s—3d" 2P» 
72.60 4 P\—P, 681 0 D2—P» 
2862.26 6d 4f2F—6g°G | 399.084 1 2p’ 2P_—3d' 2D» 
2689.26 4d 4a2D3—6f2F, | 045 4 P2=Ds 
87.01 | 3d Do—F3 | 398.885 3 P.=Dy 
2622.85 2 3a’ 2F,—ap' 2D, || 374.441 12 2p?P2—3d2Ds 
2621.19 ! F3—Da 204 11 P,—Dy, 
2486.49 3 3a’ 2Dp—4p’ 2P, || 351.979 1 2p’ 2Do—4Ad’ 2D» 
84.56 4 De=P, | 348.800 Od | 2p’ Dy—4d' 2F, 
eb | ame | eee eee a 
2248. d2D5—4p? be se : : 
47,92 6 ep eee 2 2p’ Dy3—3d" *Dy 3 
47.65 3 DAP. se Nig eee 3 2p®Po—4s2S 
ay TiO oy a TAY DY 2 P,—S 
mie ; Ae AN een 4 2p?P,—3p" 2P, 
85.13 BoD, «| sees »—P, 
2068.25 6 3d’ 2Fy—4f" 2G, | ia : see 
63.99 10 PG, | al 4 opi Pe 
63.50 10 PO) | 314.877 6 2p?P,—4a2D» 
| 314.850 9 Pp 
18% 8 3d’ 2Ds—4f" 2F, | 715 8 oer 
: da’ 2Ds—4f’ I ; io 
1885.25 10 saD—4per’ | 311-688 : 2p®P,— Sp" *Ds 
1805.5 if 3p2P.—4s2S | 1— De 
1804.3 6 5 poe | 305.918 1 2p?P2—3p’ ?S 
1387.31 4 Sp2P—4a2D | 290.820 ; ioe 
991.579 17 2p2Po>—2p, 2Dg || ia: 
991.514 14 sia Ay Se me 4 2p*P>—5a2D, 
989.790 16 Pia Dy a eee 3 P\—D» 
871.850 0 Jat 2S —3pePy || ORES 2d 2p*P»—6d?Ds 
764.357 15 op? Pp, Op a5 0) NORE ld P,—Ds 
763.340 14 PS i 267.952 1 2p2P,—3p' 2D» 
691.385 | l 2p 2Do—3p2P, || 851 0 PDs 
691.187 2 Dear; | 264.948 2 2p2P>—3p" 2P, 
| 837 ] P,—P, 


Teopermyeckoe paccMoTpeHue cneKtpaibnoH cxempr NII] u IipuBe- 
JeHHbIe TAOAMUB! HaOMIOMCHHEIX HW NPeABbIUNCIeHHEIX aAuHHE NII] noKa3ni- 
BaeT, YTO C HOCTATOUHOM CTENCHbIO HAeXKHOCTH YTOT CHeKTP NOMHHAeTCA 
L—S cxeme c yyetom MmexKondurypanHonnoro B3aHMOJeCHCTBUA st 
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Tadauya 17 
MpeackasaHHbie JAWHbI BOTH HHH cnektpa N III 


d y lpexznoaaraemoe r ) [Ipeqnomaraemoe 
OTOXJICCTBACHHE | OTOKIIECTBACHHE 
Wer 
942 10616 4s2S—4p2P 3227 30 991 2p/ 4P—4d! 2P 
9396 10 643 4d’ 2P—4p' 2p || 3201 31 238 } MES 
8720 11 468 6p2P—Ta2D 9938 34031 4s/ 2P—5p! 2P 
8538 11715 5f2F—6a?D 2618 38 191 4p2P —6s2S 
8435 11 856 45’ 29 4p' 28 | 2946 44 572 :a2D—T1f2F 
8367 11.952 3s' 2P—8p' 2P_ || 2026 49 354 4d2D—8f2F 
8024 12.462 5f2F-52°G | 2009 49 768 4525 —6p2P 
7668 13.008 5d2F—6f2F | 4236 23 607 4f’ 4F 5d’ 2F 
7596 13 164 | 6 f2F—8a2D 4226 93 663 4f’ 2F—5d’ 2F 
7388 13.535 3p’ 2D—3d’ 2D | 2944 333 964 45?S—5p2P 
7249 13795 | 4p'2P—4a’ 2P_ | 1062 95 096 3d2D —772F 
pee : & 5p?P—6s2S __ || 857 116 640 3p2P—7a2D 
154 3ptP—3d4D— 283! 
oe be dap ae: | 798 125 306 _8s2S—3s' 2P 
a i abc | 773 129 338 3d2D—3d! 2D 
5459 18 286 4a2D—5p?P 76] 131 476 * z aS 
| PY Ry) By ee TF | 4 ‘3 a 
5268 el isles 498 | 200677 2p! 2P—3s! 2P 
4382 22 821 3p’ *D—3d! °F |) 464 915 604 2S 
4306 23 221 ree, eee) 407 245 680 ‘ ERTS) 
3738 26 751 3s’ 2P--3p' 2D. | 271 373 359 2p2P—3p' 2D 
265 37 7599 4 , 2P || 303.873 329 089 2p’ 4P—4d' 4P 
. ae ss 7846 ' LAS 1746 57 259 2p2P—2’ 4P 
303.81 329 144 ; eRe 247 404 351 2p2P—5p’2P 
303.850 399 109 2p’ *P—Ad’ §P || 239 | 418939 oleh Gap 


ieKOTOPbIX ypoBHe. OrkKaonenne or L —S cxembl naGsiofaerca 3aMeTHbIM 
6pasoM JIA 97eKTpOHHOrO mepexoga 3d’ —4f’. (3a ucKaoueHHeM ,aHo- 
fav“, WaHHbIx B Ta6a. 4, Koropple GyyT paccmMoTpeHb! Jasee.) YpoBuu 
<ondurypanun 4f’ MOWKHbI OMMCHIBATbCA B YTOUHEHHOM IIpHOsHKeHHH 
{akOli-1H60 MpOMexYTOUHOH cBA3bIO, mpHyem S aBaaetca ,na0xuM“, a L 
,XOpOWHM“ KBaHTOBbIM 4HCIOM. He HCKOUeHa TaKKE BO3MOXHOCTH TOPO, 
ITO 9Ta KOHUrypallHA MOXKeT ONMCHIBATHCA KAKOH-AHOO U3 HEOMHOPOL- 
{KIX BEKTOPHHIX cBxA3eH [15]. B 3aKaioueHHe OTMeTHM TpyNy AWHHH OT 
. 303.818 mo 303.873 nepexona 2p’ *P—4d’‘P. Ilo qanne BOWHEL JIMHHM 
Toro ~mepexoga O61u3ku K anuHun La Hell (303.784), u uosTomy 3fecb 
MOrYT HMe€Th MeCTO Pe@3OHAHCHHIe ABACHHA MHHevaTOrO BO3Oy2KeHUA. 
Tlogpo6Hoe uccaegoBanne 9Toro addexkta AaeTca B Apyros paoore.) 

OOparuMca Temepb K HCTOKOBaHHIO MH@paKpacHoio cnexktpa NII 
3 3Be3ax Tuna W—R, a Takxe UM K paCCMOTPeHHIO aHOMaJHA CMeKTpa 
II], qaHHprx B TaOu. 4. 

Kak BMaHO “3 ConocTraBeHHA Ta6a. 1 u Taba. 17, HeKOTOpbIe HaG.110- 
eHHEIe HHdpakpacuble mHuHn N III, koroppie B [4] mpunuchlBaaucb CHABHO 
aiIPeWleCHHBIM TMepeXOfaM, MOHKHO CONMOCTABUTb C HEKOTOPDIMH TIpeACKa- 
aHHbIMH wHHuaMHU N II]. Hanpumep, A 6642.6, koropaa no [4] npunagse- 
alma uepexony 4d?D — 3d’*D, moxetT COOTBeETCTBOBATE npewcKa3a HHOr 
vHuu 6737 nepexona 5p°P —6s°S, un 47410.8 mower mpHHadiexkaTb 
epexony 4p’?P —4d’?P c 47249 u 7. n. Ws mannpix Tada. 17 TaKxe 
nenyet, uro B OGaacTu h ~ 8000—9000 undpakpacHbIx KBaspyleTOB HeT, 
MO3TOMY Be TeCHbIe rpynnbl tuHHA TaO. 1, IpHMucHIBaemble Nepexozam 
d2D — 3d’*F wu 3s’?P — 3p’4D, BecbMa BO3MOXKHO, YTO BOOOINe HE MPH- 
amaexat NII]. Cpapyenue tTa61. 1 u 17 mo3sBomseT cetaTb H Apyrve 


if 
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34KIOURHHA MO HOBOLY OTOXRMECTBICHHA ApyrHx HMH*pakpacublx J1MHHH, 
Ha HHUX MOMPOOHO OCTaHaBMBaTLCA He OyAeM, TaK KaK OHH BHAHbI HeTIO- 
Cpe ACTBeHHO. Pedy, 

PaccMoTpHM BKpaTue avoMaduu cnextpa N III, coOpannpie B Tabs. 4, 
HW MPpOHCXO#KJCHHe KOTOPbIX HeACHO. 

Jaa tpex avuufi A 2714.4, 2714.1 u 2714.0, npumucbiBaeMbIx Nepexosy 
2p?*P — 3d2D vam He ymanocb HaliTH KaKUX-1HOO pa3peNIeHHHIX KOMOH- — 
Halu Cpe AH MpeABbIYMCEHHBIX H 9KCI@PHMCHTOM HaHeHHBIX YPOBHEH. — 
Kak OTMe4¥aJ0Cb BO BBEeCHHH, C TEOPETHYECKOH TOUKH 3PeHHA, Nepexor, 
yKa3aHHBId BBILIe, MalO BePpOATeH, MpH HaCTOALeM MOOKeHMM Beleh 
BONpoc OG OTOXMeCTBACHHH BTOH TPyMNbl AMHHA CAeAyeT CHUTATb OTKPBbI- — 
ThiM. Jian aMHuli A 2237.2 wu 2231.7, a Takue 456.1 BO3MO2%KHBbI COMOCTAB- — 
JI@HHA C pa3pelIeCHHbIMH KOMOHHalMAMH TaO. 17; B MepBOM Cay4ae 
c 42246 4d2D—7f2F, Bo Bropom c 4 464 2p1?P — 3s'2S. Hmeetca eme 
OWHa HeOTOKTecTBAeHHaA AMHHA A 2079.86(6) 3HadnNTebHOH HHTCHCHBHO- 
CTH, KOTOPad MO JVIMHE BOAHBI XOPOWO COBMasaeT C AMHHEH 3anpelleHHOrO 
nepexona 2080.3 3d’?F,—4d’*F,. Takwe nepexogb, OfHakO, moryr 
6bITb paspelmenbt upu LtapK-ad@dekre, H WHTCHCHBHOCTH TaKHX JIMHHH 
pH OMpeAeAeHHEIX YCIOBHAX MOFyT ObITh CpaBHHMbI C HHTCHCHBHOCTAMH 
OOBIUHDIX Pa3PeNICHHHIX JIMHHH. Bes nogqpoOnoro aHaaH3a 3TO OTOH MECT- — 
BleHHe TakxKe OcTaeTCaA NO BoNpocoM. Jlia OCcTabHbIX AMHUA KaKHX-1H60 
paspewleHHBIX KOMOMHANWH HaHTH He yfaOCb, TaK 4TO BO3MOXKHO, YTO ~ 
ocTaBliHeca JMHHH TAO. 4 OON3AHbI CBOHM MpOMCXO#KTCHHEM M€?KKOH- 
durypamuonHomy wan UlrapK-spdextam. 

TeoperuyeckHe ONe€HKH 2HeEprMH ypoBHeh NIII, BananHe Ha HHX 
pasiu4HbIX adPpdekToB, a TakKxKe MW HEKOTOPHIe acTpodusnyeckHe MpHo0- — 
*KCHHA OYAYT H3IOKeCHHI B WaIbHCHUIMX CTaTbAX. om 


Summary 


f The article is dedicated to the definition of the spectral scheme N II. 
By the extrapolation new energetical levels are discovered and the appli- 
cation of the £ —S scheme is analysed. These results are used for the 
interpretation of the infra-red spectrum of the stars W —R. 
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